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ŷ = f✓(x) = ✓0 + ✓1x
<latexit sha1_base64="PF0ludUpgvIXbkP+KdBMawR+wKM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEUFdCAU3Lis4ttCWIZNm2tDMheSMdBj6FG58FTcuVNwK7nwb03YEbf0h8OU/55Cc34sFV2BZX0ZhYXFpeaW4Wlpb39jcMrd37lSUSMocGolINj2imOAhc4CDYM1YMhJ4gjW8wdW43rhnUvEovIU0Zp2A9ELuc0pAW6553O4TyNIRvsS+24Y+A1IZHurblF0LH/2gjYeuWbaq1kR4HuwcyihX3TU/292IJgELgQqiVMu2YuhkRAKngo1K7USxmNAB6bGWxpAETHWyyVojfKCdLvYjqU8IeOL+nshIoFQaeLozINBXs7Wx+V+tlYB/3sl4GCfAQjp9yE8EhgiPM8JdLhkFkWogVHL9V0z7RBIKOsmSDsGeXXkenJPqRdW+OS3X6nkaRbSH9lEF2egM1dA1qiMHUfSAntALejUejWfjzXifthaMfGYX/ZHx8Q2RMZ1Z</latexit><latexit sha1_base64="PF0ludUpgvIXbkP+KdBMawR+wKM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEUFdCAU3Lis4ttCWIZNm2tDMheSMdBj6FG58FTcuVNwK7nwb03YEbf0h8OU/55Cc34sFV2BZX0ZhYXFpeaW4Wlpb39jcMrd37lSUSMocGolINj2imOAhc4CDYM1YMhJ4gjW8wdW43rhnUvEovIU0Zp2A9ELuc0pAW6553O4TyNIRvsS+24Y+A1IZHurblF0LH/2gjYeuWbaq1kR4HuwcyihX3TU/292IJgELgQqiVMu2YuhkRAKngo1K7USxmNAB6bGWxpAETHWyyVojfKCdLvYjqU8IeOL+nshIoFQaeLozINBXs7Wx+V+tlYB/3sl4GCfAQjp9yE8EhgiPM8JdLhkFkWogVHL9V0z7RBIKOsmSDsGeXXkenJPqRdW+OS3X6nkaRbSH9lEF2egM1dA1qiMHUfSAntALejUejWfjzXifthaMfGYX/ZHx8Q2RMZ1Z</latexit><latexit sha1_base64="PF0ludUpgvIXbkP+KdBMawR+wKM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEUFdCAU3Lis4ttCWIZNm2tDMheSMdBj6FG58FTcuVNwK7nwb03YEbf0h8OU/55Cc34sFV2BZX0ZhYXFpeaW4Wlpb39jcMrd37lSUSMocGolINj2imOAhc4CDYM1YMhJ4gjW8wdW43rhnUvEovIU0Zp2A9ELuc0pAW6553O4TyNIRvsS+24Y+A1IZHurblF0LH/2gjYeuWbaq1kR4HuwcyihX3TU/292IJgELgQqiVMu2YuhkRAKngo1K7USxmNAB6bGWxpAETHWyyVojfKCdLvYjqU8IeOL+nshIoFQaeLozINBXs7Wx+V+tlYB/3sl4GCfAQjp9yE8EhgiPM8JdLhkFkWogVHL9V0z7RBIKOsmSDsGeXXkenJPqRdW+OS3X6nkaRbSH9lEF2egM1dA1qiMHUfSAntALejUejWfjzXifthaMfGYX/ZHx8Q2RMZ1Z</latexit><latexit sha1_base64="PF0ludUpgvIXbkP+KdBMawR+wKM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKmKZEUFdCAU3Lis4ttCWIZNm2tDMheSMdBj6FG58FTcuVNwK7nwb03YEbf0h8OU/55Cc34sFV2BZX0ZhYXFpeaW4Wlpb39jcMrd37lSUSMocGolINj2imOAhc4CDYM1YMhJ4gjW8wdW43rhnUvEovIU0Zp2A9ELuc0pAW6553O4TyNIRvsS+24Y+A1IZHurblF0LH/2gjYeuWbaq1kR4HuwcyihX3TU/292IJgELgQqiVMu2YuhkRAKngo1K7USxmNAB6bGWxpAETHWyyVojfKCdLvYjqU8IeOL+nshIoFQaeLozINBXs7Wx+V+tlYB/3sl4GCfAQjp9yE8EhgiPM8JdLhkFkWogVHL9V0z7RBIKOsmSDsGeXXkenJPqRdW+OS3X6nkaRbSH9lEF2egM1dA1qiMHUfSAntALejUejWfjzXifthaMfGYX/ZHx8Q2RMZ1Z</latexit>

1.Define the model

2.Choose a loss

3.Minimize the loss

L(✓) =
1

n

nX

i=1

(yi � f✓(xi))
2

<latexit sha1_base64="iUN7dPQLiNP8TivfqwUgcGJDwik="></latexit><latexit sha1_base64="iUN7dPQLiNP8TivfqwUgcGJDwik="></latexit><latexit sha1_base64="iUN7dPQLiNP8TivfqwUgcGJDwik="></latexit><latexit sha1_base64="iUN7dPQLiNP8TivfqwUgcGJDwik="></latexit>

