
Multiple Linear 
Regression –

A  Geometric View



Topics

Ø Switch from an observation perspective to a variable 
perspective

Ø Review Linear Algebra

Ø Build intuition with a toy example

Ø Guest Lecture from the DS Education Program



Observation 
Perspective
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<latexit sha1_base64="NNYNv+Zpyu7+mLxR2qtmXhJzHd4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5gG8Jmu2mXbjZhdyOG0H/hxYMiXv033vw3btsctPXBwOO9GWbm+TFnStv2t1VYWV1b3yhulra2d3b3yvsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3445up33mkUrFI3Os0pm6Ih4IFjGBtpIfqk8fOUOqxU69csWv2DGiZODmpQI6mV/7qDyKShFRowrFSPceOtZthqRnhdFLqJ4rGmIzxkPYMFTikys1mF0/QiVEGKIikKaHRTP09keFQqTT0TWeI9UgtelPxP6+X6ODKzZiIE00FmS8KEo50hKbvowGTlGieGoKJZOZWREZYYqJNSCUTgrP48jJp12vOea1+d1FpXOdxFOEIjqEKDlxCA26hCS0gIOAZXuHNUtaL9W59zFsLVj5zCH9gff4AReqQAA==</latexit>



Extend Empirical Risk

Minimize empirical risk to estimate y by a linear function of x

min
a,b

nX

i=1

[yi � (a+ bxi)]
2

<latexit sha1_base64="y4QxHlFTlXsK5teYgN3oEYyNdHc=">AAACGHicbVBNSwMxEM36bf2qevQyWAoVte5WQS9C0YtHBfsB7XbJpqkNJtklyYpl6c/w4l/x4kERr735b0xrD9r6YODx3gwz88KYM21c98uZmZ2bX1hcWs6srK6tb2Q3t6o6ShShFRLxSNVDrClnklYMM5zWY0WxCDmthfeXQ7/2QJVmkbw1vZj6At9J1mEEGysF2aOmYDJI8QGEfWjqRAQpg3Pw+i0JjV7A4BAKGPYhfAzYnt8qBdmcW3RHgGnijUkOjXEdZAfNdkQSQaUhHGvd8NzY+ClWhhFO+5lmommMyT2+ow1LJRZU++nosT7krdKGTqRsSQMj9fdEioXWPWFPzwtsunrSG4r/eY3EdM78lMk4MVSSn0WdhIOJYJgStJmixPCeJZgoZm8F0sUKE2OzzNgQvMmXp0m1VPSOi6Wbk1z5YhzHEtpBu6iAPHSKyugKXaMKIugJvaA39O48O6/Oh/P50zrjjGe20R84g29Y7Z1r</latexit>

ŷ = â+ b̂x

â = ȳ � b̂x̄ b̂ = r
SDy

SDx

Minimizing 
values

Predictor

(xi, yi)
<latexit sha1_base64="NNYNv+Zpyu7+mLxR2qtmXhJzHd4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5gG8Jmu2mXbjZhdyOG0H/hxYMiXv033vw3btsctPXBwOO9GWbm+TFnStv2t1VYWV1b3yhulra2d3b3yvsHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3445up33mkUrFI3Os0pm6Ih4IFjGBtpIfqk8fOUOqxU69csWv2DGiZODmpQI6mV/7qDyKShFRowrFSPceOtZthqRnhdFLqJ4rGmIzxkPYMFTikys1mF0/QiVEGKIikKaHRTP09keFQqTT0TWeI9UgtelPxP6+X6ODKzZiIE00FmS8KEo50hKbvowGTlGieGoKJZOZWREZYYqJNSCUTgrP48jJp12vOea1+d1FpXOdxFOEIjqEKDlxCA26hCS0gIOAZXuHNUtaL9W59zFsLVj5zCH9gff4AReqQAA==</latexit>

Sum over the 
observations 



Observation perspective (xi, yi)
<latexit sha1_base64="NbcZR7Sl/wTR4wXf6H1p7cIuIPU=">AAAB8XicbVDLSsNAFL3xWeur6tLN0CJUlJLUhS6LblxWsA9sQ5hMJ+3QySTMTMQQ+hfduFDErX/jrn/j9LHQ1gMXDufcy733+DFnStv2xFpb39jc2s7t5Hf39g8OC0fHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35w7up33qmUrFIPOo0pm6I+4IFjGBtpKfyi8cuUeqxc69Qsiv2DGiVOAtSqhW7F+NJLa17he9uLyJJSIUmHCvVcexYuxmWmhFOR/luomiMyRD3acdQgUOq3Gx28QidGaWHgkiaEhrN1N8TGQ6VSkPfdIZYD9SyNxX/8zqJDm7cjIk40VSQ+aIg4UhHaPo+6jFJieapIZhIZm5FZIAlJtqElDchOMsvr5JmteJcVaoPJo1bmCMHp1CEMjhwDTW4hzo0gICAMbzBu6WsV+vD+py3rlmLmRP4A+vrB2CTkws=</latexit>

Observe

Predict

(xi, yi), i = 1, . . . , n
<latexit sha1_base64="sBQoT1C8mMV4b+I6ACpwdn5/c0s=">AAACBXicbVDLSsNAFJ3UV62vqktdDC1CxVCSutCNUHTjsoJ9QBPCZDJph04ezEzEEOrCjT/gR7hxoYhb/8Fd/8bpY6GtBy4czrmXe+9xY0aFNIyRlltaXlldy68XNja3tneKu3stESUckyaOWMQ7LhKE0ZA0JZWMdGJOUOAy0nYHV2O/fUe4oFF4K9OY2AHqhdSnGEklOcXDyr1DdZg69Fh/oPACmjq0mBdJoUNll42qMQFcJOaMlOsl6+R5VE8bTvHb8iKcBCSUmCEhuqYRSztDXFLMyLBgJYLECA9Qj3QVDVFAhJ1NvhjCI6V40I+4qlDCifp7IkOBEGngqs4Ayb6Y98bif143kf65ndEwTiQJ8XSRnzAoIziOBHqUEyxZqgjCnKpbIe4jjrBUwRVUCOb8y4ukVauap9XajUrjEkyRBwegBCrABGegDq5BAzQBBo/gBbyBd+1Je9U+tM9pa06bzeyDP9C+fgDZ9Zk5</latexit>

(xi, ŷi), i = 1, . . . , n
<latexit sha1_base64="QsisdhaKohQYvqFVsm7PLAEJDfI=">AAACC3icbVC7SgNBFJ31GeMramkzJAgRQ9iNhTZC0MYygnlAdgmzk9lkyOyDmbvissTaxs7vsLFQxNYfsMvfOHkUmnhg4HDOudy5x40EV2CaI2NpeWV1bT2zkd3c2t7Zze3tN1QYS8rqNBShbLlEMcEDVgcOgrUiyYjvCtZ0B1djv3nHpOJhcAtJxByf9ALucUpAS51cvnjf4SVs9wmkybDDj0sPHF9gS0uiG4IqYR0qmGVzArxIrBkpVPP2yfOomtQ6uW+7G9LYZwFQQZRqW2YETkokcCrYMGvHikWEDkiPtTUNiM+Uk05uGeIjrXSxF0r9AsAT9fdESnylEt/VSZ9AX817Y/E/rx2Dd+6kPIhiYAGdLvJigSHE42Jwl0tGQSSaECq5/iumfSIJBV1fVpdgzZ+8SBqVsnVartzoNi7RFBl0iPKoiCx0hqroGtVQHVH0iF7QG3o3noxX48P4nEaXjNnMAfoD4+sH5hScBg==</latexit>

Error in prediction ei = yi � ŷi, i = 1, . . . , n
<latexit sha1_base64="oE2xivuqCW1KIwIArXZbnzSnTQU=">AAACEHicbVC7SgNBFJ2NrxhfUUtFBoNoEcNuLLQRgjaWCZgHZEOYnUySIbMPZu4KyxI7Sxt/xSaFIraWdn6DP+FskkITD8xwOOdcZu5xAsEVmOaXkVpYXFpeSa9m1tY3Nrey2zs15YeSsir1hS8bDlFMcI9VgYNgjUAy4jqC1Z3BdeLX75hU3PduIQpYyyU9j3c5JaCldvaYtTm+xJG+T7HdJxBHwzbP3yeilce26Pig8lgnc2bBHAPPE2tKcqX9UeX74WBUbmc/7Y5PQ5d5QAVRqmmZAbRiIoFTwYYZO1QsIHRAeqypqUdcplrxeKEhPtJKB3d9qY8HeKz+noiJq1TkOjrpEuirWS8R//OaIXQvWjH3ghCYRycPdUOBwcdJO7jDJaMgIk0IlVz/FdM+kYSC7jCjS7BmV54ntWLBOisUK7qNKzRBGu2hQ3SCLHSOSugGlVEVUfSIntELejWejJHxZrxPoiljOrOL/sD4+AHlO55P</latexit>
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Switch to Variable 
Perspective



Variable perspective

~x =

2
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<latexit sha1_base64="12nBYR69NZjeO8iSTVWiAOKTVHM="></latexit>

~y =

2

6664

y1
y2
...
yn

3

7775

<latexit sha1_base64="JTOMcx6cJfrHXfEg0ugs5XKdhxU="></latexit>
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ŷ1
ŷ2
...
ŷn
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<latexit sha1_base64="7CV6QjzFGTW/BrUCDLiSJmTJ16s="></latexit>

~̂y = â~1� b̂~x
<latexit sha1_base64="h6kn87l+seSEBhYeHnkTUEOmnT0=">AAACGHicbZDLSsNAFIYn9VbrLepSkcEiuLEmdaEboejGZQv2Ak0ok+m0HTq5MDMphpClj+DGJym4caGI2+58Bl/CadKFtv4w8POdczhzfidgVEjD+NJyS8srq2v59cLG5tb2jr671xB+yDGpY5/5vOUgQRj1SF1SyUgr4AS5DiNNZ3g7rTdHhAvqe/cyCojtor5HexQjqVBHP7dGBMfWAMk4ShJ4DVOLkhSbCTzLgJOBh6SjF42SkQouGnNmipXDce378Whc7egTq+vj0CWexAwJ0TaNQNox4pJiRpKCFQoSIDxEfdJW1kMuEXacHpbAE0W6sOdz9TwJU/p7IkauEJHrqE4XyYGYr03hf7V2KHtXdky9IJTEw9miXsig9OE0JdilnGDJImUQ5lT9FeIB4ghLlWVBhWDOn7xoGuWSeVEq11QaNyBTHhyAY3AKTHAJKuAOVEEdYPAEXsAbeNeetVftQ/vMWnPabGYf/JE2+QGDQqRk</latexit>



Variable perspective
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<latexit sha1_base64="7CV6QjzFGTW/BrUCDLiSJmTJ16s="></latexit>

~e = ~y � ~̂y
<latexit sha1_base64="gukSLy0RTgS4Ry6H8dvLWntu0i4=">AAACCnicbZDLSgMxFIYz9VbrbdSlItEiuLHM1IVuhKIbly3YC7SlZNLTNpi5kGQKZZiluPFV3LjQilufwJ3P4EuYznShrT8EvvznHJLzOwFnUlnWl5FZWFxaXsmu5tbWNza3zO2dmvRDQaFKfe6LhkMkcOZBVTHFoREIIK7Doe7cXU/q9SEIyXzvVo0CaLuk77Eeo0Rpq2MetoZAI4jxJU5oFOPTlFoDovQ17ph5q2AlwvNgTyFf2h9Xvu8PxuWO+dnq+jR0wVOUEymbthWodkSEYpRDnGuFEgJC70gfmho94oJsR8kqMT7WThf3fKGPp3Di/p6IiCvlyHV0p0vUQM7WJuZ/tWaoehftiHlBqMCj6UO9kGPl40kuuMsEUMVHGggVTP8V0wERhCqdXk6HYM+uPA+1YsE+KxQrOo0rlCqL9tAROkE2OkcldIPKqIooekBP6AW9Go/Gs/FmvKetGWM6s4v+yPj4AflFnig=</latexit>

~̂y = â~1 + b̂~x
<latexit sha1_base64="DAa5VwNkYSwpfKGtxsZsXrWtsV4=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARBKEmVdCNUHTjsoK9QBPKZDpth04mYWZSDCGP4cZXceNCEbfd+TZOkyy09YeBn++cw5nzeyGjUlnWt1FaWV1b3yhvVra2d3b3zP2DtgwigUkLBywQXQ9JwignLUUVI91QEOR7jHS8yd283pkSIWnAH1UcEtdHI06HFCOlUd88d6YEJ84YqSROU3gDM4vSDNspPMuBl4OntG9WrZqVCS4buzBVUKjZN2fOIMCRT7jCDEnZs61QuQkSimJG0ooTSRIiPEEj0tOWI59IN8kOS+GJJgM4DIR+XMGM/p5IkC9l7Hu600dqLBdrc/hfrRep4bWbUB5GinCcLxpGDKoAzlOCAyoIVizWBmFB9V8hHiOBsNJZVnQI9uLJy6Zdr9kXtfrDZbVxW8RRBkfgGJwCG1yBBrgHTdACGDyDV/AOPowX4834NL7y1pJRzByCPzJmP5MdoLs=</latexit>

~y, ~x, ~̂y, ~e 2 Rn
<latexit sha1_base64="VtME7HpKXGoxSWIF/YdoJbvWMF8=">AAACH3icbZDLSgMxFIYzXmu9VV26CRbBhZSZKuqy1I3LKvYCnVoy6WkbmskMSaZYhvFJ3PgqblwoIu76NqY30NYDgS//OT/J+b2QM6Vte2gtLa+srq2nNtKbW9s7u5m9/YoKIkmhTAMeyJpHFHAmoKyZ5lALJRDf41D1etejfrUPUrFA3OtBCA2fdARrM0q0kZqZC7cPNB4kp09jeJyB2yXayLMrJNhlArtFz4vvkgdjzNo5e1x4EZwpZNG0Ss3Mt9sKaOSD0JQTpeqOHepGTKRmlEOSdiMFIaE90oG6QUF8UI14vF+Cj43Swu1AmiM0Hqu/HTHxlRr4npn0ie6q+d5I/K9Xj3T7qhEzEUYaBJ081I441gEehYVbTALVfGCAUMnMXzHtEkmoNpGmTQjO/MqLUMnnnLNc/vY8WyhO40ihQ3SETpCDLlEB3aASKiOKntErekcf1ov1Zn1aX5PRJWvqOUB/yhr+AFabpFw=</latexit>
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<latexit sha1_base64="GhHX3ihdmAacIA1tQ1UnCLSWlzE="></latexit>



Review
Vectors 



Vector

Vector – consists of a length and direction ~v

~v =

2

6664

v1
v2
...
vn

3

7775

<latexit sha1_base64="+8wvYR+aBrZu+393bEL/Pmh1VuI="></latexit>

~v

Think of the vector as 
a step in a particular 
direction for a certain 
length



Length of a Vector

~v
k~vk =

q
v21 + v22

<latexit sha1_base64="VIvZddZQXTklQRx3OKCCCZ5iFT4="></latexit>

Le
ng

th
:

Pythagorean’s theorem

v1
<latexit sha1_base64="QF0fftqbdClEMcVgF8CHWWet/5E=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjuzzMwGwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjW0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HN1G+OqNJMinszjqkf4b5gISPYWOlu1PW6+YJbdGdAq8RbkEL5pPbN3isf1W7+s9OTJImoMIRjrdueGxs/xcowwukk10k0jTEZ4j5tWypwRLWfzk6doHOr9FAolS1h0Ez9PZHiSOtxFNjOCJuBXvam4n9eOzHhtZ8yESeGCjJfFCYcGYmmf6MeU5QYPrYEE8XsrYgMsMLE2HRyNgRv+eVV0igVvctiqWbTqMAcWTiFM7gAD66gDLdQhToQ6MMDPMGzw51H58V5nbdmnMXMMfyB8/YD6IuRPw==</latexit>

v2
<latexit sha1_base64="Oc0DIc5sNq16K9cYJbOPqlChnDI=">AAAB6nicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFM0DwgWcLsZDYZMjO7zMwGwpJPsLFQxNbWv/AL7Gz8FiePQhMPXDiccy/33hPEnGnjul9OZm19Y3Mru53b2d3bP8gfHjV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIY3U785okqzSN6bcUx9gfuShYxgY6W7UbfUzRfcojsDWiXeghTKJ7Vv9l75qHbzn51eRBJBpSEca9323Nj4KVaGEU4nuU6iaYzJEPdp21KJBdV+Ojt1gs6t0kNhpGxJg2bq74kUC63HIrCdApuBXvam4n9eOzHhtZ8yGSeGSjJfFCYcmQhN/0Y9pigxfGwJJorZWxEZYIWJsenkbAje8surpFEqepfFUs2mUYE5snAKZ3ABHlxBGW6hCnUg0IcHeIJnhzuPzovzOm/NOIuZY/gD5+0H6g+RQA==</latexit>

k~v
k =

q v
2

1
+
v
2

2

<latexit sha1_base64="VIvZddZQXTklQRx3OKCCCZ5iFT4="></latexit>



Length of a Vector

~v =

2

6664

v1
v2
...
vn

3

7775

<latexit sha1_base64="+8wvYR+aBrZu+393bEL/Pmh1VuI="></latexit>

~v

Le
ngthPythagorean’s theorem 

carries over to vectors in  
n-dimensions, i.e.,  

k~vk =
q

v21 + v22 + · · ·+ v2n
<latexit sha1_base64="8yucv4n2xXiNzALBagXdMWNHcw8="></latexit>

~v 2 Rn
<latexit sha1_base64="vxJZnHQGlVGmiQ46x/uh0HQRDE8=">AAAB/nicbVA9SwNBEJ2LXzF+RcXKZjEIVuEuFtoZYmMZxXxA7gx7m71kyd7esbsXCEfAv2JjoYitv8POn2Ln5pJCEx8MPN6bYWaeH3OmtG1/WbmV1bX1jfxmYWt7Z3evuH/QVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vJ76rRGVikXiXo9j6oW4L1jACNZG6haP3BEl6WiCXCaQW/P99G7yYPSSXbYzoGXizEnp6jvIUO8WP91eRJKQCk04Vqrj2LH2Uiw1I5xOCm6iaIzJEPdpx1CBQ6q8NDt/gk6N0kNBJE0JjTL190SKQ6XGoW86Q6wHatGbiv95nUQHl17KRJxoKshsUZBwpCM0zQL1mKRE87EhmEhmbkVkgCUm2iRWMCE4iy8vk2al7JyXK7d2qVqDGfJwDCdwBg5cQBVuoA4NIJDCE7zAq/VoPVtv1vusNWfNZw7hD6yPH8X7mQw=</latexit>



Scale a Vector

Change the length of the vector, for some scalar 

c~v =

2

6664

cv1
cv2
...

cvn

3

7775

<latexit sha1_base64="htg72iCA2+rBMs1TjkBMdrxpVy8="></latexit>

~v

c
<latexit sha1_base64="TJTF/n+rZ53Q2G0J6q8xCKH9fRk=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdWGgjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdotFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNMol76RUrrnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fJ0mQKA==</latexit>

2~v
<latexit sha1_base64="Xa6lfm5QAOind3O1t3x5Q5bcOcM=">AAAB73icbZC7SgNBFIbPeo3rLWppMxgEq7AbC23EoI1lBHOBZAmzk7PJkNmLM7OBsOQlbCwUEax8Ensb8W2cXApN/GHg4//PYc45fiK40o7zbS0tr6yurec27M2t7Z3d/N5+TcWpZFhlsYhlw6cKBY+wqrkW2Egk0tAXWPf71+O8PkCpeBzd6WGCXki7EQ84o9pYjVJrgCwbjNr5glN0JiKL4M6gcPlhXyRvX3alnf9sdWKWhhhpJqhSTddJtJdRqTkTOLJbqcKEsj7tYtNgRENUXjaZd0SOjdMhQSzNizSZuL87MhoqNQx9UxlS3VPz2dj8L2umOjj3Mh4lqcaITT8KUkF0TMbLkw6XyLQYGqBMcjMrYT0qKdPmRLY5gju/8iLUSkX3tFi6dQrlK5gqB4dwBCfgwhmU4QYqUAUGAh7gCZ6te+vRerFep6VL1qznAP7Iev8BgdOTRQ==</latexit>

�0.5~v
<latexit sha1_base64="4oGKTAQVIwJRIBAJO77g2/4lsiQ=">AAAB8nicbVDLSsNAFL3x2dZX1aWbwSK4MSQV0WXRjcsK9oFpKJPppB06mYSZSbGEfoYLXSjiVvBf3Pk1On0stPXAhcM593LvPUHCmdKO82UtLa+srq3n8oWNza3tneLuXl3FqSS0RmIey2aAFeVM0JpmmtNmIimOAk4bQf9q7DcGVCoWi1s9TKgf4a5gISNYG8k7ceyz1oCSbDBqF0uO7UyAFok7I6VKPnm8+7j/rraLn61OTNKICk04VspznUT7GZaaEU5HhVaqaIJJH3epZ6jAEVV+Njl5hI6M0kFhLE0JjSbq74kMR0oNo8B0Rlj31Lw3Fv/zvFSHF37GRJJqKsh0UZhypGM0/h91mKRE86EhmEhmbkWkhyUm2qRUMCG48y8vknrZdk/t8o1J4xKmyMEBHMIxuHAOFbiGKtSAQAwP8AwvlraerFfrbdq6ZM1m9uEPrPcfjJmUgg==</latexit>

Note that:

kc~vk = |c|k~vk
<latexit sha1_base64="XWu/eduAerYIwLpddQV8m69SDcY=">AAACHHicbVC7SgNBFJ2Nrxhfq5Y2Q4IgCGE3KbQRgjaWEcwDskuYndxNhsw+mJkNhE3+wsbGX7GxUMTGQsjfOHkUJvHAhcM593LvPV7MmVSWNTEyG5tb2zvZ3dze/sHhkXl8UpdRIijUaMQj0fSIBM5CqCmmODRjASTwODS8/t3UbwxASBaFj2oYgxuQbsh8RonSUtssO7wOQmGKnQHQdDDGjpgJN3hER3jhLntts2AVrRnwOrEXpFDJO5dPk8qw2ja/nU5EkwBCRTmRsmVbsXJTIhSjHMY5J5EQE9onXWhpGpIApJvOnhvjc610sB8JXaE+dKr+nUhJIOUw8HRnQFRPrnpT8T+vlSj/2k1ZGCcKQjpf5CccqwhPk8IdJoAqPtSEUMH0rZj2iCBU6TxzOgR79eV1Ui8V7XKx9KDTuEVzZNEZyqMLZKMrVEH3qIpqiKJn9Ire0YfxYrwZn8bXvDVjLGZO0RKMn185J6Rz</latexit>



Add Two Vectors

~u+ ~v =

2

6664

u1 + v1
u2 + v2

...
un + vn

3

7775

<latexit sha1_base64="CSsfYZeLuybFu0CRNwFRkop4oTQ="></latexit>

Take a step according to the length and 
direction of  u and from that point take a 
step in the direction of v for the length of v

~v

~u+ ~v
<latexit sha1_base64="H5bgdCeOmglN/GFV2velgPLw4Rg=">AAAB+nicbZC7SgNBFIZnvSbxttHSZjAIghB2Y6Fl0MYygrlgsoTZydlkyOyFmdloWPdBLGwsFLGw8UnsfBqdbFJo4g8DH/85h3PmdyPOpLKsL2NpeWV1bT2XL2xsbm3vmMXdhgxjQaFOQx6KlkskcBZAXTHFoRUJIL7LoekOLyb15giEZGFwrcYROD7pB8xjlChtdc1iZwQ0iVN8jDMapV2zZJWtTHgR7BmUqvno4eb97rvWNT87vZDGPgSKciJl27Yi5SREKEY5pIVOLCEidEj60NYYEB+kk2Snp/hQOz3shUK/QOHM/T2REF/Kse/qTp+ogZyvTcz/au1YeWdOwoIoVhDQ6SIv5liFeJID7jEBVPGxBkIF07diOiCCUKXTKugQ7PkvL0KjUrZPypUrncY5miqH9tEBOkI2OkVVdIlqqI4oukWP6Bm9GPfGk/FqvE1bl4zZzB76I+PjBxyDl6E=</latexit>

~u
<latexit sha1_base64="hJfvNT43hY0cXeGeHbCCn2Pq2pY=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sI5gLJEuYncwmQ2Znh5nZQFjyEDYWiljY+Cb2NuLbOLkUmvjDwMf/n8Occ0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLiZ5I0hVZol4t6MJA1i3BMsYgQbazXaQ0qydNwpFL2SNxVaBn8OxasP91K+fbnVTuGz3U1IGlNhCMdat3xPmiDDyjDC6dhtp5pKTAa4R1sWBY6pDrLpuGN0Yp0uihJlnzBo6v7uyHCs9SgObWWMTV8vZhPzv6yVmugiyJiQqaGCzD6KUo5Mgia7oy5TlBg+soCJYnZWRPpYYWLshVx7BH9x5WWol0v+Wal85xUr1zBTHo7gGE7Bh3OowC1UoQYEBvAAT/DsSOfReXFeZ6U5Z95zCH/kvP8ADjiTCA==</latexit>

~v

~u
<latexit sha1_base64="hJfvNT43hY0cXeGeHbCCn2Pq2pY=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sI5gLJEuYncwmQ2Znh5nZQFjyEDYWiljY+Cb2NuLbOLkUmvjDwMf/n8Occ0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLiZ5I0hVZol4t6MJA1i3BMsYgQbazXaQ0qydNwpFL2SNxVaBn8OxasP91K+fbnVTuGz3U1IGlNhCMdat3xPmiDDyjDC6dhtp5pKTAa4R1sWBY6pDrLpuGN0Yp0uihJlnzBo6v7uyHCs9SgObWWMTV8vZhPzv6yVmugiyJiQqaGCzD6KUo5Mgia7oy5TlBg+soCJYnZWRPpYYWLshVx7BH9x5WWol0v+Wal85xUr1zBTHo7gGE7Bh3OowC1UoQYEBvAAT/DsSOfReXFeZ6U5Z95zCH/kvP8ADjiTCA==</latexit>



Subtract Two Vectors

~v � ~u =

2

6664

v1 � u1

v2 � u2
...

vn � un

3

7775

<latexit sha1_base64="cmTECs3yeQNzGflllHuV0dzy50Q="></latexit>

~u
<latexit sha1_base64="hJfvNT43hY0cXeGeHbCCn2Pq2pY=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sI5gLJEuYncwmQ2Znh5nZQFjyEDYWiljY+Cb2NuLbOLkUmvjDwMf/n8Occ0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLiZ5I0hVZol4t6MJA1i3BMsYgQbazXaQ0qydNwpFL2SNxVaBn8OxasP91K+fbnVTuGz3U1IGlNhCMdat3xPmiDDyjDC6dhtp5pKTAa4R1sWBY6pDrLpuGN0Yp0uihJlnzBo6v7uyHCs9SgObWWMTV8vZhPzv6yVmugiyJiQqaGCzD6KUo5Mgia7oy5TlBg+soCJYnZWRPpYYWLshVx7BH9x5WWol0v+Wal85xUr1zBTHo7gGE7Bh3OowC1UoQYEBvAAT/DsSOfReXFeZ6U5Z95zCH/kvP8ADjiTCA==</latexit>

~v�~u
<latexit sha1_base64="oDu09gc2HPGzkensUYl1PBDL5Hg=">AAAB8HicbVDLSgNBEOz1mcRX1KOXwSB4MezGgx6DXjxGMA9NljA7mU2GzMwuM7PBsOQrvCgo4tWL/+LNr9HJ46CJBQ1FVTfdXUHMmTau++UsLa+srq1nsrmNza3tnfzuXk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH859usDqjSL5I0ZxtQXuCtZyAg2Vro9Qa0BJWkyaucLbtGdAC0Sb0YK5Wz8dPdx/11p5z9bnYgkgkpDONa66bmx8VOsDCOcjnKtRNMYkz7u0qalEguq/XRy8AgdWaWDwkjZkgZN1N8TKRZaD0VgOwU2PT3vjcX/vGZiwnM/ZTJODJVkuihMODIRGn+POkxRYvjQEkwUs7ci0sMKE2MzytkQvPmXF0mtVPROi6Vrm8YFTJGBAziEY/DgDMpwBRWoAgEBD/AML45yHp1X523auuTMZvbhD5z3H47Ck/o=</latexit>

~v � ~u
<latexit sha1_base64="E0aj/C7CBzBGDPUW/PHgeSaktiE=">AAAB+nicbZC7TsMwFIYdrm25pTCyWFRILFRJGWCsYGEsEr2INqoc96S16lxkO4Uq5EEYWBhAiIGFJ2HjacBNO0DLL1n69J9zdI5/N+JMKsv6MpaWV1bX1nP5wsbm1vaOWdxtyDAWFOo05KFouUQCZwHUFVMcWpEA4rscmu7wYlJvjkBIFgbXahyB45N+wDxGidJW1yx2RkCTUYqPcUZx2jVLVtnKhBfBnkGpmo8ebt7vvmtd87PTC2nsQ6AoJ1K2bStSTkKEYpRDWujEEiJCh6QPbY0B8UE6SXZ6ig+108NeKPQLFM7c3xMJ8aUc+67u9IkayPnaxPyv1o6Vd+YkLIhiBQGdLvJijlWIJzngHhNAFR9rIFQwfSumAyIIVTqtgg7Bnv/yIjQqZfukXLnSaZyjqXJoHx2gI2SjU1RFl6iG6oiiW/SIntGLcW88Ga/G27R1yZjN7KE/Mj5+AB+ll6M=</latexit>

Take a step according to the length and 
direction of  v and from that point take a 
step in the direction of -u for the length of u



Distance Between Two Vectors

The distance between u and v is the length 
of v – u.

~v � ~u =

2

6664

v1 � u1

v2 � u2
...

vn � un

3

7775

<latexit sha1_base64="cmTECs3yeQNzGflllHuV0dzy50Q="></latexit>

~u
<latexit sha1_base64="hJfvNT43hY0cXeGeHbCCn2Pq2pY=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sI5gLJEuYncwmQ2Znh5nZQFjyEDYWiljY+Cb2NuLbOLkUmvjDwMf/n8Occ0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLiZ5I0hVZol4t6MJA1i3BMsYgQbazXaQ0qydNwpFL2SNxVaBn8OxasP91K+fbnVTuGz3U1IGlNhCMdat3xPmiDDyjDC6dhtp5pKTAa4R1sWBY6pDrLpuGN0Yp0uihJlnzBo6v7uyHCs9SgObWWMTV8vZhPzv6yVmugiyJiQqaGCzD6KUo5Mgia7oy5TlBg+soCJYnZWRPpYYWLshVx7BH9x5WWol0v+Wal85xUr1zBTHo7gGE7Bh3OowC1UoQYEBvAAT/DsSOfReXFeZ6U5Z95zCH/kvP8ADjiTCA==</latexit>

~v�~u
<latexit sha1_base64="oDu09gc2HPGzkensUYl1PBDL5Hg=">AAAB8HicbVDLSgNBEOz1mcRX1KOXwSB4MezGgx6DXjxGMA9NljA7mU2GzMwuM7PBsOQrvCgo4tWL/+LNr9HJ46CJBQ1FVTfdXUHMmTau++UsLa+srq1nsrmNza3tnfzuXk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH859usDqjSL5I0ZxtQXuCtZyAg2Vro9Qa0BJWkyaucLbtGdAC0Sb0YK5Wz8dPdx/11p5z9bnYgkgkpDONa66bmx8VOsDCOcjnKtRNMYkz7u0qalEguq/XRy8AgdWaWDwkjZkgZN1N8TKRZaD0VgOwU2PT3vjcX/vGZiwnM/ZTJODJVkuihMODIRGn+POkxRYvjQEkwUs7ci0sMKE2MzytkQvPmXF0mtVPROi6Vrm8YFTJGBAziEY/DgDMpwBRWoAgEBD/AML45yHp1X523auuTMZvbhD5z3H47Ck/o=</latexit>

