Multiple Linear
Regression —
A Geometric View



Topics

» Switch from an observation perspective to a variable
perspective

» Review Linear Algebra
» Build infuition with a toy example

» Guest Lecture from the DS Education Program



Observation
Perspective



Scatter plot examines (z;, y;)
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Extend Empirical Risk

Minimize empirical risk to estimate y by a linear function of x

n
' 2 Sum over the
mmz . — (a + bzx; .
ab i — (a+ bx;) observations
1=
oD (T4, Y3 )
Minimizing 4 — 7 — b7 h— r Y
values Y SD,

Predictor ¢ = a + bx



Observation perspective (i, y:)

Observe (xi,y;), 1 =1,...,n
Predict (x;,7;), t=1,...,n

Error in prediction €, =vY; — i, 1t =1,...,n
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Switch to Variable
Perspective



Variable perspective
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Variable perspective
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Review
Vectors



Vector

Vector — consists of a length and direction ¢

U1
— /02
DV —=
Think of the vector as
Un a step in a particular

direction for a certain
length



Length of a Vector

Pythagorean’s theorem

3] = v} + 03




Length of a Vector

Pythagorean’s theorem
carries over to vectors in

n-dimensions, i.e., — n
veR

|U]| = /v +vs + -+ 02




Scale a Vector

Change the length of the vector, for some scalar C

CUq 20
CU9
CU = ,
Note that:
CUy,

lev]] = Jef| 9]

_0.57 /



Add Two Vectors

Ul — U1
Uo T U9
Uy, + Upy

Take a step according to the length and
direction of u and from that point take a
step in the direction of v for the length of v

U u-+v



Subtract Two Vectors

U1 — Uy
Vo — U2
Un_un

Take a step according to the length and
direction of v and from that point take @
step in the direction of -u for the length of u

S



Distance Between Two Vectors

The distance between u and v is the length

of v—-u.
U1 — Uy
Vo — U2
V— U= v — i
Un_un




Vector space —span {U'}

All vectors in the vector space can be expressed as a
scalar multiple of the spanning vector 7
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Vector space — span {u1, vz}

All vectors in the vector space can be expressed as a linear
combination of the spanning vectors




Vector space — span{vi, vz, ..., v}

All vectors in the vector space can be expressed as a linear
combination of the spanning vectors
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Vector space — span{vi, vz, ..., v}

All vectors in the vector space can be expressed as a linear
combination of the spanning vectors




Projection

Projecting v onto u
means we find the
point in the subspace
span{u} that is as
close to v as possible




—

INnner product u-v=uiv1 +ugvg + -+ - + upvn

>Leng’rh‘UH—VU‘v— v +vy + -+ oy
» Pythagorean’s theorem in n-dimensions

» Distance between two vectors HU — U H

> Inner product for orthogonal vectors is O

AKA Dot Product



. . — Y __ *,7  Orthogonal
Projection: ¢ U O o pan{@)

Find the vector in the span{u} that is closest to v

| — CEHQ = ||[v— c"u+ c"u — CUHQ
= ||U — C*ﬁHQ + || u — CﬁHQ Inner

+2(¥ — ¢* ) - (¢*t — ci) ProductisO

= |7 — c*d||? + ||c*@ — ci||? Minimizeo
forc =c*



Generdal:
Consider the span: span{uy, ..., Uy}
Find the closest vector in this span to v

min _ ||U— d|”

wespan{uy,...,Up }

The minimizing vector will be
the projection onto the span




Bring in the Dato



Variable perspective
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the span

J € span{1, 7}




Recall

Data (y1, Y2, - - - Yn)

Find the summary
statistic that
minimizes the L, error

Equivalent to finding
the closest vector in
the soan of 1 toy



Summarizing y by a constant

When we minimized the L, loss to
find the best summary of y, we
were in effect projecting y onto
the span of 1




Least Squares

n

a,b

1=1

min Z[Z/z — (a+ bz;))’

—

— min||j — (aT + b7)|?