✓̂ = argmin
✓

L(✓)
<latexit sha1_base64="+eVlKi8uawjc3V7qWn3VFVErW60=">AAACEHicbZA9SwNBEIb34leMX1FLm8UgxCbciaAWQsDGwiKCMYFcCHObTbJkb+/YnRPCkb9g41+xsVCxtbTz37jJpdDEFxYe3plhdt4glsKg6347uaXlldW1/HphY3Nre6e4u3dvokQzXmeRjHQzAMOlULyOAiVvxppDGEjeCIZXk3rjgWsjInWHo5i3Q+gr0RMM0FqdYtkfAKY+DjjCmF5SH3TfD4XqZBa9KWdw3CmW3Io7FV0EbwYlMlOtU/zyuxFLQq6QSTCm5bkxtlPQKJjk44KfGB4DG0KftywqCLlpp9OLxvTIOl3ai7R9CunU/T2RQmjMKAxsZwg4MPO1iflfrZVg77ydChUnyBXLFvUSSTGik3hoV2jOUI4sANPC/pWyAWhgaEMs2BC8+ZMXoX5Suah4t6elam2WRp4ckENSJh45I1VyTWqkThh5JM/klbw5T86L8+58ZK05ZzazT/7I+fwBKFGc0w==</latexit><latexit sha1_base64="+eVlKi8uawjc3V7qWn3VFVErW60=">AAACEHicbZA9SwNBEIb34leMX1FLm8UgxCbciaAWQsDGwiKCMYFcCHObTbJkb+/YnRPCkb9g41+xsVCxtbTz37jJpdDEFxYe3plhdt4glsKg6347uaXlldW1/HphY3Nre6e4u3dvokQzXmeRjHQzAMOlULyOAiVvxppDGEjeCIZXk3rjgWsjInWHo5i3Q+gr0RMM0FqdYtkfAKY+DjjCmF5SH3TfD4XqZBa9KWdw3CmW3Io7FV0EbwYlMlOtU/zyuxFLQq6QSTCm5bkxtlPQKJjk44KfGB4DG0KftywqCLlpp9OLxvTIOl3ai7R9CunU/T2RQmjMKAxsZwg4MPO1iflfrZVg77ydChUnyBXLFvUSSTGik3hoV2jOUI4sANPC/pWyAWhgaEMs2BC8+ZMXoX5Suah4t6elam2WRp4ckENSJh45I1VyTWqkThh5JM/klbw5T86L8+58ZK05ZzazT/7I+fwBKFGc0w==</latexit><latexit sha1_base64="+eVlKi8uawjc3V7qWn3VFVErW60=">AAACEHicbZA9SwNBEIb34leMX1FLm8UgxCbciaAWQsDGwiKCMYFcCHObTbJkb+/YnRPCkb9g41+xsVCxtbTz37jJpdDEFxYe3plhdt4glsKg6347uaXlldW1/HphY3Nre6e4u3dvokQzXmeRjHQzAMOlULyOAiVvxppDGEjeCIZXk3rjgWsjInWHo5i3Q+gr0RMM0FqdYtkfAKY+DjjCmF5SH3TfD4XqZBa9KWdw3CmW3Io7FV0EbwYlMlOtU/zyuxFLQq6QSTCm5bkxtlPQKJjk44KfGB4DG0KftywqCLlpp9OLxvTIOl3ai7R9CunU/T2RQmjMKAxsZwg4MPO1iflfrZVg77ydChUnyBXLFvUSSTGik3hoV2jOUI4sANPC/pWyAWhgaEMs2BC8+ZMXoX5Suah4t6elam2WRp4ckENSJh45I1VyTWqkThh5JM/klbw5T86L8+58ZK05ZzazT/7I+fwBKFGc0w==</latexit><latexit sha1_base64="+eVlKi8uawjc3V7qWn3VFVErW60=">AAACEHicbZA9SwNBEIb34leMX1FLm8UgxCbciaAWQsDGwiKCMYFcCHObTbJkb+/YnRPCkb9g41+xsVCxtbTz37jJpdDEFxYe3plhdt4glsKg6347uaXlldW1/HphY3Nre6e4u3dvokQzXmeRjHQzAMOlULyOAiVvxppDGEjeCIZXk3rjgWsjInWHo5i3Q+gr0RMM0FqdYtkfAKY+DjjCmF5SH3TfD4XqZBa9KWdw3CmW3Io7FV0EbwYlMlOtU/zyuxFLQq6QSTCm5bkxtlPQKJjk44KfGB4DG0KftywqCLlpp9OLxvTIOl3ai7R9CunU/T2RQmjMKAxsZwg4MPO1iflfrZVg77ydChUnyBXLFvUSSTGik3hoV2jOUI4sANPC/pWyAWhgaEMs2BC8+ZMXoX5Suah4t6elam2WRp4ckENSJh45I1VyTWqkThh5JM/klbw5T86L8+58ZK05ZzazT/7I+fwBKFGc0w==</latexit>

Modeling and Estimation (Learning)
Machine



ŷ = f✓̂(x)
<latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit><latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit><latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit><latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit>

Prediction (Testing)
Sometimes also called inference and scoring

x
<latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit><latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit><latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit><latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit>

f✓̂(x)
<latexit sha1_base64="wRVnO6/nOIPV+JBtOHAeLYaJ6yU="></latexit><latexit sha1_base64="wRVnO6/nOIPV+JBtOHAeLYaJ6yU="></latexit><latexit sha1_base64="wRVnO6/nOIPV+JBtOHAeLYaJ6yU="></latexit><latexit sha1_base64="wRVnO6/nOIPV+JBtOHAeLYaJ6yU="></latexit>

x
<latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit><latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit><latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit><latexit sha1_base64="KVrTBlbyJAJ24q/rbUJjjBd1lnU=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3gxWMLxhbaUDbbSbt2swm7G7GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBze6yRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTP3WIyrNE3lnxikGMR1IHnFGjZWaT71K1a25M5Bl4hWkCgUavcpXt5+wLEZpmKBadzw3NUFOleFM4KTczTSmlI3oADuWShqjDvLZoRNyapU+iRJlSxoyU39P5DTWehyHtjOmZqgXvan4n9fJTHQV5FymmUHJ5ouiTBCTkOnXpM8VMiPGllCmuL2VsCFVlBmbTdmG4C2+vEz889p1zWteVOuNIo0SHMMJnIEHl1CHW2iADwwQnuEV3pwH58V5dz7mrStOMXMEf+B8/gBY1Yze</latexit>

�
y � f✓̂(x)

�2
= (y � ŷ)2

<latexit sha1_base64="Fc2vTZRKmx9n6Kfu+gQySB5lsTc="></latexit><latexit sha1_base64="Fc2vTZRKmx9n6Kfu+gQySB5lsTc="></latexit><latexit sha1_base64="Fc2vTZRKmx9n6Kfu+gQySB5lsTc="></latexit><latexit sha1_base64="Fc2vTZRKmx9n6Kfu+gQySB5lsTc="></latexit>