~v � ~u
<latexit sha1_base64="E0aj/C7CBzBGDPUW/PHgeSaktiE=">AAAB+nicbZC7TsMwFIYdrm25pTCyWFRILFRJGWCsYGEsEr2INqoc96S16lxkO4Uq5EEYWBhAiIGFJ2HjacBNO0DLL1n69J9zdI5/N+JMKsv6MpaWV1bX1nP5wsbm1vaOWdxtyDAWFOo05KFouUQCZwHUFVMcWpEA4rscmu7wYlJvjkBIFgbXahyB45N+wDxGidJW1yx2RkCTUYqPcUZx2jVLVtnKhBfBnkGpmo8ebt7vvmtd87PTC2nsQ6AoJ1K2bStSTkKEYpRDWujEEiJCh6QPbY0B8UE6SXZ6ig+108NeKPQLFM7c3xMJ8aUc+67u9IkayPnaxPyv1o6Vd+YkLIhiBQGdLvJijlWIJzngHhNAFR9rIFQwfSumAyIIVTqtgg7Bnv/yIjQqZfukXLnSaZyjqXJoHx2gI2SjU1RFl6iG6oiiW/SIntGLcW88Ga/G27R1yZjN7KE/Mj5+AB+ll6M=</latexit>

k~v
�
~u
k

<latexit sha1_base64="kCX5bTgrBdtsEGgBYzCZRgvVfy8=">AAACCHicbZC7TsMwFIYdrm25BRgZsKiQWKiSMsBYwcJYJHoRTVU57mlr1bnIdiqqKCMLb8AzMMAAQqw8AhtPA07TAVqOZOnT/5+j4/O7IWdSWdaXsbC4tLyymssX1tY3NrfM7Z26DCJBoUYDHoimSyRw5kNNMcWhGQognsuh4Q4vUr8xAiFZ4F+rcQhtj/R91mOUKC11zH2H10Eo7IyAxqMEH2cUJdgRqdExi1bJmhSeB3sKxUo+fLh5uv2udsxPpxvQyANfUU6kbNlWqNoxEYpRDknBiSSEhA5JH1oafeKBbMeTQxJ8qJUu7gVCP1/hifp7IiaelGPP1Z0eUQM566Xif14rUr2zdsz8MFLg02xRL+JYBThNBXeZAKr4WAOhgum/YjogglClsyvoEOzZk+ehXi7ZJ6XylU7jHGWVQ3voAB0hG52iCrpEVVRDFN2hR/SCXo1749l4M96z1gVjOrOL/pTx8QNaLJ1H</latexit>



Vector space – span

All vectors in the vector space can be expressed as a 
scalar multiple of the spanning vector

{~v}
<latexit sha1_base64="E4DmrpWXpJMKJQdsmkctPuIfObI=">AAAB9HicbVDLSsNAFL2pr1pfVZduhhZBEEpSF7osunFZwT6gCWUynbRDJ5M4MwmE0L8Q3LhQxK0f465/4/Sx0NYDFw7n3Mu99/gxZ0rb9tQqbGxube8Ud0t7+weHR+Xjk7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/PHdzO+kVCoWiUedxdQL8VCwgBGsjeS5OXJTSvJ0gtxJv1y1a/YcaJ04S1JtVNzL52kja/bL3+4gIklIhSYcK9Vz7Fh7OZaaEU4nJTdRNMZkjIe0Z6jAIVVePj96gs6NMkBBJE0Jjebq74kch0ploW86Q6xHatWbif95vUQHN17ORJxoKshiUZBwpCM0SwANmKRE88wQTCQztyIywhITbXIqmRCc1ZfXSbtec65q9QeTxi0sUIQzqMAFOHANDbiHJrSAwBO8wBu8W6n1an1Yn4vWgrWcOYU/sL5+AK0XlQM=</latexit>

~v
<latexit sha1_base64="/Y0WS/XrF23gBJZydUGHDXSxFNY=">AAAB73icbZC7SgNBFIbPeo3rLWppMxgEq7AbC23EoI1lBHOBZAmzk7PJkNmLM7OBsOQlbCwUEax8Ensb8W2cXApN/GHg4//PYc45fiK40o7zbS0tr6yurec27M2t7Z3d/N5+TcWpZFhlsYhlw6cKBY+wqrkW2Egk0tAXWPf71+O8PkCpeBzd6WGCXki7EQ84o9pYjdYAWTYYkXa+4BSdicgiuDMoXH7YF8nbl11p5z9bnZilIUaaCapU03US7WVUas4EjuxWqjChrE+72DQY0RCVl03mHZFj43RIEEvzIk0m7u+OjIZKDUPfVIZU99R8Njb/y5qpDs69jEdJqjFi04+CVBAdk/HypMMlMi2GBiiT3MxKWI9KyrQ5kW2O4M6vvAi1UtE9LZZunUL5CqbKwSEcwQm4cAZluIEKVIGBgAd4gmfr3nq0XqzXaemSNes5gD+y3n8AaDWTMw==</latexit>

2~v
<latexit sha1_base64="ez+YFKxrd4ersg2mWNvtk341iMs=">AAAB8HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWZutCNWHTjsoJtlXYomfRMG5pkhiRTKEOfwo0LRcSdL+Lejfg2ppeFtv4Q+Pj/c8g5J0w408bzvp3c0vLK6lp+3d3Y3NreKezu1XWcKgo1GvNY3YVEA2cSaoYZDneJAiJCDo2wfzXOGwNQmsXy1gwTCATpShYxSoy17sutAdBsMMLtQtEreRPhRfBnULz4cM+Tty+32i58tjoxTQVIQznRuul7iQkyogyjHEZuK9WQENonXWhalESADrLJwCN8ZJ0OjmJlnzR44v7uyIjQeihCWymI6en5bGz+lzVTE50FGZNJakDS6UdRyrGJ8Xh73GEKqOFDC4QqZmfFtEcUocbeyLVH8OdXXoR6ueSflMo3XrFyiabKowN0iI6Rj05RBV2jKqohigR6QE/o2VHOo/PivE5Lc86sZx/9kfP+A9p/k28=</latexit>

�0.3~v
<latexit sha1_base64="tJ7f4JN2hWF2ry7W5P0CYFvXKRE=">AAAB83icbVDLSsNAFJ34bOur6tLNYBHcGJJ2ocuiG5cV7AObUCbTm3boZBJmJsUS+huCuFDErfgv7vwanT4W2nrgwuGce7n3niDhTGnH+bJWVtfWNzZz+cLW9s7uXnH/oKHiVFKo05jHshUQBZwJqGumObQSCSQKODSDwdXEbw5BKhaLWz1KwI9IT7CQUaKN5J05dsUbAs2GY9wplhzbmQIvE3dOStV88nj3cf9d6xQ/vW5M0wiEppwo1XadRPsZkZpRDuOClypICB2QHrQNFSQC5WfTm8f4xChdHMbSlNB4qv6eyEik1CgKTGdEdF8tehPxP6+d6vDCz5hIUg2CzhaFKcc6xpMAcJdJoJqPDCFUMnMrpn0iCdUmpoIJwV18eZk0yrZbscs3Jo1LNEMOHaFjdIpcdI6q6BrVUB1RlKAH9IxerNR6sl6tt1nrijWfOUR/YL3/AOLBlKo=</latexit>

~v
<latexit sha1_base64="/Y0WS/XrF23gBJZydUGHDXSxFNY=">AAAB73icbZC7SgNBFIbPeo3rLWppMxgEq7AbC23EoI1lBHOBZAmzk7PJkNmLM7OBsOQlbCwUEax8Ensb8W2cXApN/GHg4//PYc45fiK40o7zbS0tr6yurec27M2t7Z3d/N5+TcWpZFhlsYhlw6cKBY+wqrkW2Egk0tAXWPf71+O8PkCpeBzd6WGCXki7EQ84o9pYjdYAWTYYkXa+4BSdicgiuDMoXH7YF8nbl11p5z9bnZilIUaaCapU03US7WVUas4EjuxWqjChrE+72DQY0RCVl03mHZFj43RIEEvzIk0m7u+OjIZKDUPfVIZU99R8Njb/y5qpDs69jEdJqjFi04+CVBAdk/HypMMlMi2GBiiT3MxKWI9KyrQ5kW2O4M6vvAi1UtE9LZZunUL5CqbKwSEcwQm4cAZluIEKVIGBgAd4gmfr3nq0XqzXaemSNes5gD+y3n8AaDWTMw==</latexit>



Vector space – span

All vectors in the vector space can be expressed as a linear 
combination of the spanning vectors

~w = ~v1 + 0.5~v2
<latexit sha1_base64="lqRdFdKZMl70WofAUP/vIukdCTs=">AAACDHicbVDNSgMxGMzWv1r/qoIXL8EiCMKyWxG9CKVePLZgf6BdSjbNtqHZ7JJkK2XZB/Dim4gXD4p4Ex/AmxefxXRbQVsHApOZ+Ui+cUNGpbKsTyOzsLi0vJJdza2tb2xu5bd36jKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwB5djvzEkQtKAX6tRSBwf9Tj1KEZKS518oT0kOL5J4AVM2bBjJ/AYWubpz72Y6JRlWingPLGnpFDaq37R+/JbpZP/aHcDHPmEK8yQlC3bCpUTI6EoZiTJtSNJQoQHqEdamnLkE+nE6TIJPNRKF3qB0IcrmKq/J2LkSznyXZ30kerLWW8s/ue1IuWdOzHlYaQIx5OHvIhBFcBxM7BLBcGKjTRBWFD9V4j7SCCsdH85XYI9u/I8qRdN+8QsVnUbZTBBFuyDA3AEbHAGSuAKVEANYHALHsATeDbujEfjxXidRDPGdGYX/IHx/g0zs51/</latexit>

~v1
<latexit sha1_base64="CtSdepERtKld7vlAFEQTr6fN8Ko=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMwDwkWcLsZDYZMjO7zMwGwpKvsLFQxFbwL/wCOxu/xcmj0MQDFw7n3Mu99wQxZ9q47peTWVvf2NzKbud2dvf2D/KHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN1G+OqNIskndmHFNf4L5kISPYWOm+M6IkHXW9STdfcIvuDGiVeAtSKJ/Uvtl75aPazX92ehFJBJWGcKx123Nj46dYGUY4neQ6iaYxJkPcp21LJRZU++ns4Ak6t0oPhZGyJQ2aqb8nUiy0HovAdgpsBnrZm4r/ee3EhNd+ymScGCrJfFGYcGQiNP0e9ZiixPCxJZgoZm9FZIAVJsZmlLMheMsvr5JGqehdFks1m0YF5sjCKZzBBXhwBWW4hSrUgYCAB3iCZ0c5j86L8zpvzTiLmWP4A+ftB7kFlA0=</latexit>

~v2
<latexit sha1_base64="xqqEw3Pb5JArWozlpUu5EaZJMeY=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMwDwkWcLsZDYZMjO7zMwGwpKvsLFQxFbwL/wCOxu/xcmj0MQDFw7n3Mu99wQxZ9q47peTWVvf2NzKbud2dvf2D/KHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN1G+OqNIskndmHFNf4L5kISPYWOm+M6IkHXVLk26+4BbdGdAq8RakUD6pfbP3yke1m//s9CKSCCoN4VjrtufGxk+xMoxwOsl1Ek1jTIa4T9uWSiyo9tPZwRN0bpUeCiNlSxo0U39PpFhoPRaB7RTYDPSyNxX/89qJCa/9lMk4MVSS+aIw4chEaPo96jFFieFjSzBRzN6KyAArTIzNKGdD8JZfXiWNUtG7LJZqNo0KzJGFUziDC/DgCspwC1WoAwEBD/AEz45yHp0X53XemnEWM8fwB87bD7qKlA4=</latexit>

{~v1,~v2}
<latexit sha1_base64="v4MLnLtzhW7QDDAshlqLp/3zG4U=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXAhJamCLotuXFawF2hCmEwn7dDJhZlJoYRsfBU3LhRx62O4822cthG09YeBj/+cw5nz+wlnUlnWl1FaWV1b3yhvVra2d3b3zP2DtoxTQWiLxDwWXR9LyllEW4opTruJoDj0Oe34o9tpvTOmQrI4elCThLohHkQsYAQrbXnmkZM5Y0qyce7Z5z9Ud3LPrFo1aya0DHYBVSjU9MxPpx+TNKSRIhxL2bOtRLkZFooRTvOKk0qaYDLCA9rTGOGQSjebHZCjU+30URAL/SKFZu7viQyHUk5CX3eGWA3lYm1q/lfrpSq4djMWJamiEZkvClKOVIymaaA+E5QoPtGAiWD6r4gMscBE6cwqOgR78eRlaNdr9kWtfn9ZbdwUcZThGE7gDGy4ggbcQRNaQCCHJ3iBV+PReDbejPd5a8koZg7hj4yPb/UalqI=</latexit>



Vector space – span

All vectors in the vector space can be expressed as a linear 
combination of the spanning vectors

{~v1,~v2, . . . ,~vp}

~w = c1~v1 + c2~v2 + . . .+ cp~vp

~w = ~v1 + 0.5~v2
<latexit sha1_base64="lqRdFdKZMl70WofAUP/vIukdCTs=">AAACDHicbVDNSgMxGMzWv1r/qoIXL8EiCMKyWxG9CKVePLZgf6BdSjbNtqHZ7JJkK2XZB/Dim4gXD4p4Ex/AmxefxXRbQVsHApOZ+Ui+cUNGpbKsTyOzsLi0vJJdza2tb2xu5bd36jKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwB5djvzEkQtKAX6tRSBwf9Tj1KEZKS518oT0kOL5J4AVM2bBjJ/AYWubpz72Y6JRlWingPLGnpFDaq37R+/JbpZP/aHcDHPmEK8yQlC3bCpUTI6EoZiTJtSNJQoQHqEdamnLkE+nE6TIJPNRKF3qB0IcrmKq/J2LkSznyXZ30kerLWW8s/ue1IuWdOzHlYaQIx5OHvIhBFcBxM7BLBcGKjTRBWFD9V4j7SCCsdH85XYI9u/I8qRdN+8QsVnUbZTBBFuyDA3AEbHAGSuAKVEANYHALHsATeDbujEfjxXidRDPGdGYX/IHx/g0zs51/</latexit>

~v1
<latexit sha1_base64="CtSdepERtKld7vlAFEQTr6fN8Ko=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMwDwkWcLsZDYZMjO7zMwGwpKvsLFQxFbwL/wCOxu/xcmj0MQDFw7n3Mu99wQxZ9q47peTWVvf2NzKbud2dvf2D/KHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN1G+OqNIskndmHFNf4L5kISPYWOm+M6IkHXW9STdfcIvuDGiVeAtSKJ/Uvtl75aPazX92ehFJBJWGcKx123Nj46dYGUY4neQ6iaYxJkPcp21LJRZU++ns4Ak6t0oPhZGyJQ2aqb8nUiy0HovAdgpsBnrZm4r/ee3EhNd+ymScGCrJfFGYcGQiNP0e9ZiixPCxJZgoZm9FZIAVJsZmlLMheMsvr5JGqehdFks1m0YF5sjCKZzBBXhwBWW4hSrUgYCAB3iCZ0c5j86L8zpvzTiLmWP4A+ftB7kFlA0=</latexit>

~v2
<latexit sha1_base64="xqqEw3Pb5JArWozlpUu5EaZJMeY=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMwDwkWcLsZDYZMjO7zMwGwpKvsLFQxFbwL/wCOxu/xcmj0MQDFw7n3Mu99wQxZ9q47peTWVvf2NzKbud2dvf2D/KHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN1G+OqNIskndmHFNf4L5kISPYWOm+M6IkHXVLk26+4BbdGdAq8RakUD6pfbP3yke1m//s9CKSCCoN4VjrtufGxk+xMoxwOsl1Ek1jTIa4T9uWSiyo9tPZwRN0bpUeCiNlSxo0U39PpFhoPRaB7RTYDPSyNxX/89qJCa/9lMk4MVSS+aIw4chEaPo96jFFieFjSzBRzN6KyAArTIzNKGdD8JZfXiWNUtG7LJZqNo0KzJGFUziDC/DgCspwC1WoAwEBD/AEz45yHp0X53XemnEWM8fwB87bD7qKlA4=</latexit>

~w =

2

664

...
...

...
~v1 ~v2 · · · ~vp
...

...
...