§ € span{1, &}

a,b

Minimize the
squared distance
between y and @
vector in the span
of 1 and x

Pythagorean’s theorem

tells us that the
projection will have the
smallest distance



Least Squares

Data (z1,91), (X2,Y2), - - (T, Yn)

Find the coefficients - ,
to the line that min [y — (a + bx;))]
minimizes the L, error “Y =1

Equivalent to finding T = 2
the closest vector in Izlll?”y — (al + bZ)|

the span of 1 and x
toy



Regression from the Variable Perspective

—
A

re=Y—y
: Unexplained
g variation

When we minimized the L,

loss to find the best

s regression line, we were

............. Explained projecting y onto the span
T variation of Tand x.



Usetul Properties

> Average of the residuals is 0 &1 =0

» The inner product of the fitted values and residuals is O
) =0
» The inner product of the residuals and x is O

exr =20



Toy Example



Toy Example

Y
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Correlation(w,y) =0.77

w

Correlation(x,y) =0.17



Best simple linear regression — fit y to w

Explained SS

B 9
Total SS 060 (=)

— 131 + 1.4

But, what about a 2-variable model to predict ye

The correlation between x and y is weak so it seems like
we will gain little if we add x to the equation.



Two variable regression: fit y to w and X

Consider the model we are fitting

j =~ Bol + B10 + B

For a fixed w = 7, this model is: ¢ & (50 + 751)T + Box

For a fixed w = -7, this model is: § = (50 — 751)T + Box

Nofice that for a fixed value of w, we see that the
relationship between x and vy is linear with the same slope.



There aren’'t many points in these plots, but they
show a linear relationship of slope about 2.

w near -7 w near 7

Slopes for these subsets are both about 2



@2804-31104‘8237
7 x 1071 4+ 2w + 3z

Explained SS

= 1.
Total SS |

Multiple R?

Bo
Ba
Buw

Here, y Is perfectly described by a linear function of x and w,
even though the pairwise plots didn’t reveal this relationship




Interpretation of the fitted coefficients
j = Bol + 1w j = Bo+ Brw + Box
— 131 + 1.445 y = 2w+ 3

Nofice that w has a coefficient of 1.4 in the simple linear
model, and a coefficient of 2 in the two-variable model.

These two coefficients are not the The 2w yields the best fit when wisin a
same because the models are model with x. That is, the coefficient is
different. The 1.4w yields the best fit dependent on the other variables in

when w is alone in the model the model.



@2804-31104‘8237
7 x 1071 4+ 2w + 3z

Explained 55 n
Total SS

Bo
Ba
Buw

Here, y Is perfectly described by a linear function of x and w,
even though the pairwise plots didn’t reveal this relationship




How well is y described by w and ve

Explained S5 %67
Total SS l.O




Y w
How well is y described by w and ve 20 7
19 8
Explained S5 0.4 39 4
Total SS :
The fit is the same as for the simple 15 0
linear regression with w because v is 1 —4

INn The span of w. . -

We can still find y-hat, but we do not have a
unique solution for the coefficients of v and w.




Z W
_134_ 5 7 Add error toy
18.3 L 8| ra.-
Bo
34.8 N
5 | [ Buw
15.6 5 0
1.8 3 4

y=—19.84 3.01x + 1.98w
R? = .98



— y has errors

- _ roow ) vV =2wW

19.4 2 7 14 | |
18.3 1 8 16| [By What is the fit2
34.8 9 4 8 3,

. . , : Bw

. . . . Bv Y-hat is the same as
156 Lo 0 0 ~ 7 thefittoxandw
1.8 1 3 -4 -8

But the coefficients are
not unigquely
determined



Suppose we have only 5 observations

y 1 €T W 332 w2 B
19.4° 1 2 7 4 49] [ Bo
18.3 1 1 8 1 64| |5
34.8 9 4 81 16| | Bu
15.6 5 0 25 0| |Be
1.8 1 3 —4 9 16| |Bue

O=n=1+4+p
j=—1943x 4+ 2.3w — 1.22° — 0.02w* R*=1



Summary Properties of
Multiple Linear Regression



» Multiple Linear Least Squares regression is equivalent to
projecting y onto the span of the features.

» When p = n the errors are O and the fit is perfect.

» When rank X < p there is not a unique solution for
the coefficients

» When ¥ € span{X} the features perfectly predict y.