1. Receive a new query point

2. Make prediction using
learned model

3. Test Error (using squared loss)

y
<latexit sha1_base64="h4Oz+BYSAiq0cHRS+BCnZY4KPLs="></latexit><latexit sha1_base64="h4Oz+BYSAiq0cHRS+BCnZY4KPLs="></latexit><latexit sha1_base64="h4Oz+BYSAiq0cHRS+BCnZY4KPLs="></latexit><latexit sha1_base64="h4Oz+BYSAiq0cHRS+BCnZY4KPLs="></latexit>

ŷ = f✓̂(x)
<latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit><latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit><latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit><latexit sha1_base64="nhf4hkJ+N8udpedLCFezNzbE21w=">AAACBnicbVBNS8NAEN34WetX1KMgi0Wol5KIoB6EghePFYwtNKVstpt26WYTdidiCbl58a948aDi1d/gzX/jts1BWx8MvH1vhp15QSK4Bsf5thYWl5ZXVktr5fWNza1te2f3TseposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr8Z+854pzWN5C6OEdSLSlzzklICRuvaBPyCQjXJ8icNuNnn4MGBA8hxXH467dsWpORPgeeIWpIIKNLr2l9+LaRoxCVQQrduuk0AnIwo4FSwv+6lmCaFD0mdtQyWJmO5kkztyfGSUHg5jZUoCnqi/JzISaT2KAtMZERjoWW8s/ue1UwjPOxmXSQpM0ulHYSowxHgcCu5xxSiIkSGEKm52xXRAFKFgoiubENzZk+eJd1K7qLk3p5V6o0ijhPbRIaoiF52hOrpGDeQhih7RM3pFb9aT9WK9Wx/T1gWrmNlDf2B9/gDerJjp</latexit>



Training
Objective

Idealized
Objective

ØMinimize error on training data 
Ø sample of data from the world
Ø estimate of the expected error

ØWe can compute this directly

argmin
✓

1

n

nX

i=1

(yi � f✓(xi))
2

<latexit sha1_base64="7L3yDABP9IigoqYc4fxxsJ6eS7o="></latexit><latexit sha1_base64="7L3yDABP9IigoqYc4fxxsJ6eS7o="></latexit><latexit sha1_base64="7L3yDABP9IigoqYc4fxxsJ6eS7o="></latexit><latexit sha1_base64="7L3yDABP9IigoqYc4fxxsJ6eS7o="></latexit>

argmin
✓

E
h
(y � f✓(x))

2
i

<latexit sha1_base64="LniLYkcxRN93yEr3FjrQH+MvKTc="></latexit><latexit sha1_base64="LniLYkcxRN93yEr3FjrQH+MvKTc="></latexit><latexit sha1_base64="LniLYkcxRN93yEr3FjrQH+MvKTc="></latexit><latexit sha1_base64="LniLYkcxRN93yEr3FjrQH+MvKTc="></latexit>

ØMinimize our expected 
prediction error over all 
possible test points

Ø Ideal Goal
ØCan’t be computed … L

ØBut we can analyze it!



Analysis of Squared Error
Training on a random sample of data from the population.

(Xi, Y i) ⇠ P(x, y)
<latexit sha1_base64="4ladYH3Z8/VVJqkczbb1HzE08+8="></latexit><latexit sha1_base64="4ladYH3Z8/VVJqkczbb1HzE08+8="></latexit><latexit sha1_base64="4ladYH3Z8/VVJqkczbb1HzE08+8="></latexit><latexit sha1_base64="4ladYH3Z8/VVJqkczbb1HzE08+8="></latexit>

✓̂ = argmin
✓

1

n

nX

i=1

(Y i � f✓(Xi))
2

<latexit sha1_base64="s5kQFEnXsghWkvFsMj627VWM6jQ="></latexit><latexit sha1_base64="s5kQFEnXsghWkvFsMj627VWM6jQ="></latexit><latexit sha1_base64="s5kQFEnXsghWkvFsMj627VWM6jQ="></latexit><latexit sha1_base64="s5kQFEnXsghWkvFsMj627VWM6jQ="></latexit>
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Y � f✓̂(x)
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<latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="/R2PmDN5BenvkFps8Etn78eRDFI="></latexit><latexit sha1_base64="/R2PmDN5BenvkFps8Etn78eRDFI="></latexit><latexit sha1_base64="DDRhMf7zLTIhwwJW4K2igAP3LRo="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit>

Testing at a given query point x and computing expected squared error

Expectation is taken over 
all possible Y observations.

Expectation is taken over 
all possible training datasets

Quantities in red are
random variables



In the last lecture we showed that

E
h�
Y � f✓̂(x)

�2i

<latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="/R2PmDN5BenvkFps8Etn78eRDFI="></latexit><latexit sha1_base64="/R2PmDN5BenvkFps8Etn78eRDFI="></latexit><latexit sha1_base64="DDRhMf7zLTIhwwJW4K2igAP3LRo="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit>

=

Obs. Var. + (Bias)2 + Mod. Var.

“Noise” + (Bias)2 + Variance
Other terminology:



E
h�
Y � f✓̂(x)

�2i

<latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="/R2PmDN5BenvkFps8Etn78eRDFI="></latexit><latexit sha1_base64="/R2PmDN5BenvkFps8Etn78eRDFI="></latexit><latexit sha1_base64="DDRhMf7zLTIhwwJW4K2igAP3LRo="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit><latexit sha1_base64="gqFEoHekSesZpBp/osjcrAZNoy8="></latexit>

=

(Bias)2

Model Variance

Obs. Variance
“Noise”

E
h�
E
⇥
f✓̂(x)

⇤
� f✓̂(x)

�2i

�
h(x)�E

⇥
f✓̂(x)

⇤�2
+

Y = h(x) + ✏
<latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit><latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit><latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit><latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit>

Assuming 0 mean observation 
noise and true function h(x)

E
h
(Y � h(x))2

i
+

<latexit sha1_base64="4x9qty5O0TmarBXnStI/QC1UFDo="></latexit><latexit sha1_base64="4x9qty5O0TmarBXnStI/QC1UFDo="></latexit><latexit sha1_base64="4x9qty5O0TmarBXnStI/QC1UFDo="></latexit><latexit sha1_base64="4x9qty5O0TmarBXnStI/QC1UFDo="></latexit>



Alternative proof 

E
h�
Y � f✓̂(x)