3

775

2

6664

c1
c2
...
cp

3

7775

<latexit sha1_base64="At1uljAjI+ZrHYTDFHGAVqwgAb8="></latexit>



Vector space – span

All vectors in the vector space can be expressed as a linear 
combination of the spanning vectors

{~v1,~v2, . . . ,~vp}

~w = ~v1 + 0.5~v2
<latexit sha1_base64="lqRdFdKZMl70WofAUP/vIukdCTs=">AAACDHicbVDNSgMxGMzWv1r/qoIXL8EiCMKyWxG9CKVePLZgf6BdSjbNtqHZ7JJkK2XZB/Dim4gXD4p4Ex/AmxefxXRbQVsHApOZ+Ui+cUNGpbKsTyOzsLi0vJJdza2tb2xu5bd36jKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwB5djvzEkQtKAX6tRSBwf9Tj1KEZKS518oT0kOL5J4AVM2bBjJ/AYWubpz72Y6JRlWingPLGnpFDaq37R+/JbpZP/aHcDHPmEK8yQlC3bCpUTI6EoZiTJtSNJQoQHqEdamnLkE+nE6TIJPNRKF3qB0IcrmKq/J2LkSznyXZ30kerLWW8s/ue1IuWdOzHlYaQIx5OHvIhBFcBxM7BLBcGKjTRBWFD9V4j7SCCsdH85XYI9u/I8qRdN+8QsVnUbZTBBFuyDA3AEbHAGSuAKVEANYHALHsATeDbujEfjxXidRDPGdGYX/IHx/g0zs51/</latexit>

~v1
<latexit sha1_base64="CtSdepERtKld7vlAFEQTr6fN8Ko=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMwDwkWcLsZDYZMjO7zMwGwpKvsLFQxFbwL/wCOxu/xcmj0MQDFw7n3Mu99wQxZ9q47peTWVvf2NzKbud2dvf2D/KHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN1G+OqNIskndmHFNf4L5kISPYWOm+M6IkHXW9STdfcIvuDGiVeAtSKJ/Uvtl75aPazX92ehFJBJWGcKx123Nj46dYGUY4neQ6iaYxJkPcp21LJRZU++ns4Ak6t0oPhZGyJQ2aqb8nUiy0HovAdgpsBnrZm4r/ee3EhNd+ymScGCrJfFGYcGQiNP0e9ZiixPCxJZgoZm9FZIAVJsZmlLMheMsvr5JGqehdFks1m0YF5sjCKZzBBXhwBWW4hSrUgYCAB3iCZ0c5j86L8zpvzTiLmWP4A+ftB7kFlA0=</latexit>

~v2
<latexit sha1_base64="xqqEw3Pb5JArWozlpUu5EaZJMeY=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMJuLLQMsbFMwDwkWcLsZDYZMjO7zMwGwpKvsLFQxFbwL/wCOxu/xcmj0MQDFw7n3Mu99wQxZ9q47peTWVvf2NzKbud2dvf2D/KHRw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN1G+OqNIskndmHFNf4L5kISPYWOm+M6IkHXVLk26+4BbdGdAq8RakUD6pfbP3yke1m//s9CKSCCoN4VjrtufGxk+xMoxwOsl1Ek1jTIa4T9uWSiyo9tPZwRN0bpUeCiNlSxo0U39PpFhoPRaB7RTYDPSyNxX/89qJCa/9lMk4MVSS+aIw4chEaPo96jFFieFjSzBRzN6KyAArTIzNKGdD8JZfXiWNUtG7LJZqNo0KzJGFUziDC/DgCspwC1WoAwEBD/AEz45yHp0X53XemnEWM8fwB87bD7qKlA4=</latexit>

~w =

2

664

...
...

...
~v1 ~v2 · · · ~vp
...

...
...

3

775

2

6664

c1
c2
...
cp

3

7775

<latexit sha1_base64="At1uljAjI+ZrHYTDFHGAVqwgAb8="></latexit>

wi = c1v1i + c2v2i + · · ·+ cpvpi
<latexit sha1_base64="T+gP4nJzCp6qwnJjOcQcCzURyVs=">AAACGXicbZDLSsNAFIYnXmu9RV26GSyCIJQkCroRim5cVrAXaEOYTCbt0MkkzEwqJeQ13Pgqblwo4lJXvo3TNAtt/WHg4z/ncOb8fsKoVJb1bSwtr6yurVc2qptb2zu75t5+W8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+6GZa74yJkDTm92qSEDdCA05DipHSlmdaDx6FVxB79tjLbJrDU82OZqfgPg5iJQsz0WZCc8+sWXWrEFwEu4QaKNX0zM9+EOM0IlxhhqTs2Vai3AwJRTEjebWfSpIgPEID0tPIUUSkmxWX5fBYOwEMY6EfV7Bwf09kKJJyEvm6M0JqKOdrU/O/Wi9V4aWbUZ6kinA8WxSmDKoYTmOCARUEKzbRgLCg+q8QD5FAWOkwqzoEe/7kRWg7dfus7tyd1xrXZRwVcAiOwAmwwQVogFvQBC2AwSN4Bq/gzXgyXox342PWumSUMwfgj4yvHyxanpM=</latexit>



Projection
Projecting v onto u 
means we find the 
point in the subspace 
span{u} that is as 
close to v as possible

~v

k~v
�

c⇤
~uk

<latexit sha1_base64="oTonUN0mw7eZs0aZYW5XOuWPv88=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRRLAkVdBl0Y3LCvYCTSiT6Uk7dHJhZlIoIWs3voobF4q49Qnc+TZO0i60emDg4//P4cz5vZgzqSzryygtLa+srpXXKxubW9s75u5eW0aJoNCiEY9E1yMSOAuhpZji0I0FkMDj0PHGN7nfmYCQLArv1TQGNyDDkPmMEqWlvnno8DYIhZ0J0HSS4TNMTwtOMuyI3OqbVatmFYX/gj2HKppXs29+OoOIJgGEinIiZc+2YuWmRChGOWQVJ5EQEzomQ+hpDEkA0k2LUzJ8rJUB9iOhX6hwof6cSEkg5TTwdGdA1Eguern4n9dLlH/lpiyMEwUhnS3yE45VhPNc8IAJoIpPNRAqmP4rpiMiCFU6vYoOwV48+S+06zX7vFa/u6g2rudxlNEBOkInyEaXqIFuURO1EEUP6Am9oFfj0Xg23oz3WWvJmM/so19lfHwDb1GaGg==</latexit>

c⇤~u
<latexit sha1_base64="ssNIhBI0iAEgMarG1uGi3tvJKWE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh6DXjxGMA9M1jA76SRDZmeXmdlAWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDuo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzDhGP6R9yXucUWOlR/Z03h4hS5NJp1B0S+4MZJl4GSlChmqn8NXuRiwJURomqNYtz42Nn1JlOBM4ybcTjTFlQ9rHlqWShqj9dHbxhJxapUt6kbIlDZmpvydSGmo9DgPbGVIz0IveVPzPayWmd+2nXMaJQcnmi3qJICYi0/dJlytkRowtoUxxeythA6ooMzakvA3BW3x5mdTLJe+iVL6/LFZusjhycAwncAYeXEEF7qAKNWAg4Rle4c3Rzovz7nzMW1ecbOYI/sD5/AGJU5DU</latexit>

~u
<latexit sha1_base64="qc51L82Ft5yhbAHvLI8EVdo9EAw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZemsX664VXcBsk68nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclXqpxoSyMR1i11JJI9R+tjh3Ri6sMiBhrGxJQxbq74mMRlpPo8B2RtSM9Ko3F//zuqkJb/2MyyQ1KNlyUZgKYmIy/50MuEJmxNQSyhS3txI2oooyYxMq2RC81ZfXSatW9a6qtcfrSv0uj6MIZ3AOl+DBDdThARrQBAZjeIZXeHMS58V5dz6WrQUnnzmFP3A+fwCuoo/L</latexit>



Inner product

Ø Length 

Ø Pythagorean’s theorem in n-dimensions

Ø Distance between two vectors 

Ø Inner product for orthogonal vectors is 0  

k~u� ~vk

AKA Dot Product

~u · ~v = u1v1 + u2v2 + · · ·+ unvn
<latexit sha1_base64="ynG2WHEAY5wi+D1XNAgphJLcQXs=">AAACKnicbZDLSsNAFIYnXmu9RV26GSyCIJSkCroRqm5cVrAXaEOYTKbt0MkkzKVQQp7Hja/ipguluPVBnKRdaOuBgW/+/xxmzh8kjErlODNrbX1jc2u7tFPe3ds/OLSPjlsy1gKTJo5ZLDoBkoRRTpqKKkY6iSAoChhpB6PH3G+PiZA05i9qkhAvQgNO+xQjZSTfvu+NCU51Bns4jBUsbuMM3kHtu3Dsp24GLw3XDNZyLNpkofHc55lvV5yqUxRcBXcBFbCohm9Pe2GMdUS4wgxJ2XWdRHkpEopiRrJyT0uSIDxCA9I1yFFEpJcWq2bw3Cgh7MfCHK5gof6eSFEk5SQKTGeE1FAue7n4n9fVqn/rpZQnWhGO5w/1NYMqhnluMKSCYMUmBhAW1PwV4iESCCuTbtmE4C6vvAqtWtW9qtaeryv1h0UcJXAKzsAFcMENqIMn0ABNgMEreAcf4NN6s6bWzPqat65Zi5kT8Kes7x+nRqWK</latexit>

|~vk =
p
~v · ~v =

q
v21 + v22 + · · ·+ v2n

<latexit sha1_base64="HA7Q5LY9OYeop6s2BvlfVpB2hmE="></latexit>



Projection: 

k~v � c~uk2 = k~v � c⇤~u+ c⇤~u� c~uk2

= k~v � c⇤~uk2 + kc⇤~u� c~uk2

+2(~v � c⇤~u) · (c⇤~u� c~u)

= k~v � c⇤~uk2 + kc⇤~u� c~uk2

Inner 
Product is 0

Minimized 
for c = c*

c⇤~u
<latexit sha1_base64="XAmxgguHb6dHNYrnRkJq44fx9MA=">AAAB8XicbZC7SgNBFIbPeo3rLWppsxgEsQi7sdBGDNpYRjAXTNYwOzlJhszOLjOzgbDkLWwsFNHSB7G3Ed/GyaXQxB8GPv7/HOacE8ScKe2639bC4tLyympmzV7f2Nzazu7sVlSUSIplGvFI1gKikDOBZc00x1oskYQBx2rQuxrl1T5KxSJxqwcx+iHpCNZmlGhj3dH740YfaZoMm9mcm3fHcubBm0Lu4sM+j9++7FIz+9loRTQJUWjKiVJ1z421nxKpGeU4tBuJwpjQHulg3aAgISo/HU88dA6N03LakTRPaGfs/u5ISajUIAxMZUh0V81mI/O/rJ7o9pmfMhEnGgWdfNROuKMjZ7S+02ISqeYDA4RKZmZ1aJdIQrU5km2O4M2uPA+VQt47yRdu3FzxEibKwD4cwBF4cApFuIYSlIGCgAd4gmdLWY/Wi/U6KV2wpj178EfW+w/o2pQR</latexit>

~v � c⇤~u
<latexit sha1_base64="t9j3A+3oDyxCAmMpz8CqRmhjQnA=">AAAB/XicbVC7SgNBFL3rM4mv9dHZDAZBBMNuLLQM2lhGMA9M1jA7mU2GzD6YmQ3GJfgddjYWimjpf9j5NTrZpNDEAxfOnHMvc+9xI86ksqwvY25+YXFpOZPNrayurW+Ym1tVGcaC0AoJeSjqLpaUs4BWFFOc1iNBse9yWnN75yO/1qdCsjC4UoOIOj7uBMxjBCsttcydZp+SpD9ER4jcHKaPeNgy81bBSoFmiT0h+VI2erh+v/0ut8zPZjsksU8DRTiWsmFbkXISLBQjnA5zzVjSCJMe7tCGpgH2qXSSdPsh2tdKG3mh0BUolKq/JxLsSznwXd3pY9WV095I/M9rxMo7dRIWRLGiARl/5MUcqRCNokBtJihRfKAJJoLpXRHpYoGJ0oHldAj29MmzpFos2MeF4qVO4wzGyMAu7MEB2HACJbiAMlSAwB08wjO8GPfGk/FqvI1b54zJzDb8gfHxAwVOmKw=</latexit>

Orthogonal 
to span{~u}

<latexit sha1_base64="5pM5TE+G9JVW2fn0hkLHqmxEWcU=">AAACAXicbVDLSgNBEJz1GeMr6kXwsiQIghB240GPQS8eI5gHZEOYnXSSIbOzy0xvMCzrxV/wE7x4UMSrf+Etf+PkcdDEgoaiqpvuLj8SXKPjjK2V1bX1jc3MVnZ7Z3dvP3dwWNNhrBhUWShC1fCpBsElVJGjgEakgAa+gLo/uJn49SEozUN5j6MIWgHtSd7ljKKR2rljD+EBVZDoiMrUS7whsCROvbSdKzhFZwp7mbhzUijnvfPncXlUaee+vU7I4gAkMkG1brpOhK2EKuRMQJr1Yg0RZQPag6ahkgagW8n0g9Q+NUrH7obKlER7qv6eSGig9SjwTWdAsa8XvYn4n9eMsXvVSriMYgTJZou6sbAxtCdx2B2ugKEYGUKZ4uZWm/WpogxNaFkTgrv48jKplYruRbF0Z9K4JjNkyAnJkzPikktSJrekQqqEkUfyQt7Iu/VkvVof1uesdcWazxyRP7C+fgBKeJsL</latexit>

Find the vector in the span{u} that is closest to v



General: 
Consider the span:

The minimizing vector will be 
the projection onto the span

Find the closest vector in this span to ~v
<latexit sha1_base64="JrAbkl0WTc5lh/Pged0Bw3BhekU=">AAAB7nicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sI5gLJEuYncwmQ2Znh5nZQFjyEDYWiljY+Cb2NuLbOLkUmvjDwMf/n8Occ0LJmTae9+3kVlbX1jfym+7W9s7uXmH/oK6TVBFaIwlPVDPEmnImaM0ww2lTKorjkNNGOLiZ5I0hVZol4t6MJA1i3BMsYgQbazXaQ0qy4bhTKHolbyq0DP4cilcf7qV8+3KrncJnu5uQNKbCEI61bvmeNEGGlWGE07HbTjWVmAxwj7YsChxTHWTTccfoxDpdFCXKPmHQ1P3dkeFY61Ec2soYm75ezCbmf1krNdFFkDEhU0MFmX0UpRyZBE12R12mKDF8ZAETxeysiPSxwsTYC7n2CP7iystQL5f8s1L5zitWrmGmPBzBMZyCD+dQgVuoQg0IDOABnuDZkc6j8+K8zkpzzrznEP7Ief8BD72TCQ==</latexit>

span{~u1, . . . , ~up}
<latexit sha1_base64="eygvSX8eceIgkeMijOiwA5HuLek=">AAACFnicbVC7SgNBFJ2NrxhfUUubwQdYaNiNhZZBG8sIJgrZEGYnNzpkdnaZuRsMy36FjV8i2FgYxFbs/BCtnTwKXwcu93DOvczcE8RSGHTddyc3NT0zO5efLywsLi2vFFfX6iZKNIcaj2SkLwNmQAoFNRQo4TLWwMJAwkXQPRn6Fz3QRkTqHPsxNEN2pURHcIZWahX3fYQb1GFqYqYyP/V7wNMka3l71JftCI3tEyn2s1Zxyy25I9C/xJuQrcr2x/2gt/BZbRXf/HbEkxAUcsmMaXhujM2UaRRcQlbwEwMx4112BQ1LFQvBNNPRWRndsUqbdiJtSyEdqd83UhYa0w8DOxkyvDa/vaH4n9dIsHPUTIWKEwTFxw91EkkxosOMaFto4Cj7ljCuhf0r5ddMM442yYINwft98l9SL5e8g1L5zKZxTMbIkw2ySXaJRw5JhZySKqkRTm7JA3kiA+fOeXSenZfxaM6Z7KyTH3BevwB6C6SX</latexit>