�2i

<latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit>

= E
h
Y 2 � 2f✓̂(x)Y + f2

✓̂
(x)

i

<latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="5ANGRVm0wQj9BquLEbF7SV6hAJg="></latexit><latexit sha1_base64="1ApeVcbX1+ynsrp6PCh8KRoopVI="></latexit><latexit sha1_base64="1ApeVcbX1+ynsrp6PCh8KRoopVI="></latexit><latexit sha1_base64="Nw3kLQItnrOsDvscDc07krtPeko="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit><latexit sha1_base64="rVU68Hvm5eL01em/q6nOSjY+12g="></latexit>

= E
⇥
Y 2

⇤
�E

⇥
2f✓̂(x)Y

⇤
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h
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(x)

i

<latexit sha1_base64="+miOy/rjCFg7QCqLlgbUCE2qvco="></latexit><latexit sha1_base64="+miOy/rjCFg7QCqLlgbUCE2qvco="></latexit><latexit sha1_base64="+miOy/rjCFg7QCqLlgbUCE2qvco="></latexit><latexit sha1_base64="+miOy/rjCFg7QCqLlgbUCE2qvco="></latexit>

= E
⇥
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⇤
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⇤
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<latexit sha1_base64="PNvdcASNfqt39Zh1s1+KkP7GP4M="></latexit><latexit sha1_base64="PNvdcASNfqt39Zh1s1+KkP7GP4M="></latexit><latexit sha1_base64="PNvdcASNfqt39Zh1s1+KkP7GP4M="></latexit><latexit sha1_base64="PNvdcASNfqt39Zh1s1+KkP7GP4M="></latexit>

E
⇥
(h(x)� ✏)2

⇤
= h2(x)� 2h(x)E [✏] +E

⇥
✏2
⇤

<latexit sha1_base64="ITHNFLWw7mFMSHK54CDiqtVHev8="></latexit><latexit sha1_base64="ITHNFLWw7mFMSHK54CDiqtVHev8="></latexit><latexit sha1_base64="ITHNFLWw7mFMSHK54CDiqtVHev8="></latexit><latexit sha1_base64="ITHNFLWw7mFMSHK54CDiqtVHev8="></latexit> = 0

=
� 2

<latexit sha1_base64="sWPmF9Pm8kDtLKnKIUgJXp7CTUE="></latexit><latexit sha1_base64="sWPmF9Pm8kDtLKnKIUgJXp7CTUE="></latexit><latexit sha1_base64="sWPmF9Pm8kDtLKnKIUgJXp7CTUE="></latexit><latexit sha1_base64="sWPmF9Pm8kDtLKnKIUgJXp7CTUE="></latexit>

Defn’ of ϵ

Linearity of Expectation

Definition of Y

Y = h(x) + ✏
<latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit><latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit><latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit><latexit sha1_base64="Dw+aSCvDWxIKNSUQsl3EWSxgd2I="></latexit>

Assuming 0 mean observation 
noise and true function h(x)

Courtesy of Allen Shen

Bonus study material!
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<latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit>

= E
h
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Bonus study material!
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Expectation is taken over 
all possible Y observations.

Expectation is taken over 
all possible training datasets



Bias = 
The expected deviation between the predicted value 
and the true value 

Ø Depends on both the:
Ø choice of f
Ø learning procedure

Ø Under-fitting

All possible functions
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Observation Variance =
the variability of the random noise in the process we are 
trying to model

Ø measurement variability

Ø stochasticity

Ø missing information

Beyond our control
(usually)
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Estimated Model Variance = 

variability in the predicted value across different training 
datasets

Ø Sensitivity to variation in 
the training data

Ø Poor generalization 

Ø Overfitting
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The Bias-Variance Tradeoff
Estimated Model Variance

Bias

We want to decrease both bias and variance but often 
decreasing one results in an increase in the other.



Te
st E

rro
r

Varia
nce

O
p

tim
al

 V
al

ue

Bias Variance Plot

Increasing Model Complexity

(Bias)2

Te
st E

rro
r

Varia
nce

O
p

tim
al

 V
al

ue

E

h � E
⇥ f ✓̂

(x
)
⇤ �

f ✓̂
(x
)
� 2
i

�
h(x)�

E ⇥
f
✓̂ (x) ⇤�

2
+

E h�
Y �

f
✓̂ (x) �

2 i

<latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit><latexit sha1_base64="B8e7+OPlm2+6hSc0jrCSMAptPWE="></latexit>



Te
st E

rro
r

Varia
nce

O
p

tim
al

 V
al

ue

More Data supports More Complexity

Increasing Model Complexity
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Model Complexity

Ø Roughly: capacity of the model to fit the data 

Ø Many different measures and factors
Ø Covered in machine learning class 

Ø Dominant factors in linear models
Ø Number and types of features 
Ø Regularization

Start with this

Return to this



Regression and 
Linear Models



Regression
Ø Estimating relationship between X and Y

Ø Y is a quantitative value 
Ø We will soon see X can be almost anything …

X
Y

Domain 1�1Model
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Least Squares Linear Regression
One of the most widely used tools in machine learning and data science 
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Model

Loss Minimization

Linear in the Parameters

Squared Loss
Feature Functions

We will return to 
solving this soon!



Linear Models and Feature Functions
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Linear in the Parameters

Feature Functions

Designing the feature functions is a big part of machine 
learning and data science.

Feature Functions
Ø capture domain knowledge
Ø substantial contribute to expressivity (and complexity)



Linear Models and Feature Functions

For Example: x 2 R
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<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

f✓(x) = ✓1x+ ✓2
<latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit><latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit><latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit><latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit>

Model:Domain:

�1(x) = x

�2(x) = 1
<latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit><latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit><latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit><latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit>

✓1 = �1.0

✓2 = 3.0
<latexit sha1_base64="dhV1D3Nah4E9jE3GqCrB4iFVPDQ="></latexit><latexit sha1_base64="dhV1D3Nah4E9jE3GqCrB4iFVPDQ="></latexit><latexit sha1_base64="dhV1D3Nah4E9jE3GqCrB4iFVPDQ="></latexit><latexit sha1_base64="dhV1D3Nah4E9jE3GqCrB4iFVPDQ="></latexit>

Adding a “constant” feature 
function

is a common method to 
introduce an offset (also 
sometimes called bias) term.

�2(x) = 1
<latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit><latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit><latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit><latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit>



Linear Models and Feature Functions

For Example: x 2 R
<latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit>

Features:

f✓(x) = ✓1x+ ✓2 sin(x) + ✓3 sin(5x)
<latexit sha1_base64="1HwQy/4nkI+n50bzLSiMvBGkm/s="></latexit><latexit sha1_base64="1HwQy/4nkI+n50bzLSiMvBGkm/s="></latexit><latexit sha1_base64="1HwQy/4nkI+n50bzLSiMvBGkm/s="></latexit><latexit sha1_base64="1HwQy/4nkI+n50bzLSiMvBGkm/s="></latexit>

�1(x) = x

�2(x) = sin(x)

�3(x) = sin(5x)
<latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit><latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit><latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit><latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit>

✓1 = 1.0

✓2 = 2.0

✓3 = 1.0
<latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="JjIWah43WN6UaY0E+zfQQWmoPPU="></latexit><latexit sha1_base64="CWnGx1dHHPZCYkI9+NKfETnBNu4="></latexit><latexit sha1_base64="CWnGx1dHHPZCYkI9+NKfETnBNu4="></latexit><latexit sha1_base64="rUCarF3KhEjSWzw+quxw6w6sAxc="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit><latexit sha1_base64="Mov/L2gRbjViggYFTfeH7SHuwxo="></latexit>

ß This is a linear model!

Linear in the parameters

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions



Linear Models and Feature Functions

For Example:

Features:
ß This is a linear model!

Linear in the parameters

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

x 2 R2
<latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit><latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit><latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit><latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit>

�1(x) = x1x2

�2(x) = cos(x2x1)

�3(x) = I [x1 > x2]
<latexit sha1_base64="yBuZYFYDZzbn30txGKrzN8ssN00="></latexit><latexit sha1_base64="yBuZYFYDZzbn30txGKrzN8ssN00="></latexit><latexit sha1_base64="yBuZYFYDZzbn30txGKrzN8ssN00="></latexit><latexit sha1_base64="yBuZYFYDZzbn30txGKrzN8ssN00="></latexit>

f✓(x) = ✓1x1x2 + ✓2 cos(x2x1) + ✓3I [x1 > x2]
<latexit sha1_base64="OP7/1YOL/6Zaa07Wd2GCHNdw6CM="></latexit><latexit sha1_base64="OP7/1YOL/6Zaa07Wd2GCHNdw6CM="></latexit><latexit sha1_base64="OP7/1YOL/6Zaa07Wd2GCHNdw6CM="></latexit><latexit sha1_base64="OP7/1YOL/6Zaa07Wd2GCHNdw6CM="></latexit>



Linear Models and Feature Functions

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

uid age state hasBought review
0 32 NY True ”Meh.”

42 50 WA True ”Worked out of 
the box …”

57 16 CA NULL “Hella tots lit yo ...”

rating
2.0

4.5

4.1

What if x is a record with numbers, text, booleans, etc…

X Y

Answer:
Feature engineering



Feature Engineering

Keeping it ℝeal

How do we define "?



Feature Engineering

Ø The process of transforming the inputs to a model to 
improve prediction accuracy.
Ø A key focus in many applications of data science

Ø Feature Engineering enables you to:
Ø capture domain knowledge (e.g., periodicity or relationships 

between features)
Ø encode non-numeric features to be used as inputs to models
Ø express non-linear relationships using linear models



Predict rating from review information

uid age state hasBought review
0 32 NY True ”Meh.”

42 50 WA True ”Worked out of 
the box …”

57 16 CA NULL “Hella tots lit yo ...”

RatingsData(uid INTEGER, age FLOAT, 
state STRING, hasBought BOOLEAN,            
review STRING, rating FLOAT)

Schema:

rating
2.0

4.5

4.1



As a Linear Model?

Can I use X and Y directly 
in a linear model

Ø No! Why?
Ø Text, Categorical data, 

Missing values…

uid age state hasBought review

0 32 NY True ”Meh.”

42 50 WA True ”Worked out of 
the box …”

57 16 CA NULL “Hella tots lit yo
...”

RatingsData(uid INTEGER, age FLOAT, 
state STRING, hasBought BOOLEAN,            

review STRING, rating FLOAT)

rating

2.0

4.5

4.1

X= Y= 

Domain 1�1

1

�1
1

�1

�X



Basic Transformations
Ø Uninformative features: (e.g., UID)

Ø Is this informative (probably not?)
Ø Transformation: remove uninformative features (why?)

Ø Could increase model variance … 

Ø Quantitative Features (e.g., Age)
Ø Transformation: May apply non-linear transformations (e.g., log)
Ø Transformation: Normalize/standardize (more on this later …)

Ø Example: (x – mean)/stdev

Ø Categorical Features (e.g., State)
Ø How do we convert State into meaningful numbers?

Ø Alabama =1 , …, Utah = 50 ? 
Ø Implies order/magnitude means something … we don’t want that ...

Ø Transformation: One-hot-Encode



One Hot Encoding (dummy encoding)
Ø Transform categorical feature into many binary features:

state
NY

WA

CA

AK … CA … NY … WA … WY
0 … 0 … 1 … 0 … 0
0 … 0 … 0 … 1 … 0
0 … 1 … 0 … 0 … 0

�1(x) = I [x is ’AK’]

�2(x) = I [x is ’AL’]

. . .

�50(x) = I [x is ’WY’]
<latexit sha1_base64="AIIWYZRpWE5pGL7SlBNWfWWifQQ="></latexit><latexit sha1_base64="AIIWYZRpWE5pGL7SlBNWfWWifQQ="></latexit><latexit sha1_base64="AIIWYZRpWE5pGL7SlBNWfWWifQQ="></latexit><latexit sha1_base64="AIIWYZRpWE5pGL7SlBNWfWWifQQ="></latexit>

Corresponding 
feature 

functions

See notebook 
for example 
code.