(~v � ~w⇤)· ~w⇤ = 0
<latexit sha1_base64="fO8HUYOOASt3UB8UokKv2jcqymY=">AAACE3icbZDLSsNAFIYn9VbrLerSzdAi1IolqQvdCEU3LivYCzS1TCaTdujkwsykEkLfwYW+ihsXirh1465v4zQtqK0/DHz85xzOnN8OGRXSMMZaZml5ZXUtu57b2Nza3tF39xoiiDgmdRywgLdsJAijPqlLKhlphZwgz2akaQ+uJvXmkHBBA/9WxiHpeKjnU5diJJXV1UtFa0hwMhzBE5jS/eiudAQt7AQy/HHgBTS6esEoG6ngIpgzKFTz1vHjuBrXuvqX5QQ48ogvMUNCtE0jlJ0EcUkxI6OcFQkSIjxAPdJW6COPiE6S3jSCh8pxoBtw9XwJU/f3RII8IWLPVp0ekn0xX5uY/9XakXTPOwn1w0gSH08XuRGDMoCTgKBDOcGSxQoQ5lT9FeI+4ghLFWNOhWDOn7wIjUrZPC1XblQal2CqLDgAeVAEJjgDVXANaqAOMHgAz+AVvGlP2ov2rn1MWzPabGYf/JH2+Q2Q55+p</latexit>

~v

~v � ~w⇤
<latexit sha1_base64="RuN4DmcCWmmRAOKjGbWnAie+BUw=">AAAB/HicbZC7TsMwFIYdrm25BTqyWFRICIkqKQOMFSyMRaIX0YbKcZ3WquNEtlOIovAeTCwMIITYeBA2ngbctAO0/JKlT/85R+f4d0NGpbKsL2NhcWl5ZTWXL6ytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w/NxvTkiQtKAX6k4JI6P+px6FCOlra5Z7IwITkYpPIIZ3aY3h12zZJWtTHAe7CmUqvnw4fr97rvWNT87vQBHPuEKMyRl27ZC5SRIKIoZSQudSJIQ4SHqk7ZGjnwinSQ7PoX72ulBLxD6cQUz9/dEgnwpY9/VnT5SAzlbG5v/1dqR8k6dhPIwUoTjySIvYlAFcJwE7FFBsGKxBoQF1bdCPEACYaXzKugQ7Nkvz0OjUraPy5VLncYZmCgHdsEeOAA2OAFVcAFqoA4wiMEjeAYvxr3xZLwab5PWBWM6UwR/ZHz8AEiAmEE=</latexit>

~w⇤
<latexit sha1_base64="E1SgwS+MeXA7gm4YDmoQMK/qXmY=">AAAB8HicbZC7SgNBFIZn4y2ut6ilzWAQxCLsxkIbMWhjGcFcJFnD7ORsMmR2dpmZjYQlT2FjoYjY+SL2NuLbOLkUmvjDwMf/n8Occ/yYM6Ud59vKLCwuLa9kV+219Y3Nrdz2TlVFiaRQoRGPZN0nCjgTUNFMc6jHEkjoc6j5vctRXuuDVCwSN3oQgxeSjmABo0Qb67bZB5reD++OWrm8U3DGwvPgTiF//mGfxW9fdrmV+2y2I5qEIDTlRKmG68TaS4nUjHIY2s1EQUxoj3SgYVCQEJSXjgce4gPjtHEQSfOExmP3d0dKQqUGoW8qQ6K7ajYbmf9ljUQHp17KRJxoEHTyUZBwrCM82h63mQSq+cAAoZKZWTHtEkmoNjeyzRHc2ZXnoVosuMeF4rWTL12gibJoD+2jQ+SiE1RCV6iMKoiiED2gJ/RsSevRerFeJ6UZa9qzi/7Iev8BL8OTpg==</latexit>

min
~w2span{~u1,...,~up}

k~v � ~wk2
<latexit sha1_base64="D+ungUkEBwd/jjgE8IdzT0cZbQg="></latexit>



Bring in the Data



Variable perspective
~x =

2

6664

x1

x2
...
xn

3

7775

<latexit sha1_base64="12nBYR69NZjeO8iSTVWiAOKTVHM="></latexit>

~y =

2

6664

y1
y2
...
yn

3

7775

<latexit sha1_base64="JTOMcx6cJfrHXfEg0ugs5XKdhxU="></latexit>

~̂y =

2

6664

1 x1

1 x2
...

...
1 xn

3

7775


a
b

�

<latexit sha1_base64="YWfxRzqEkmBk93by3zzy+LxU6zk="></latexit>

The fitted 
values are in 
the span ~̂y 2 span{~1, ~x}

<latexit sha1_base64="b0B5Qxejypt0ASS7/JxUuzj1brE=">AAACHnicbVBNSwMxFMz6WetX1aOXYBEEpexWRI9FLx4rWBW6pWTTVxvMZpfkbemy7L/w5sW/4sWDIoIn+29MWw9aHQgMM/N4eRPEUhh03aEzMzs3v7BYWCour6yurZc2Nq9MlGgODR7JSN8EzIAUChooUMJNrIGFgYTr4O5s5F/3QRsRqUtMY2iF7FaJruAMrdQuHfl94JnfY5ileU59oaiPMEAdZiZmKvczOk54+cGEDGwob5fKbsUdg/4l3jcp13b8/fthLa23Sx9+J+JJCAq5ZMY0PTfGVsY0Ci4hL/qJgZjxO3YLTUsVC8G0svF5Od21Sod2I22fQjpWf05kLDQmDQObDBn2zLQ3Ev/zmgl2T1qZUHGCoPhkUTeRFCM66op2hAaOMrWEcS3sXynvMc042kaLtgRv+uS/5Kpa8Q4r1QvbximZoEC2yQ7ZIx45JjVyTuqkQTh5IE/khbw6j86z8+a8T6IzzvfMFvkF5/ML8G2mjg==</latexit>



Recall

Data 

ȳ
<latexit sha1_base64="xAlg9AuwqioOICyACtJVB3sIgi0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuRgihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LRZAn6ER1JHnJGjZU6/YCqPJsOKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4OVWGM4HTcj/VmFA2oSPsWSpphNrP5+dOyblVhiSMlS1pyFz9PZHTSOssCmxnRM1YL3sz8T+vl5rwxs+5TFKDki0WhakgJiaz38mQK2RGZJZQpri9lbAxVZQZm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB6bLj8Y=</latexit>

(y1, y2, . . . yn)
<latexit sha1_base64="SJ2LqrHe57RC4fVenMcpF+YkiGs=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhAqlzFRBl0U3LivYC7TDkMlk2tBMMiQZYahd+CpuXCji1tdw59uYtrPQ1h8CH/85h3PyBwmjSjvOt1VYWV1b3yhulra2d3b37P2DthKpxKSFBROyGyBFGOWkpalmpJtIguKAkU4wupnWOw9EKir4vc4S4sVowGlEMdLG8u2jSua7VZj59Srss1BoZZif+XbZqTkzwWVwcyiDXE3f/uqHAqcx4RozpFTPdRLtjZHUFDMyKfVTRRKER2hAegY5ionyxrP7J/DUOCGMhDSPazhzf0+MUaxUFgemM0Z6qBZrU/O/Wi/V0ZU3pjxJNeF4vihKGdQCTsOAIZUEa5YZQFhScyvEQyQR1iaykgnBXfzyMrTrNfe8Vr+7KDeu8ziK4BicgApwwSVogFvQBC2AwSN4Bq/gzXqyXqx362PeWrDymUPwR9bnD2j0lG8=</latexit>

min
c

nX

i=1

(yi � c)2

<latexit sha1_base64="QRL/CQ5x6jH+PnnSxShgUxHq1Lk=">AAACBnicbVDLSgMxFM3UV62vqksRgkWoC8tMFXQjFN24rGAf0JkOmTRtQ5PMkGSEYejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7TxAxqrRtf1u5peWV1bX8emFjc2t7p7i711RhLDFp4JCFsh0gRRgVpKGpZqQdSYJ4wEgrGN1M/NYDkYqG4l4nEfE4GgjapxhpI/nFQ5dT4WNXxdxP6ZUz7opy4lN4CvFJt+oXS3bFngIuEicjJZCh7he/3F6IY06Exgwp1XHsSHspkppiRsYFN1YkQniEBqRjqECcKC+dvjGGx0bpwX4oTQkNp+rviRRxpRIemE6O9FDNexPxP68T6/6ll1IRxZoIPFvUjxnUIZxkAntUEqxZYgjCkppbIR4iibA2yRVMCM78y4ukWa04Z5Xq3Xmpdp3FkQcH4AiUgQMuQA3cgjpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8AeLeX0A==</latexit>

Find the summary 
statistic that 
minimizes the L2 error

Equivalent to finding 
the closest vector in 
the span of 1 to y

min
c

k~y � c~1k2
<latexit sha1_base64="/SF44hE+pCsdMZVCJvjDOO19s/0=">AAACEnicbZDLSsNAFIYnXmu9VV26GSyCLixJFXRZdOOygr1AE8NketIOnUzCzKRQQp/Bja/ixoUibl25822ctF1o64GBj/8/hzPnDxLOlLbtb2tpeWV1bb2wUdzc2t7ZLe3tN1WcSgoNGvNYtgOigDMBDc00h3YigUQBh1YwuMn91hCkYrG416MEvIj0BAsZJdpIfunUjZjwKXZ5E6TG7hBoNhrjM0wn6IyxK3PnoeqXynbFnhReBGcGZTSrul/6crsxTSMQmnKiVMexE+1lRGpGOYyLbqogIXRAetAxKEgEyssmJ43xsVG6OIyleULjifp7IiORUqMoMJ0R0X017+Xif14n1eGVlzGRpBoEnS4KU451jPN8cJdJoJqPDBAqmfkrpn0iCdUmxaIJwZk/eRGa1YpzXqneXZRr17M4CugQHaET5KBLVEO3qI4aiKJH9Ixe0Zv1ZL1Y79bHtHXJms0coD9lff4ACemdEQ==</latexit>

ȳ
<latexit sha1_base64="xAlg9AuwqioOICyACtJVB3sIgi0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuRgihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LRZAn6ER1JHnJGjZU6/YCqPJsOKlW35s5BVolXkCoUaA4qX/1hzNIIpWGCat3z3MT4OVWGM4HTcj/VmFA2oSPsWSpphNrP5+dOyblVhiSMlS1pyFz9PZHTSOssCmxnRM1YL3sz8T+vl5rwxs+5TFKDki0WhakgJiaz38mQK2RGZJZQpri9lbAxVZQZm1DZhuAtv7xK2vWad1mrP1xVG7dFHCU4hTO4AA+uoQH30IQWMJjAM7zCm5M4L86787FoXXOKmRP4A+fzB6bLj8Y=</latexit>



Summarizing y by a constant

~y

~1

k~y � c~1k2 = k~y � ȳ~1 + ȳ~1� c~1k2

= k~y � ȳ~1k2 + kȳ~1� c~1k2
<latexit sha1_base64="TIbK9HMHcE4aHBuH7hDcEzeeKl8="></latexit>

ȳ~1
<latexit sha1_base64="i04IIhbj1YwJHbrmehNGALa5ZDg=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoZbEInkpSBT0WvXisYD+gCWWznbRLN5uwuynEkF/ixYMiXv0p3vw3btsctPXBwOO9GWbm+TFnStv2t1Xa2Nza3invVvb2Dw6rtaPjrooSSaFDIx7Jvk8UcCago5nm0I8lkNDn0POnd3O/NwOpWCQedRqDF5KxYAGjRBtpWKu6PpFZmrszoJmT42GtbjfsBfA6cQpSRwXaw9qXO4poEoLQlBOlBo4day8jUjPKIa+4iYKY0CkZw8BQQUJQXrY4PMfnRhnhIJKmhMYL9fdERkKl0tA3nSHRE7XqzcX/vEGigxsvYyJONAi6XBQkHOsIz1PAIyaBap4aQqhk5lZMJ0QSqk1WFROCs/ryOuk2G85lo/lwVW/dFnGU0Sk6QxfIQdeohe5RG3UQRQl6Rq/ozXqyXqx362PZWrKKmRP0B9bnD8nLkyo=</latexit>

~y � ȳ~1
<latexit sha1_base64="6ATzaX+Atr2nbMYFzeqAIhkmazc=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwY0lqYIui25cVrAXaEKZTE/aoZMLM5NCCMWNr+LGhSJufQp3vo3TNAtt/WHg4z/ncOb8XsyZVJb1bZRWVtfWN8qbla3tnd09c/+gLaNEUGjRiEei6xEJnIXQUkxx6MYCSOBx6Hjj21m9MwEhWRQ+qDQGNyDDkPmMEqWtvnnkTIBm6RSfY8cjQlNu2FPcN6tWzcqFl8EuoIoKNfvmlzOIaBJAqCgnUvZsK1ZuRoRilMO04iQSYkLHZAg9jSEJQLpZfsIUn2pngP1I6BcqnLu/JzISSJkGnu4MiBrJxdrM/K/WS5R/7WYsjBMFIZ0v8hOOVYRneeABE0AVTzUQKpj+K6YjIghVOrWKDsFePHkZ2vWafVGr319WGzdFHGV0jE7QGbLRFWqgO9RELUTRI3pGr+jNeDJejHfjY95aMoqZQ/RHxucPxdyXBg==</latexit>

When we minimized the L2 loss to 
find the best summary of y, we 
were in effect projecting y onto 
the span of 1



Least Squares

Minimize the 
squared distance 
between y and a 
vector in the span 
of 1 and x

~̂y 2 span{~1, ~x}
<latexit sha1_base64="b0B5Qxejypt0ASS7/JxUuzj1brE=">AAACHnicbVBNSwMxFMz6WetX1aOXYBEEpexWRI9FLx4rWBW6pWTTVxvMZpfkbemy7L/w5sW/4sWDIoIn+29MWw9aHQgMM/N4eRPEUhh03aEzMzs3v7BYWCour6yurZc2Nq9MlGgODR7JSN8EzIAUChooUMJNrIGFgYTr4O5s5F/3QRsRqUtMY2iF7FaJruAMrdQuHfl94JnfY5ileU59oaiPMEAdZiZmKvczOk54+cGEDGwob5fKbsUdg/4l3jcp13b8/fthLa23Sx9+J+JJCAq5ZMY0PTfGVsY0Ci4hL/qJgZjxO3YLTUsVC8G0svF5Od21Sod2I22fQjpWf05kLDQmDQObDBn2zLQ3Ev/zmgl2T1qZUHGCoPhkUTeRFCM66op2hAaOMrWEcS3sXynvMc042kaLtgRv+uS/5Kpa8Q4r1QvbximZoEC2yQ7ZIx45JjVyTuqkQTh5IE/khbw6j86z8+a8T6IzzvfMFvkF5/ML8G2mjg==</latexit>

min
a,b

nX

i=1

[yi � (a+ bxi)]
2

<latexit sha1_base64="y4QxHlFTlXsK5teYgN3oEYyNdHc=">AAACGHicbVBNSwMxEM36bf2qevQyWAoVte5WQS9C0YtHBfsB7XbJpqkNJtklyYpl6c/w4l/x4kERr735b0xrD9r6YODx3gwz88KYM21c98uZmZ2bX1hcWs6srK6tb2Q3t6o6ShShFRLxSNVDrClnklYMM5zWY0WxCDmthfeXQ7/2QJVmkbw1vZj6At9J1mEEGysF2aOmYDJI8QGEfWjqRAQpg3Pw+i0JjV7A4BAKGPYhfAzYnt8qBdmcW3RHgGnijUkOjXEdZAfNdkQSQaUhHGvd8NzY+ClWhhFO+5lmommMyT2+ow1LJRZU++nosT7krdKGTqRsSQMj9fdEioXWPWFPzwtsunrSG4r/eY3EdM78lMk4MVSSn0WdhIOJYJgStJmixPCeJZgoZm8F0sUKE2OzzNgQvMmXp0m1VPSOi6Wbk1z5YhzHEtpBu6iAPHSKyugKXaMKIugJvaA39O48O6/Oh/P50zrjjGe20R84g29Y7Z1r</latexit>

= min
a,b

k~y � (a~1 + b~x)k2
<latexit sha1_base64="/8c46HFwu74OW2eGaSa+XCE5JvM="></latexit>

Pythagorean’s theorem 
tells us that the 
projection will have the 
smallest distance



min
a,b

nX

i=1

[yi � (a+ bxi)]
2

<latexit sha1_base64="aIuABn4+XDIQC9681+oqy9AUzW8=">AAACFXicbVDLSgMxFM3UV62vUZdugqVQsZaZKuhGKLpxWcE+oJ0OmTRtQ5PMkGTEMvQn3Pgrblwo4lZw59+YPhbaeuDC4Zx7ufeeIGJUacf5tlJLyyura+n1zMbm1vaOvbtXU2EsManikIWyESBFGBWkqqlmpBFJgnjASD0YXI/9+j2RiobiTg8j4nHUE7RLMdJG8u1Ci1PhJ6gQjGBLxdxP6KU7agvYHPoUnsA8gscwePDpkdcu+XbWKToTwEXizkgWzFDx7a9WJ8QxJ0JjhpRquk6kvQRJTTEjo0wrViRCeIB6pGmoQJwoL5l8NYI5o3RgN5SmhIYT9fdEgrhSQ24Oz3Gk+2reG4v/ec1Ydy+8hIoo1kTg6aJuzKAO4Tgi2KGSYM2GhiAsqbkV4j6SCGsTZMaE4M6/vEhqpaJ7WizdnmXLV7M40uAAHII8cME5KIMbUAFVgMEjeAav4M16sl6sd+tj2pqyZjP74A+szx861Zzt</latexit>

Least Squares

Data 

Find the coefficients 
to the line that 
minimizes the L2 error

Equivalent to finding 
the closest vector in 
the span of 1 and x  
to y

(x1, y1), (x2, y2), . . . (xn, yn)
<latexit sha1_base64="03llaKH5dIEPx2LI2JGawADHUwM=">AAACEnicbZDNSsNAFIUn9a/Wv6hLN4NFaKGUJAq6LLpxWcG2QhvCZDJph04mYWYihtJncOOruHGhiFtX7nwbJ20W2npg4OPce7lzj58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mo4FZh0cMxicecjSRjlpKOoYuQuEQRFPiM9f3yV13v3REga81uVJcSN0JDTkGKktOWZ9dqDZzdg5tn1BtTs5OxoHrAgVjK3eG7xumdWraY1E1wGu4AqKNT2zK9BEOM0IlxhhqTs21ai3AkSimJGppVBKkmC8BgNSV8jRxGR7mR20hSeaCeAYSz04wrO3N8TExRJmUW+7oyQGsnFWm7+V+unKrxwJ5QnqSIczxeFKYMqhnk+MKCCYMUyDQgLqv8K8QgJhJVOsaJDsBdPXoau07RPm87NWbV1WcRRBkfgGNSADc5BC1yDNugADB7BM3gFb8aT8WK8Gx/z1pJRzByCPzI+fwAlLJoJ</latexit>

min
a,b

k~y � (a~1 + b~x)k2
<latexit sha1_base64="lmM7nwOWkbOkUL5zz5rKuGeDBys=">AAACI3icbVDLSgMxFM3UV62vqks3wVKoqGWmCoqrohuXFewDOrVk0tsamskMSaZYhvkXN/6KGxdKcePCfzF9LLT1QOBwzr3cnOOFnClt219Waml5ZXUtvZ7Z2Nza3snu7tVUEEkKVRrwQDY8ooAzAVXNNIdGKIH4Hoe6178Z+/UBSMUCca+HIbR80hOsyyjRRmpnr1yfiXZMTrwEu7wGUmN3ADQeJvgUF8iEOwk+xt5Uf0qOXDkeeyi1szm7aE+AF4kzIzk0Q6WdHbmdgEY+CE05Uarp2KFuxURqRjkkGTdSEBLaJz1oGiqID6oVTzImOG+UDu4G0jyh8UT9vRETX6mhb2LkfaIf1bw3Fv/zmpHuXrZiJsJIg6DTQ92IYx3gcWG4wyRQzYeGECqZ+Sumj0QSqk2tGVOCMx95kdRKReesWLo7z5WvZ3Wk0QE6RAXkoAtURreogqqIomf0it7Rh/VivVkj63M6mrJmO/voD6zvHz3So2U=</latexit>



Regression from the Variable Perspective

~y

~1

~x

Explained 
variation

Unexplained 
variation

~e = ~y � ~̂y

~̂y

When we minimized the L2
loss to find the best 
regression line, we were 
projecting y onto the span 
of 1and x.



Useful Properties

Ø Average of the residuals is 0

Ø The inner product of the fitted values and residuals is 0

Ø The inner product of the residuals and x is 0

~e· ~̂y = 0
<latexit sha1_base64="TsGVeFi6s/z5VrXeuvPUpIM/xYA=">AAACCXicbVC7SgNBFJ31bXytWioyKIJV2I2FNoJoY5mAiUI2hNnJjRmcfTBzN7AsW2rjr9hYKMHWP7DzG/wJJ9kUmnjgwplz7mXuPX4shUbH+bJmZufmFxaXlksrq2vrG/bmVkNHieJQ55GM1K3PNEgRQh0FSriNFbDAl3Dj318O/Zs+KC2i8BrTGFoBuwtFV3CGRmrb1OsDzyCnHu9EGBdPr8cwS/OcnlGnbR84ZWcEOk3cMTk43x3Uvh/2BtW2/el1Ip4EECKXTOum68TYyphCwSXkJS/REDN+z+6gaWjIAtCtbHRJTg+N0qHdSJkKkY7U3xMZC7ROA990Bgx7etIbiv95zQS7p61MhHGCEPLio24iKUZ0GAvtCAUcZWoI40qYXSnvMcU4mvBKJgR38uRp0qiU3eNypWbSuCAFlsgO2SdHxCUn5JxckSqpE04eyTN5JW/Wk/ViDaz3onXGGs9skz+wPn4A92KdjA==</latexit>

~e·~1 = 0
<latexit sha1_base64="kdZ8Nd9ZR4c8tcgOcHqE7tcUJGc=">AAACA3icbVC7SgNBFJ2Nr7i+Vu20GQyCVdiNhTbBoI1lBPOAJITZyU0yZHZ2mZkNhGXBxi8RbCwUsbW2txH/xsmj0MQDF86ccy9z7/EjzpR23W8rs7S8srqWXbc3Nre2d5zdvaoKY0mhQkMeyrpPFHAmoKKZ5lCPJJDA51DzB1djvzYEqVgobvUoglZAeoJ1GSXaSG3noDkEmkCKm7QT6ghPnl6Ki9htOzk3706AF4k3I7mLD7sYPXzZ5bbz2eyENA5AaMqJUg3PjXQrIVIzyiG1m7GCiNAB6UHDUEECUK1kckOKj43Swd1QmhIaT9TfEwkJlBoFvukMiO6reW8s/uc1Yt09byVMRLEGQacfdWOOdYjHgeAOk0A1HxlCqGRmV0z7RBKqTWy2CcGbP3mRVAt57zRfuHFzpUs0RRYdoiN0gjx0hkroGpVRBVF0hx7RM3qx7q0n69V6m7ZmrNnMPvoD6/0H9BeaDQ==</latexit>

~e· ~x = 0
<latexit sha1_base64="A5GkuxJF9j7nCT9KoKhfZBDlUIs=">AAACA3icbVC7SgNBFJ31GdfXqp02g0GwCrux0CYYtLGMYB6QDWF2cpMMmX0wMxsMy4KNXyLYWChia21vI/6Nk00KTTxw4cw59zL3Hi/iTCrb/jYWFpeWV1Zza+b6xubWtrWzW5NhLChUachD0fCIBM4CqCqmODQiAcT3ONS9weXYrw9BSBYGN2oUQcsnvYB1GSVKS21r3x0CTSDFLu2EKsLZ8zbFJWy3rbxdsDPgeeJMSf78wyxFD19mpW19up2Qxj4EinIiZdOxI9VKiFCMckhNN5YQETogPWhqGhAfZCvJbkjxkVY6uBsKXYHCmfp7IiG+lCPf050+UX05643F/7xmrLpnrYQFUawgoJOPujHHKsTjQHCHCaCKjzQhVDC9K6Z9IghVOjZTh+DMnjxPasWCc1IoXtv58gWaIIcO0CE6Rg46RWV0hSqoiii6Q4/oGb0Y98aT8Wq8TVoXjOnMHvoD4/0HYSWaVA==</latexit>



Toy Example



Toy Example
~x

<latexit sha1_base64="iIlRI2742kT2IzMktRiG1pLHXqc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplhCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCzMY/O</latexit> ~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>

~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit> 2

66666664

2 7
1 8
9 4
...

...
5 0
3 �4

3

77777775

<latexit sha1_base64="DxBDhPClTAIX6hM3tvrN6o0WcBw="></latexit>

2

66666664

20
19
35
...
15
1

3

77777775

<latexit sha1_base64="OAXIE9sRClFij445u8ERBNpcJSU=">AAACJXicbVBNSwMxEM36bf2qevQSLIKnsttaVPAgevGoYLXQLCWbnW1Ds9klyYpl6Z/x4l/x4kERwZN/xbQuoq0DCY/33jAzL0gF18Z1P5yZ2bn5hcWl5dLK6tr6Rnlz60YnmWLQZIlIVCugGgSX0DTcCGilCmgcCLgN+ucj/fYOlOaJvDaDFPyYdiWPOKPGUp3yCQmgy2UexNQofj+suYR4x5gQXG/Yj9yFidEWeI0R52ECMvwxd8oVt+qOC08DrwAVVNRlp/xKwoRlMUjDBNW67bmp8XOqDGcChiWSaUgp69MutC2UNAbt5+Mrh3jPMiGOEmWfNHjM/u7Iaaz1IA6s0+7X05PaiPxPa2cmOvJzLtPMgGTfg6JMYJPgUWQ45AqYEQMLKFPc7opZjyrKjA22ZEPwJk+eBje1qlev1q4OKqdnRRxLaAfton3koUN0ii7QJWoihh7QE3pBr86j8+y8Oe/f1hmn6NlGf8r5/ALl+KOo</latexit>

Correlation(x,y) = 0.17
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Best simple linear regression – fit y to w

= 13~1 + 1.4~w
<latexit sha1_base64="oNQADjvZLxdFr9DRkurupcw3Imo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEELSFnQjFN24rGAf0IYymU7aoZNJmJlUSgi48VfcuFDErT/hzr9xmmahrQcunDnnXube40WMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xjczvz0hQtKQ36tpRNwADTn1KUZKS33zCF5Bp9qbEJw4KTyHjlWD2esh7Ztl27IzwGXi5KQMcjT65ldvEOI4IFxhhqTsOnak3AQJRTEjaakXSxIhPEZD0tWUo4BIN8luSOGpVgbQD4UurmCm/p5IUCDlNPB0Z4DUSC56M/E/rxsr/9JNKI9iRTief+THDKoQzgKBAyoIVmyqCcKC6l0hHiGBsNKxlXQIzuLJy6RVsZyqVbmrlevXeRxFcAxOwBlwwAWog1vQAE2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD262lX4=</latexit>

~̂y = �̂0~1 + �̂1 ~w
<latexit sha1_base64="x/qoJc2ZlUx8QJukIaZqJFvsCAU=">AAACJnicbZBNS8NAEIY39bt+RT16WSyCIJSkCnopFL14VLAqNKFstlO7uPlgd1IJIb/Gi3/FiwdFxJs/xW3ag7UOLDy87wyz8waJFBod58uqzM0vLC4tr1RX19Y3Nu2t7Rsdp4pDm8cyVncB0yBFBG0UKOEuUcDCQMJt8HA+8m+HoLSIo2vMEvBDdh+JvuAMjdS1m94QeO4NGOZZUdAmLdELAFnRdWjpugU9nNLdsf5YdO2aU3fKorPgTqBGJnXZtd+8XszTECLkkmndcZ0E/ZwpFFxCUfVSDQnjD+weOgYjFoL28/LMgu4bpUf7sTIvQlqqvydyFmqdhYHpDBkO9F9vJP7ndVLsn/q5iJIUIeLjRf1UUozpKDPaEwo4yswA40qYv1I+YIpxNMlWTQju35Nn4aZRd4/qjavjWutsEscy2SV75IC45IS0yAW5JG3CyRN5IW/k3Xq2Xq0P63PcWrEmMztkqqzvH5FwpdI=</latexit>

But, what about a 2-variable model to predict y?

The correlation between x and y is weak so it seems like 
we will gain little if we add x to the equation.

Explained SS

Total SS
= 0.60 (= r2)

<latexit sha1_base64="DGZXjixE6XE5n4sW950iF93U5oo="></latexit>



Two variable regression: fit y to w and x

For a fixed w = 7, this model is:

~y ⇡ �0~1 + �1 ~w + �2~x
<latexit sha1_base64="Xe3inR2AN4JkH3QgyKH5Git/d9k=">AAACNHicbZDLSsNAFIYnXmu9RV26GSyCIJSkCrosuhHcVLAXaEKZTE/boZMLM5PaEvJQbnwQNyK4UMStz+C0KVJbDwz8fP85nDm/F3EmlWW9GkvLK6tr67mN/ObW9s6uubdfk2EsKFRpyEPR8IgEzgKoKqY4NCIBxPc41L3+9divD0BIFgb3ahSB65NuwDqMEqVRy7x1BkCTZJSm2CFRJMIhThwPFElbFp54dopPf5mdsYdZVsrYMG2ZBatoTQovCnsqCmhalZb57LRDGvsQKMqJlE3bipSbEKEY5ZDmnVhCRGifdKGpZUB8kG4yOTrFx5q0cScU+gUKT+jsREJ8KUe+pzt9onpy3hvD/7xmrDqXbsKCKFYQ0GxRJ+ZYhXicIG4zAVTxkRaECqb/immPCEKVzjmvQ7DnT14UtVLRPiuW7s4L5atpHDl0iI7QCbLRBSqjG1RBVUTRI3pB7+jDeDLejE/jK2tdMqYzB+hPGd8/neCrYg==</latexit>

Consider the model we are fitting

~y ⇡ (�0 + 7�1)~1 + �2~x
<latexit sha1_base64="XvDXqkhvKzkj/9MjkIS+rU0bdsk=">AAACLnicbZDLSgMxFIYzXmu9jbp0EyxCRSgzVajLogguK9gLdErJpKdtaOZCkiktwzyRG19FF4KKuPUxTKctaOsPgT/fOYfk/G7ImVSW9WasrK6tb2xmtrLbO7t7++bBYU0GkaBQpQEPRMMlEjjzoaqY4tAIBRDP5VB3BzeTen0IQrLAf1DjEFoe6fmsyyhRGrXNW2cINI7HSYIdEoYiGOF87LigSNK28DkuzS/2WdppJxrOWRGnbJS0zZxVsFLhZWPPTA7NVGmbL04noJEHvqKcSNm0rVC1YiIUoxySrBNJCAkdkB40tfWJB7IVp+sm+FSTDu4GQh9f4ZT+noiJJ+XYc3WnR1RfLtYm8L9aM1Ldq1bM/DBS4NPpQ92IYxXgSXa4wwRQxcfaECqY/iumfSIIVTrhrA7BXlx52dSKBfuiULy/zJWvZ3Fk0DE6QXlkoxIqoztUQVVE0SN6Ru/ow3gyXo1P42vaumLMZo7QHxnfP9qEqGU=</latexit>

For a fixed w = -7, this model is: ~y ⇡ (�0 � 7�1)~1 + �2~x
<latexit sha1_base64="4wTRP3dGdcEofZCTq/zp1REB7jc=">AAACLnicbVBbSwJBGJ21m9nN6rGXIQmMSHYtsEcpgh4N8gKuyOz4qYOzF2ZmRVn2F/XSX6mHoCJ67Wc0rgqlHRg4c875mPmOE3AmlWm+GamV1bX1jfRmZmt7Z3cvu39Qk34oKFSpz33RcIgEzjyoKqY4NAIBxHU41J3BzcSvD0FI5nsPahxAyyU9j3UZJUpL7eytPQQaReM4xjYJAuGPcD6yHVAkbpv4HJfmF+s0SVoxPsNzrYgTbRS3szmzYCbAy8SakRyaodLOvtgdn4YueIpyImXTMgPViohQjHKIM3YoISB0QHrQ1NQjLshWlKwb4xOtdHDXF/p4Cifq74mIuFKOXUcnXaL6ctGbiP95zVB1r1oR84JQgUenD3VDjpWPJ93hDhNAFR9rQqhg+q+Y9okgVOmGM7oEa3HlZVIrFqyLQvH+Mle+ntWRRkfoGOWRhUqojO5QBVURRY/oGb2jD+PJeDU+ja9pNGXMZg7RHxjfP93aqGc=</latexit>

Notice that for a fixed value of w, we see that the 
relationship between x and y is linear with the same slope.
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There aren’t many points in these plots, but they 
show a linear relationship of slope about 2. 