Fish
Dog

Cat

Origin of the term: multiple “wires” for 
possible values one is hot …



Encoding Missing Values
Ø Missing values in Quantitative Data

Ø Try to impute (estimate) missing values… (tricky)
Ø Substitute the sample mean
Ø Try more sophisticated algorithms to predict the missing value …

Ø Add a binary field called “missing_col_name”.  (why?)
Ø Sometimes missing data is signal!

Ø Missing values in Categorical Data
Ø Add an addition category called “missing_col_name”
Ø Some Boolean values can be converted into

Ø True => +1, False => -1, Missing => 0



Encoding categorical data
Ø Categorical Data è One-hot encoding:

Ø Text Data 
Ø Bag-of-words & N-gram models

state
NY

WA

CA

AL … CA … NY … WA … WY
0 … 0 … 1 … 0 … 0
0 … 0 … 0 … 1 … 0
0 … 1 … 0 … 0 … 0

“Learning about 
machine

learning is fun.”
0 0 1 2 1

le
ar

ni
ng

aa
rd
va
rk

m
ac

hi
ne

fu
n

… … … … 0

zy
zz

yv
a

a
a

rd
w

o
lf

Vector



Bag-of-words Encoding
Ø Generalization of one-hot-encoding for a string of text:

Ø Encode text as a long vector of word counts (Issues?)
Ø Long = millions of columns àtypically high dimensional and very sparse
Ø Word order information is lost… (is this an issue?)
Ø New unseen words at prediction (test) time à drop them …

Ø A bag is another term for a multiset: an unordered collection which may 
contain multiple instances of each element.

Ø Stop words: words that do not contain significant information
Ø Examples: the, in, at, or, on, a, an, and …
Ø Typically removed

“Learning about 
machine

learning is fun.”
0 0 1 2 1

le
a

rn
in

g

aa
rd
va
rk

m
a

c
hi

ne

fu
n

… … … … 0

zy
zz

yv
a

a
a

rd
w

o
lf

Vector



I made this art piece 
in graduate school

Do you see the stop 
word?

There used to be a 
dustbin and broom
… but the janitors 
got confused …



N-Gram Encoding

Ø Sometimes word order matters:

Ø How do we capture word order in a “vector” model?
Ø N-Gram: “Bag-of- sequences-of-words” 

The book was not well 
written but I did enjoy it.

The book was well written 
but I did not enjoy it.



2-Gram Encoding

The book was well written but I did not enjoy it.

book well

not enjoy

well written

written not

Removed
stop words

b
o

o
k 

w
e

ll

no
t e

nj
o

y

w
e

ll 
w

rit
te

n

w
rit

te
n 

no
t

0 0 1 1 1… … … … 0Vector 1 …

a
a

rd
va

rk
 a

irl
in

e
s

a
p

p
le

 p
e

n

zy
zz

yv
a

 s
f



N-Gram Encoding
Ø Sometimes word order matters:

Ø How do we capture word order in a “vector” model?
Ø N-Gram: “Bag-of- sequences-of-words” 

Ø Issues:
Ø Can be very sparse (many combinations occur only once)
Ø Many combinations will only occur at prediction time à drop ..
Ø Often use hashing approximation:

Ø Increment counter at hash(“not enjoy”) collisions are okay

The book was not well 
written but I did enjoy it.

The book was well written 
but I did not enjoy it.



Feature Transformations to Capture 
Domain Knowledge
Ø Feature functions capture domain knowledge by 

introducing additional information from other sources 
and/or combining features

Ø Encoding non-linear patterns

�i(x) = isWinter(xdate, xlocation)
<latexit sha1_base64="8iN8hqrMIfnutmOgsykufmWM5t0="></latexit><latexit sha1_base64="8iN8hqrMIfnutmOgsykufmWM5t0="></latexit><latexit sha1_base64="8iN8hqrMIfnutmOgsykufmWM5t0="></latexit><latexit sha1_base64="8iN8hqrMIfnutmOgsykufmWM5t0="></latexit>

�i(x) = cos
⇣xhour

12
⇡ + ⇡

⌘

<latexit sha1_base64="gmzTjEmY+FzVWPVwKRro5oFjEkY="></latexit><latexit sha1_base64="gmzTjEmY+FzVWPVwKRro5oFjEkY="></latexit><latexit sha1_base64="gmzTjEmY+FzVWPVwKRro5oFjEkY="></latexit><latexit sha1_base64="gmzTjEmY+FzVWPVwKRro5oFjEkY="></latexit>

Could do a database lookup

Diurnal patterns.



The Feature Matrix �
<latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit>

Domain 1�1

1

�1
1

�1

�

uid age state hasBought review

0 32 NY True ”Meh.”

42 50 WA True ”Worked out of 
the box …”

57 16 CA NULL “Hella tots lit...”

AK … NY … WY age hasBought hasBought
missing

0 … 1 … 0 32 1 0

0 … 0 … 0 50 1 0

0 … 0 … 0 16 0 1

Entirely Quantitative Values

X
<latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit> � 2 Rn⇥d

<latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit>

DataFrame

�
<latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit>



The Feature Matrix �
<latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit>

Entirely Quantitative Values

X
<latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit>

� 2 Rn⇥d
<latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit>

DataFrame

�
<latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit>

n

d

=

�
⇣
x(1)

⌘

�
⇣
x(2)

⌘

. . .

�
⇣
x(n)

⌘

<latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit>

=
Rows of the ! matrix 
correspond to records.

Columns of the ! matrix 
correspond to features.

AK … NY … WY age hasBought hasBought
missing

0 … 1 … 0 32 1 0

0 … 0 … 0 50 1 0

0 … 0 … 0 16 0 1



Making Predictions

X
<latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit><latexit sha1_base64="NPcQ1m9PpMTcG8BsSrG+fVJv2nI="></latexit>

� 2 Rn⇥d
<latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit><latexit sha1_base64="AqlU/GiUvllH3VY/0L/8ZxWkCQ4="></latexit>

DataFrame

�
<latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit><latexit sha1_base64="QpF24SjiKFXfOgAbs7Pb9WqQrfs="></latexit>

n

d

=

�
⇣
x(1)

⌘

�
⇣
x(2)

⌘

. . .

�
⇣
x(n)

⌘

<latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit>

=
Rows of the ! matrix 
correspond to records.

Columns of the ! matrix 
correspond to features.