Slopes for these subsets are both about 2



ŷ = �̂0 + �̂1w + �̂2x
<latexit sha1_base64="UlRzrwIMQ9hK0lXLPLpvYYN75Vc=">AAACI3icbZDLSgMxFIYzXmu9VV26CRZBEMpMFRRBKLpxWcFeoDMMmTRtQzMXkjPqMMy7uPFV3LhQihsXvotpOwvb+kPgy3/OITm/FwmuwDS/jaXlldW19cJGcXNre2e3tLffVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsb3o7rrUcmFQ+DB0gi5vikH/AepwS05Zau7AGBNMnwNZ6Q7TEgmWvi05m79TRnVPGzWyqbFXMivAhWDmWUq+6WRnY3pLHPAqCCKNWxzAiclEjgVLCsaMeKRYQOSZ91NAbEZ8pJJztm+Fg7XdwLpT4B4In7dyIlvlKJ7+lOn8BAzdfG5n+1Tgy9SyflQRQDC+j0oV4sMIR4HBjucskoiEQDoZLrv2I6IJJQ0LEWdQjW/MqL0KxWrLNK9f68XLvJ4yigQ3SETpCFLlAN3aE6aiCKXtAb+kCfxqvxboyMr2nrkpHPHKAZGT+/rhKjqg==</latexit>

Explained SS

Total SS
= 1.0

<latexit sha1_base64="etgFt6qTNAtPsRKtzcYxN3nToEI=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrspMFXUjFEVwWekVOkPJpJk2NHMhOSMtQ9/Eja/ixoUi4q5vYzotoq0/BH6+c06S87uR4ApMc2JkVlbX1jeym7mt7Z3dvfz+QUOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3A7rTcfmVQ8DGowipjjk17APU4JaNTJX9ieJDSxgQ1B+sndMBJEX9XF1ep4/INxLQQiUoavsVU0O/mCWTRT4WVjzU0BzVXp5L/sbkhjnwVABVGqbZkROAmRwKlg45wdKxYROiA91tY2ID5TTpLuN8YnmnSxF0p9AsAp/T2REF+pke/qTp9AXy3WpvC/WjsG78pJeBDFwAI6e8iLBYYQT8PCXS4ZBTHShlDJ9V8x7RMdGOhIczoEa3HlZdMoFa2zYunhvFC+mceRRUfoGJ0iC12iMrpHFVRHFD2hF/SG3o1n49X4MD5nrRljPnOI/siYfAMzJaL5</latexit>

~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit>2

66666664

20
19
35
...
15
1

3

77777775

<latexit sha1_base64="OAXIE9sRClFij445u8ERBNpcJSU=">AAACJXicbVBNSwMxEM36bf2qevQSLIKnsttaVPAgevGoYLXQLCWbnW1Ds9klyYpl6Z/x4l/x4kERwZN/xbQuoq0DCY/33jAzL0gF18Z1P5yZ2bn5hcWl5dLK6tr6Rnlz60YnmWLQZIlIVCugGgSX0DTcCGilCmgcCLgN+ucj/fYOlOaJvDaDFPyYdiWPOKPGUp3yCQmgy2UexNQofj+suYR4x5gQXG/Yj9yFidEWeI0R52ECMvwxd8oVt+qOC08DrwAVVNRlp/xKwoRlMUjDBNW67bmp8XOqDGcChiWSaUgp69MutC2UNAbt5+Mrh3jPMiGOEmWfNHjM/u7Iaaz1IA6s0+7X05PaiPxPa2cmOvJzLtPMgGTfg6JMYJPgUWQ45AqYEQMLKFPc7opZjyrKjA22ZEPwJk+eBje1qlev1q4OKqdnRRxLaAfton3koUN0ii7QJWoihh7QE3pBr86j8+y8Oe/f1hmn6NlGf8r5/ALl+KOo</latexit>

~x
<latexit sha1_base64="iIlRI2742kT2IzMktRiG1pLHXqc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplhCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCzMY/O</latexit>

~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>
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2 7
1 8
9 4
...

...
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3

77777775

<latexit sha1_base64="DxBDhPClTAIX6hM3tvrN6o0WcBw="></latexit>

ŷ = 7⇥ 10�15 + 2w + 3x
<latexit sha1_base64="OkywEngMt7Q2xt90QkLGw9RwPrg=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAQEMewmSmyEoI1lBPOAbAyzk0kyZPbBzF11WfYLbPwVGwtFbK3t/Bsnj0ITD8xwOOde7r3HDQVXYFnfxsLi0vLKamYtu76xubVt7uzWVRBJymo0EIFsukQxwX1WAw6CNUPJiOcK1nCHlyO/ccek4oF/A3HI2h7p+7zHKQEtdcy8MyCQxCk+x2UHuMdUYlvpbXJsn6b4CBfv9Vd66Jg5q2CNgeeJPSU5NEW1Y3453YBGHvOBCqJUy7ZCaCdEAqeCpVknUiwkdEj6rKWpT/TgdjI+J8V5rXRxL5D6+YDH6u+OhHhKxZ6rKz0CAzXrjcT/vFYEvbN2wv0wAubTyaBeJDAEeJQN7nLJKIhYE0Il17tiOiCSUNAJZnUI9uzJ86ReLNilQvH6JFe5mMaRQfvoAB0iG5VRBV2hKqohih7RM3pFb8aT8WK8Gx+T0gVj2rOH/sD4/AFzvZnJ</latexit>

Here, y is perfectly described by a linear function of x and w, 
even though the pairwise plots didn’t reveal this relationship
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<latexit sha1_base64="lQLH+36AnIrUnMhEdHGw/+9PFdY=">AAACI3icbZBLS8NAEMc3Pmt9RT16WSyCp5JUQfFU9OKxgn1AU8JmO22XbjZhd6Mtod/Fi1/FiwelePHgd3HbBh+tAwu//c8MM/MPYs6UdpwPa2l5ZXVtPbeR39za3tm19/ZrKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPehfT/L1e5CKReJOD2NohaQrWIdRoo3k25deAF0m0iAkWrLByHw18R3seXiGgx98wB6I9nepbxecojMNvAhuBgWURcW3x147okkIQlNOlGq6TqxbKZGaUQ6jvJcoiAntky40DQoSgmql0xtH+NgobdyJpHlC46n6uyMloVLDMDCVZr+ems9NxP9yzUR3LlopE3GiQdDZoE7CsY7wxDDcZhKo5kMDhEpmdsW0RySh2tiaNya48ycvQq1UdE+LpduzQvkqsyOHDtEROkEuOkdldIMqqIooekTP6BW9WU/WizW23melS1bWc4D+hPX5BcgVpPk=</latexit>

Multiple R2



Interpretation of the fitted coefficients

= 13~1 + 1.4~w
<latexit sha1_base64="oNQADjvZLxdFr9DRkurupcw3Imo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEELSFnQjFN24rGAf0IYymU7aoZNJmJlUSgi48VfcuFDErT/hzr9xmmahrQcunDnnXube40WMSmXb30ZhZXVtfaO4Wdra3tndM/cPWjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xjczvz0hQtKQ36tpRNwADTn1KUZKS33zCF5Bp9qbEJw4KTyHjlWD2esh7Ztl27IzwGXi5KQMcjT65ldvEOI4IFxhhqTsOnak3AQJRTEjaakXSxIhPEZD0tWUo4BIN8luSOGpVgbQD4UurmCm/p5IUCDlNPB0Z4DUSC56M/E/rxsr/9JNKI9iRTief+THDKoQzgKBAyoIVmyqCcKC6l0hHiGBsNKxlXQIzuLJy6RVsZyqVbmrlevXeRxFcAxOwBlwwAWog1vQAE2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD262lX4=</latexit>

~̂y = �̂0~1 + �̂1 ~w
<latexit sha1_base64="x/qoJc2ZlUx8QJukIaZqJFvsCAU=">AAACJnicbZBNS8NAEIY39bt+RT16WSyCIJSkCnopFL14VLAqNKFstlO7uPlgd1IJIb/Gi3/FiwdFxJs/xW3ag7UOLDy87wyz8waJFBod58uqzM0vLC4tr1RX19Y3Nu2t7Rsdp4pDm8cyVncB0yBFBG0UKOEuUcDCQMJt8HA+8m+HoLSIo2vMEvBDdh+JvuAMjdS1m94QeO4NGOZZUdAmLdELAFnRdWjpugU9nNLdsf5YdO2aU3fKorPgTqBGJnXZtd+8XszTECLkkmndcZ0E/ZwpFFxCUfVSDQnjD+weOgYjFoL28/LMgu4bpUf7sTIvQlqqvydyFmqdhYHpDBkO9F9vJP7ndVLsn/q5iJIUIeLjRf1UUozpKDPaEwo4yswA40qYv1I+YIpxNMlWTQju35Nn4aZRd4/qjavjWutsEscy2SV75IC45IS0yAW5JG3CyRN5IW/k3Xq2Xq0P63PcWrEmMztkqqzvH5FwpdI=</latexit>

ŷ = �̂0 + �̂1w + �̂2x
<latexit sha1_base64="UlRzrwIMQ9hK0lXLPLpvYYN75Vc=">AAACI3icbZDLSgMxFIYzXmu9VV26CRZBEMpMFRRBKLpxWcFeoDMMmTRtQzMXkjPqMMy7uPFV3LhQihsXvotpOwvb+kPgy3/OITm/FwmuwDS/jaXlldW19cJGcXNre2e3tLffVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsb3o7rrUcmFQ+DB0gi5vikH/AepwS05Zau7AGBNMnwNZ6Q7TEgmWvi05m79TRnVPGzWyqbFXMivAhWDmWUq+6WRnY3pLHPAqCCKNWxzAiclEjgVLCsaMeKRYQOSZ91NAbEZ8pJJztm+Fg7XdwLpT4B4In7dyIlvlKJ7+lOn8BAzdfG5n+1Tgy9SyflQRQDC+j0oV4sMIR4HBjucskoiEQDoZLrv2I6IJJQ0LEWdQjW/MqL0KxWrLNK9f68XLvJ4yigQ3SETpCFLlAN3aE6aiCKXtAb+kCfxqvxboyMr2nrkpHPHKAZGT+/rhKjqg==</latexit>

ŷ = 2w + 3x
<latexit sha1_base64="vtvKMYbXct7t1axltzK88JdPHKM=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0UQhJK0gl6EohePFewHtKFsttt26WYTdjfWEPtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/iTGnH+bZWVtfWNzZzW/ntnd29fbtw0FBhLAmtk5CHsuVjRTkTtK6Z5rQVSYoDn9OmP7qZ+s0HKhULxb1OIuoFeCBYnxGsjdS1C50h1mkyQVeoPEZnqPLYtYtOyZkBLRM3I0XIUOvaX51eSOKACk04VqrtOpH2Uiw1I5xO8p1Y0QiTER7QtqECB1R56ez0CToxSg/1Q2lKaDRTf0+kOFAqCXzTGWA9VIveVPzPa8e6f+mlTESxpoLMF/VjjnSIpjmgHpOUaJ4Ygolk5lZEhlhiok1aeROCu/jyMmmUS26lVL47L1avszhycATHcAouXEAVbqEGdSAwhmd4hTfryXqx3q2PeeuKlc0cwh9Ynz8nRZKf</latexit>

Notice that w has a coefficient of 1.4 in the simple linear 
model, and a coefficient of 2 in the two-variable model.

The 2w yields the best fit when w is in a 
model with x. That is, the coefficient is 
dependent on the other variables in 
the model.  

These two coefficients are not the 
same because the models are 
different. The 1.4w yields the best fit 
when w is alone in the model



ŷ = �̂0 + �̂1w + �̂2x
<latexit sha1_base64="UlRzrwIMQ9hK0lXLPLpvYYN75Vc=">AAACI3icbZDLSgMxFIYzXmu9VV26CRZBEMpMFRRBKLpxWcFeoDMMmTRtQzMXkjPqMMy7uPFV3LhQihsXvotpOwvb+kPgy3/OITm/FwmuwDS/jaXlldW19cJGcXNre2e3tLffVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsb3o7rrUcmFQ+DB0gi5vikH/AepwS05Zau7AGBNMnwNZ6Q7TEgmWvi05m79TRnVPGzWyqbFXMivAhWDmWUq+6WRnY3pLHPAqCCKNWxzAiclEjgVLCsaMeKRYQOSZ91NAbEZ8pJJztm+Fg7XdwLpT4B4In7dyIlvlKJ7+lOn8BAzdfG5n+1Tgy9SyflQRQDC+j0oV4sMIR4HBjucskoiEQDoZLrv2I6IJJQ0LEWdQjW/MqL0KxWrLNK9f68XLvJ4yigQ3SETpCFLlAN3aE6aiCKXtAb+kCfxqvxboyMr2nrkpHPHKAZGT+/rhKjqg==</latexit>

Explained SS

Total SS
= 1.0

<latexit sha1_base64="etgFt6qTNAtPsRKtzcYxN3nToEI=">AAACH3icbZDLSgMxFIYz9VbrrerSTbAIrspMFXUjFEVwWekVOkPJpJk2NHMhOSMtQ9/Eja/ixoUi4q5vYzotoq0/BH6+c06S87uR4ApMc2JkVlbX1jeym7mt7Z3dvfz+QUOFsaSsTkMRypZLFBM8YHXgIFgrkoz4rmBNd3A7rTcfmVQ8DGowipjjk17APU4JaNTJX9ieJDSxgQ1B+sndMBJEX9XF1ep4/INxLQQiUoavsVU0O/mCWTRT4WVjzU0BzVXp5L/sbkhjnwVABVGqbZkROAmRwKlg45wdKxYROiA91tY2ID5TTpLuN8YnmnSxF0p9AsAp/T2REF+pke/qTp9AXy3WpvC/WjsG78pJeBDFwAI6e8iLBYYQT8PCXS4ZBTHShlDJ9V8x7RMdGOhIczoEa3HlZdMoFa2zYunhvFC+mceRRUfoGJ0iC12iMrpHFVRHFD2hF/SG3o1n49X4MD5nrRljPnOI/siYfAMzJaL5</latexit>

~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit>2

66666664

20
19
35
...
15
1

3

77777775

<latexit sha1_base64="OAXIE9sRClFij445u8ERBNpcJSU=">AAACJXicbVBNSwMxEM36bf2qevQSLIKnsttaVPAgevGoYLXQLCWbnW1Ds9klyYpl6Z/x4l/x4kERwZN/xbQuoq0DCY/33jAzL0gF18Z1P5yZ2bn5hcWl5dLK6tr6Rnlz60YnmWLQZIlIVCugGgSX0DTcCGilCmgcCLgN+ucj/fYOlOaJvDaDFPyYdiWPOKPGUp3yCQmgy2UexNQofj+suYR4x5gQXG/Yj9yFidEWeI0R52ECMvwxd8oVt+qOC08DrwAVVNRlp/xKwoRlMUjDBNW67bmp8XOqDGcChiWSaUgp69MutC2UNAbt5+Mrh3jPMiGOEmWfNHjM/u7Iaaz1IA6s0+7X05PaiPxPa2cmOvJzLtPMgGTfg6JMYJPgUWQ45AqYEQMLKFPc7opZjyrKjA22ZEPwJk+eBje1qlev1q4OKqdnRRxLaAfton3koUN0ii7QJWoihh7QE3pBr86j8+y8Oe/f1hmn6NlGf8r5/ALl+KOo</latexit>

~x
<latexit sha1_base64="iIlRI2742kT2IzMktRiG1pLHXqc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplhCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCzMY/O</latexit>

~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>

2

66666664

2 7
1 8
9 4
...