Ŷ = f✓̂(X) = �✓̂
<latexit sha1_base64="3MJ3B8n/NWOMREwLm/gNFqO7xU0="></latexit><latexit sha1_base64="3MJ3B8n/NWOMREwLm/gNFqO7xU0="></latexit><latexit sha1_base64="3MJ3B8n/NWOMREwLm/gNFqO7xU0="></latexit><latexit sha1_base64="3MJ3B8n/NWOMREwLm/gNFqO7xU0="></latexit>

�
⇣
x(1)

⌘

�
⇣
x(2)

⌘

. . .

�
⇣
x(n)

⌘

<latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit><latexit sha1_base64="JQdqM3pFGKYjN9fWisGtFGr4E/g="></latexit>

= ✓̂
<latexit sha1_base64="mXy7c7rVV50tFOwO8sZGCOQfhY4="></latexit><latexit sha1_base64="mXy7c7rVV50tFOwO8sZGCOQfhY4="></latexit><latexit sha1_base64="mXy7c7rVV50tFOwO8sZGCOQfhY4="></latexit><latexit sha1_base64="mXy7c7rVV50tFOwO8sZGCOQfhY4="></latexit>

ŷ(1)

ŷ(2)

. . .

ŷ(n)
<latexit sha1_base64="h5o7TpS3dsUj9F24y4kAiI1IWbU="></latexit><latexit sha1_base64="h5o7TpS3dsUj9F24y4kAiI1IWbU="></latexit><latexit sha1_base64="h5o7TpS3dsUj9F24y4kAiI1IWbU="></latexit><latexit sha1_base64="h5o7TpS3dsUj9F24y4kAiI1IWbU="></latexit>

=

Prediction



Summary of Notation

Domain 1�1

1

�1
1

�1

�

1�1

�(x)T ✓
<latexit sha1_base64="46oXkr2/ESGHUmn4eOMEg3kSBwE="></latexit><latexit sha1_base64="46oXkr2/ESGHUmn4eOMEg3kSBwE="></latexit><latexit sha1_base64="46oXkr2/ESGHUmn4eOMEg3kSBwE="></latexit><latexit sha1_base64="46oXkr2/ESGHUmn4eOMEg3kSBwE="></latexit>

ŷ
<latexit sha1_base64="YHatpRgFpDvdqEN6aL4X9XO3ivk="></latexit><latexit sha1_base64="YHatpRgFpDvdqEN6aL4X9XO3ivk="></latexit><latexit sha1_base64="YHatpRgFpDvdqEN6aL4X9XO3ivk="></latexit><latexit sha1_base64="YHatpRgFpDvdqEN6aL4X9XO3ivk="></latexit>x

<latexit sha1_base64="DE7e6HsB1cc0V4vsNytIICzjlgc="></latexit><latexit sha1_base64="DE7e6HsB1cc0V4vsNytIICzjlgc="></latexit><latexit sha1_base64="DE7e6HsB1cc0V4vsNytIICzjlgc="></latexit><latexit sha1_base64="DE7e6HsB1cc0V4vsNytIICzjlgc="></latexit>

Feature 
Engineering

Linear
Regression



Optimizing the Loss (Bonus Material)

Taking the Gradient of the loss

=
1

n

nX

i=1

0

@yi �
dX

j=1

✓j�j(xi)

1

A
2

<latexit sha1_base64="U0PgTxuDtQfTqaNhgbCX1XYTng0="></latexit><latexit sha1_base64="U0PgTxuDtQfTqaNhgbCX1XYTng0="></latexit><latexit sha1_base64="U0PgTxuDtQfTqaNhgbCX1XYTng0="></latexit><latexit sha1_base64="U0PgTxuDtQfTqaNhgbCX1XYTng0="></latexit>

L(✓)
<latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit><latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit><latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit><latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit>

=
1

n
(Y � �✓)T (Y � �✓)

<latexit sha1_base64="ny/MorlOFot60mnlZpYDSdaZV5Y="></latexit><latexit sha1_base64="ny/MorlOFot60mnlZpYDSdaZV5Y="></latexit><latexit sha1_base64="ny/MorlOFot60mnlZpYDSdaZV5Y="></latexit><latexit sha1_base64="ny/MorlOFot60mnlZpYDSdaZV5Y="></latexit>

=
1

n

�
Y TY � 2Y T�✓ + ✓T�T�✓

�
<latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit><latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit><latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit><latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit>

= (Y � Ŷ )T (Y � Ŷ )
<latexit sha1_base64="0LeBw4JFSDPTqbOWPwsY8UXaPdw="></latexit><latexit sha1_base64="0LeBw4JFSDPTqbOWPwsY8UXaPdw="></latexit><latexit sha1_base64="0LeBw4JFSDPTqbOWPwsY8UXaPdw="></latexit><latexit sha1_base64="0LeBw4JFSDPTqbOWPwsY8UXaPdw="></latexit>

y1 � ŷ1

y2 � ŷ2

. . .

yn � ŷn
<latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit><latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit><latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit><latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit>

y 1
�

ŷ 1

y 2
�

ŷ 2

..
.

y n
�
ŷ n

<latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit><latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit><latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit><latexit sha1_base64="UKo/0jNodcnp5nUjIvrUypJYNF4="></latexit>



“Normal Equation”

Optimizing the Loss (Bonus Material)

Taking the Gradient of the loss

L(✓)
<latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit><latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit><latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit><latexit sha1_base64="uXkXmoTPdRAwU0ZROXs4ymZ1ZuQ="></latexit>

=
1

n

�
Y TY � 2Y T�✓ + ✓T�T�✓

�
<latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit><latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit><latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit><latexit sha1_base64="GL3BClxazPhmshbMbeIYD4HoJkw="></latexit>

r✓L(✓)
<latexit sha1_base64="NIKJq9Mu2uYQ9fPTv7qft/OiYfc="></latexit><latexit sha1_base64="NIKJq9Mu2uYQ9fPTv7qft/OiYfc="></latexit><latexit sha1_base64="NIKJq9Mu2uYQ9fPTv7qft/OiYfc="></latexit><latexit sha1_base64="NIKJq9Mu2uYQ9fPTv7qft/OiYfc="></latexit>

= � 2

n
�TY +

2

n
�T�✓

<latexit sha1_base64="l41j9aFBpc+nn8/hil9SczE9bX4="></latexit><latexit sha1_base64="l41j9aFBpc+nn8/hil9SczE9bX4="></latexit><latexit sha1_base64="l41j9aFBpc+nn8/hil9SczE9bX4="></latexit><latexit sha1_base64="l41j9aFBpc+nn8/hil9SczE9bX4="></latexit>

Setting the gradient equal to 0 and solving for θ:

Rule 1 Rule 2

0 = � 2

n
�TY +

2

n
�T�✓

<latexit sha1_base64="l1aeAGyfnhlgVFqJkI5uvBZjX1E="></latexit><latexit sha1_base64="l1aeAGyfnhlgVFqJkI5uvBZjX1E="></latexit><latexit sha1_base64="l1aeAGyfnhlgVFqJkI5uvBZjX1E="></latexit><latexit sha1_base64="l1aeAGyfnhlgVFqJkI5uvBZjX1E="></latexit>

r✓ (A✓) = AT

r✓

�
✓TA✓

�
= A✓ +AT ✓

Useful Matrix Derivative Rules:

(2)

(1)

Deriving the Normal Equation

✓̂ =
�
�T�

��1
�TY

<latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit><latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit><latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit><latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit>



The Normal Equation ✓̂ =
�
�T�

��1
�TY

<latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit><latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit><latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit><latexit sha1_base64="eufR8snWFxib3879ap0ozGdjU7s="></latexit>

d -1

=d

n n 1

d Y✓̂ �T
<latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit><latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit><latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit><latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit> �

<latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit><latexit sha1_base64="8Vl3x49VkfOLwdz7cRJYc7VhnAY="></latexit>

�T
<latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit><latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit><latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit><latexit sha1_base64="4SNgb6EQgm9Ahi1obRwdZgWk0Q8="></latexit>

Note: For inverse to exist ! needs to be full column rank. 
à cannot have co-linear features

This can be addressed by adding regularization …

In practice we will use regression software 
(e.g., scikit-learn) to estimate θ



Geometric Derivation (Bonus Material)
Ø Examine the column spaces:

n

d

Y =

n

1

Columns space of !

Ø Linear model à Y is a linear combination of columns !

� =
<latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit><latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit><latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit><latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit> 2 Rn⇥d

<latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit><latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit><latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit><latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit>

2 Rn
<latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit><latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit><latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit><latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit>

y1

y2
...

yn
<latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit><latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit><latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit><latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit>

�(1),�(2), . . . ,�(d)
<latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit>

We have decided to make this
derivation not bonus material and
therefore you should know it!



n

d

Y =

n

1

Columns space of !

Ø Linear model à Y is a linear combination of columns !

� =
<latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit><latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit><latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit><latexit sha1_base64="W5khB1Ir0/sDulLWkZ/pO7D9CYQ="></latexit> 2 Rn⇥d

<latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit><latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit><latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit><latexit sha1_base64="p5dgmU/7LZ5i4qBuAeWgaNcRL1k="></latexit>

2 Rn
<latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit><latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit><latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit><latexit sha1_base64="lB6bEr/dREy62p9cK9Ecybzlit4="></latexit>

y1

y2
...

yn
<latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit><latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit><latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit><latexit sha1_base64="mqpwHRnbBk1nX8MsiFZqSEiWLkE="></latexit>

�(1),�(2), . . . ,�(d)
<latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit>

Y ⇡ Ŷ = �✓̂
<latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit><latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit><latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit><latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit>

�(1),�(2), . . . ,�(d)
<latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit> ✓̂

<latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit><latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit><latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit><latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit>

ŷ1

ŷ2
...

ŷn
<latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit><latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit><latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit><latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit>

⇡<latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit><latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit><latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit><latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit>



“Normal Equation”

Ø Ŷ is in the subspace spanned by the columns of !
Y

!1

!2

!θ

(Y – !θ)

Normal to subspace 
Spanned by !

Su
bsp

ace sp
anned by !

1 and !
2

Y ⇡ Ŷ = �✓̂
<latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit><latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit><latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit><latexit sha1_base64="VPoUvRrnhpOrCaBKgWSZY7Fm7iA="></latexit>

�(1),�(2), . . . ,�(d)
<latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit><latexit sha1_base64="M2B+OxsGHwPtA6QcCGlAnFBmOXI="></latexit> ✓̂

<latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit><latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit><latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit><latexit sha1_base64="cQxiv/qls+B4J+8vu07utQKrvbk="></latexit>

ŷ1

ŷ2
...

ŷn
<latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit><latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit><latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit><latexit sha1_base64="jdyAzCbYy7VZ+ArBsUaYnDuqQYk="></latexit>

⇡<latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit><latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit><latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit><latexit sha1_base64="hlzTavIJDYzfmDFBdnhFzrkzqaw="></latexit>

Definition of orthogonal 

0 = �T (Y � �✓)
<latexit sha1_base64="Ip6yGJ3NgwlmfftAEfgx3CE8iu8="></latexit><latexit sha1_base64="Ip6yGJ3NgwlmfftAEfgx3CE8iu8="></latexit><latexit sha1_base64="Ip6yGJ3NgwlmfftAEfgx3CE8iu8="></latexit><latexit sha1_base64="Ip6yGJ3NgwlmfftAEfgx3CE8iu8="></latexit>

Normal 
Equations

0 = �TY � �T�✓

�T�✓ = �TY

✓ =
�
�T�

��1
�TY

<latexit sha1_base64="s9DYcy6C/7mYPSdQeLBJnoQFfzQ="></latexit><latexit sha1_base64="s9DYcy6C/7mYPSdQeLBJnoQFfzQ="></latexit><latexit sha1_base64="s9DYcy6C/7mYPSdQeLBJnoQFfzQ="></latexit><latexit sha1_base64="s9DYcy6C/7mYPSdQeLBJnoQFfzQ="></latexit>



Lecture ended here
Note you do need to know the final geometric derivation even 
though I said in lecture that you do not.  