...
5 0
3 �4

3

77777775

<latexit sha1_base64="DxBDhPClTAIX6hM3tvrN6o0WcBw="></latexit>

ŷ = 7⇥ 10�15 + 2w + 3x
<latexit sha1_base64="OkywEngMt7Q2xt90QkLGw9RwPrg=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAQEMewmSmyEoI1lBPOAbAyzk0kyZPbBzF11WfYLbPwVGwtFbK3t/Bsnj0ITD8xwOOde7r3HDQVXYFnfxsLi0vLKamYtu76xubVt7uzWVRBJymo0EIFsukQxwX1WAw6CNUPJiOcK1nCHlyO/ccek4oF/A3HI2h7p+7zHKQEtdcy8MyCQxCk+x2UHuMdUYlvpbXJsn6b4CBfv9Vd66Jg5q2CNgeeJPSU5NEW1Y3453YBGHvOBCqJUy7ZCaCdEAqeCpVknUiwkdEj6rKWpT/TgdjI+J8V5rXRxL5D6+YDH6u+OhHhKxZ6rKz0CAzXrjcT/vFYEvbN2wv0wAubTyaBeJDAEeJQN7nLJKIhYE0Il17tiOiCSUNAJZnUI9uzJ86ReLNilQvH6JFe5mMaRQfvoAB0iG5VRBV2hKqohih7RM3pFb8aT8WK8Gx+T0gVj2rOH/sD4/AFzvZnJ</latexit>

Here, y is perfectly described by a linear function of x and w, 
even though the pairwise plots didn’t reveal this relationship

2

4
�0

�x

�w

3

5

<latexit sha1_base64="lQLH+36AnIrUnMhEdHGw/+9PFdY=">AAACI3icbZBLS8NAEMc3Pmt9RT16WSyCp5JUQfFU9OKxgn1AU8JmO22XbjZhd6Mtod/Fi1/FiwelePHgd3HbBh+tAwu//c8MM/MPYs6UdpwPa2l5ZXVtPbeR39za3tm19/ZrKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPehfT/L1e5CKReJOD2NohaQrWIdRoo3k25deAF0m0iAkWrLByHw18R3seXiGgx98wB6I9nepbxecojMNvAhuBgWURcW3x147okkIQlNOlGq6TqxbKZGaUQ6jvJcoiAntky40DQoSgmql0xtH+NgobdyJpHlC46n6uyMloVLDMDCVZr+ems9NxP9yzUR3LlopE3GiQdDZoE7CsY7wxDDcZhKo5kMDhEpmdsW0RySh2tiaNya48ycvQq1UdE+LpduzQvkqsyOHDtEROkEuOkdldIMqqIooekTP6BW9WU/WizW23melS1bWc4D+hPX5BcgVpPk=</latexit>



~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit>2

66666664

20
19
35
...
15
1

3

77777775

<latexit sha1_base64="OAXIE9sRClFij445u8ERBNpcJSU=">AAACJXicbVBNSwMxEM36bf2qevQSLIKnsttaVPAgevGoYLXQLCWbnW1Ds9klyYpl6Z/x4l/x4kERwZN/xbQuoq0DCY/33jAzL0gF18Z1P5yZ2bn5hcWl5dLK6tr6Rnlz60YnmWLQZIlIVCugGgSX0DTcCGilCmgcCLgN+ucj/fYOlOaJvDaDFPyYdiWPOKPGUp3yCQmgy2UexNQofj+suYR4x5gQXG/Yj9yFidEWeI0R52ECMvwxd8oVt+qOC08DrwAVVNRlp/xKwoRlMUjDBNW67bmp8XOqDGcChiWSaUgp69MutC2UNAbt5+Mrh3jPMiGOEmWfNHjM/u7Iaaz1IA6s0+7X05PaiPxPa2cmOvJzLtPMgGTfg6JMYJPgUWQ45AqYEQMLKFPc7opZjyrKjA22ZEPwJk+eBje1qlev1q4OKqdnRRxLaAfton3koUN0ii7QJWoihh7QE3pBr86j8+y8Oe/f1hmn6NlGf8r5/ALl+KOo</latexit>

~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>

How well is y described by w and v?
2

66666664

7 14
8 16
4 8
...

...
0 0
�4 �8

3

77777775

<latexit sha1_base64="ssPlGseHWdIL9E/+WeGU/z/kf6k="></latexit>

~v
<latexit sha1_base64="IqKiSALImfgg3wgvhbXFJH+0YFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZZNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCwJ4/M</latexit>

0.6
0.7

Explained SS

Total SS
=

<latexit sha1_base64="TzeuhnOJaBb+NayLH9MPiZOr6k0=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBVZmpgm6EogguK71CZyiZTKYNzVxIzkjLMO/hxldx40IRV4IL38b0gmjrD4Gf75yT5PxuLLgC0/wylpZXVtfWcxv5za3tnd3C3n5TRYmkrEEjEcm2SxQTPGQN4CBYO5aMBK5gLXdwPa637plUPArrMIqZE5BeyH1OCWjULZRtXxKKUxvYEGSQ3gxjQfRdHq7VsuwH1yMgYoLwZbdQNEvmRHjRWDNTRDNVu4UP24toErAQqCBKdSwzBiclEjgVLMvbiWIxoQPSYx1tQxIw5aST3TJ8rImH/UjqEwKe0N8TKQmUGgWu7gwI9NV8bQz/q3US8C+clIdxAiyk04f8RGCI8Dgo7HHJKIiRNoRKrv+KaZ/osEDHmdchWPMrL5pmuWSdlsp3Z8XK1SyOHDpER+gEWegcVdAtqqIGougBPaEX9Go8Gs/Gm/E+bV0yZjMH6I+Mz287+aIi</latexit>

1.0



~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit>2

66666664

20
19
35
...
15
1

3

77777775

<latexit sha1_base64="OAXIE9sRClFij445u8ERBNpcJSU=">AAACJXicbVBNSwMxEM36bf2qevQSLIKnsttaVPAgevGoYLXQLCWbnW1Ds9klyYpl6Z/x4l/x4kERwZN/xbQuoq0DCY/33jAzL0gF18Z1P5yZ2bn5hcWl5dLK6tr6Rnlz60YnmWLQZIlIVCugGgSX0DTcCGilCmgcCLgN+ucj/fYOlOaJvDaDFPyYdiWPOKPGUp3yCQmgy2UexNQofj+suYR4x5gQXG/Yj9yFidEWeI0R52ECMvwxd8oVt+qOC08DrwAVVNRlp/xKwoRlMUjDBNW67bmp8XOqDGcChiWSaUgp69MutC2UNAbt5+Mrh3jPMiGOEmWfNHjM/u7Iaaz1IA6s0+7X05PaiPxPa2cmOvJzLtPMgGTfg6JMYJPgUWQ45AqYEQMLKFPc7opZjyrKjA22ZEPwJk+eBje1qlev1q4OKqdnRRxLaAfton3koUN0ii7QJWoihh7QE3pBr86j8+y8Oe/f1hmn6NlGf8r5/ALl+KOo</latexit>

~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>

How well is y described by w and v?
2

66666664

7 14
8 16
4 8
...

...
0 0
�4 �8

3

77777775

<latexit sha1_base64="ssPlGseHWdIL9E/+WeGU/z/kf6k="></latexit>

~v
<latexit sha1_base64="IqKiSALImfgg3wgvhbXFJH+0YFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZZNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCwJ4/M</latexit>

0.6
Explained SS

Total SS
=

<latexit sha1_base64="TzeuhnOJaBb+NayLH9MPiZOr6k0=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBVZmpgm6EogguK71CZyiZTKYNzVxIzkjLMO/hxldx40IRV4IL38b0gmjrD4Gf75yT5PxuLLgC0/wylpZXVtfWcxv5za3tnd3C3n5TRYmkrEEjEcm2SxQTPGQN4CBYO5aMBK5gLXdwPa637plUPArrMIqZE5BeyH1OCWjULZRtXxKKUxvYEGSQ3gxjQfRdHq7VsuwH1yMgYoLwZbdQNEvmRHjRWDNTRDNVu4UP24toErAQqCBKdSwzBiclEjgVLMvbiWIxoQPSYx1tQxIw5aST3TJ8rImH/UjqEwKe0N8TKQmUGgWu7gwI9NV8bQz/q3US8C+clIdxAiyk04f8RGCI8Dgo7HHJKIiRNoRKrv+KaZ/osEDHmdchWPMrL5pmuWSdlsp3Z8XK1SyOHDpER+gEWegcVdAtqqIGougBPaEX9Go8Gs/Gm/E+bV0yZjMH6I+Mz287+aIi</latexit>

The fit is the same as for the simple 
linear regression with w because v is 
in the span of w.
We can still find y-hat, but we do not have a 
unique solution for the coefficients of v and w.



~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit> Add error to y2

66666664

19.4
18.3
34.8
...

15.6
1.8

3

77777775

<latexit sha1_base64="CDoF4E/Jxd8sSbAnGFMAhM8MjSo="></latexit>

~x
<latexit sha1_base64="iIlRI2742kT2IzMktRiG1pLHXqc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplhCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCzMY/O</latexit>

~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>2

66666664

2 7
1 8
9 4
...

...
5 0
3 �4

3

77777775

<latexit sha1_base64="DxBDhPClTAIX6hM3tvrN6o0WcBw="></latexit>

2

4
�0

�x

�w

3

5

<latexit sha1_base64="lQLH+36AnIrUnMhEdHGw/+9PFdY=">AAACI3icbZBLS8NAEMc3Pmt9RT16WSyCp5JUQfFU9OKxgn1AU8JmO22XbjZhd6Mtod/Fi1/FiwelePHgd3HbBh+tAwu//c8MM/MPYs6UdpwPa2l5ZXVtPbeR39za3tm19/ZrKkokhSqNeCQbAVHAmYCqZppDI5ZAwoBDPehfT/L1e5CKReJOD2NohaQrWIdRoo3k25deAF0m0iAkWrLByHw18R3seXiGgx98wB6I9nepbxecojMNvAhuBgWURcW3x147okkIQlNOlGq6TqxbKZGaUQ6jvJcoiAntky40DQoSgmql0xtH+NgobdyJpHlC46n6uyMloVLDMDCVZr+ems9NxP9yzUR3LlopE3GiQdDZoE7CsY7wxDDcZhKo5kMDhEpmdsW0RySh2tiaNya48ycvQq1UdE+LpduzQvkqsyOHDtEROkEuOkdldIMqqIooekTP6BW9WU/WizW23melS1bWc4D+hPX5BcgVpPk=</latexit>

ŷ = �19.8 + 3.01x+ 1.98w
<latexit sha1_base64="fXhb29ioT42U0ye2Oq62ZW0wgKY=">AAACCXicbVDLSgMxFM3UV62vUZdugkUQxGHSCrYLoejGZQX7gHYomTTThmYeJBl1GLp146+4caGIW//AnX9j2s5CWw9c7uGce0nucSPOpLLtbyO3tLyyupZfL2xsbm3vmLt7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR1cTv3VHhWRhcKuSiDo+HgTMYwQrLfVM2B1ilSZjeAFPUdWqwBNYtmz0oDuyqhV43zOLtmVPARcJykgRZKj3zK9uPySxTwNFOJayg+xIOSkWihFOx4VuLGmEyQgPaEfTAPtUOun0kjE80kofeqHQFSg4VX9vpNiXMvFdPeljNZTz3kT8z+vEyqs4KQuiWNGAzB7yYg5VCCexwD4TlCieaIKJYPqvkAyxwETp8Ao6BDR/8iJplixUtko3Z8XaZRZHHhyAQ3AMEDgHNXAN6qABCHgEz+AVvBlPxovxbnzMRnNGtrMP/sD4/AHLh5Xq</latexit>

R2 = 0.98
<latexit sha1_base64="gBdva9LGsPWhgi01ACn2ggWwKKg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hqwXoQil48VrEf2May2W7apZtN2N0IJfRfePGgiFf/jTf/jds2B219MPB4b4aZeX7MmdKO823lVlbX1jfym4Wt7Z3dveL+QVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uh66reeqFQsEvd6HFMvxAPBAkawNtLD3WMZXSLHvqj2iiXHdmZAy8TNSAky1HvFr24/IklIhSYcK9VxnVh7KZaaEU4nhW6iaIzJCA9ox1CBQ6q8dHbxBJ0YpY+CSJoSGs3U3xMpDpUah77pDLEeqkVvKv7ndRIdVL2UiTjRVJD5oiDhSEdo+j7qM0mJ5mNDMJHM3IrIEEtMtAmpYEJwF19eJs2y7Z7Z5dtKqXaVxZGHIziGU3DhHGpwA3VoAAEBz/AKb5ayXqx362PemrOymUP4A+vzB9atjxA=</latexit>



~x
<latexit sha1_base64="iIlRI2742kT2IzMktRiG1pLHXqc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplhCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCzMY/O</latexit>

~w
<latexit sha1_base64="ZDx2xWINSdc4uiFbNaM+V1i4j0k=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7dbMLuplJCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LRTBL0IzqQPOSMGiu1umNk2dO0Vyq7FXcOskq8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFrupxoSyER1gx1JJI9R+Nj93Ss6t0idhrGxJQ+bq74mMRlpPosB2RtQM9bI3E//zOqkJb/yMyyQ1KNliUZgKYmIy+530uUJmxMQSyhS3txI2pIoyYxMq2hC85ZdXSbNa8S4r1Yercu02j6MAp3AGF+DBNdTgHurQAAYjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gCxrI/N</latexit>

~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit> 2

66666664

1 2 7 14
1 1 8 16
1 9 4 8
...

...
...

...
1 5 0 0
1 3 �4 �8

3

77777775

<latexit sha1_base64="wtmkzPb2FX0J+A2LTDuOwVe/mnM="></latexit>

2

664

�0

�x

�w

�v

3

775

<latexit sha1_base64="ZQNjhNE+wnkOF0F72vNYFy0wWEo=">AAACLXicbZBNSwMxEIazftb6VfXoJVgET2W3Cnos6sFjBfsB3aVk02kbms0uSba2LP1DXvwrInioiFf/hmm7WG0dCDx5Z4aZef2IM6Vte2ytrK6tb2xmtrLbO7t7+7mDw6oKY0mhQkMeyrpPFHAmoKKZ5lCPJJDA51DzezeTfK0PUrFQPOhhBF5AOoK1GSXaSM3cretDh4nED4iWbDAyX02aNnZdPMPBHB/n2HdBtH6amrm8XbCngZfBSSGP0ig3c69uK6RxAEJTTpRqOHakvYRIzSiHUdaNFUSE9kgHGgYFCUB5yfTaET41Sgu3Q2me0Hiq/u5ISKDUMPBNpdmvqxZzE/G/XCPW7SsvYSKKNQg6G9SOOdYhnliHW0wC1XxogFDJzK6YdokkVBuDs8YEZ/HkZagWC855oXh/kS9dp3Zk0DE6QWfIQZeohO5QGVUQRU/oBY3Ru/VsvVkf1uesdMVKe47Qn7C+vgGpNakC</latexit>

2

66666664

19.4
18.3
34.8
...

15.6
1.8

3

77777775

<latexit sha1_base64="CDoF4E/Jxd8sSbAnGFMAhM8MjSo="></latexit>

~v
<latexit sha1_base64="IqKiSALImfgg3wgvhbXFJH+0YFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZZNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCwJ4/M</latexit>

y has errors
v = 2w

What is the fit?

Y-hat is the same as 
the fit to x and w

But the coefficients are 
not uniquely 
determined



2

66664

1 2 7 4 49
1 1 8 1 64
1 9 4 81 16
1 5 0 25 0
1 3 �4 9 16

3

77775

<latexit sha1_base64="Air4hVJowtTw5uFgqEO2xftv9Ww="></latexit>

2

66664

�0

�x

�w

�x2

�w2

3

77775

<latexit sha1_base64="0TQvdceWPlKvFQpQ8b2lLS1Y1uE=">AAACQXicbZBNTwIxEIa7+IX4hXr00khMPJFdNNEj0YtHTOQjYZF0ywAN3e6m7Qpkw1/z4j/w5t2LB43x6sWyEEFwkibPvDPTTl8v5Exp236xUiura+sb6c3M1vbO7l52/6CigkhSKNOAB7LmEQWcCShrpjnUQgnE9zhUvd71uF59AKlYIO70MISGTzqCtRkl2kjNbM31oMNE7PlESzYYmVSTpo1dF09wMMP+DOPBfWE0l/aTFETr96JmNmfn7STwMjhTyKFplJrZZ7cV0MgHoSknStUdO9SNmEjNKIdRxo0UhIT2SAfqBgXxQTXixIERPjFKC7cDaY7QOFHnJ2LiKzX0PdNp9uuqxdpY/K9Wj3T7shEzEUYaBJ081I441gEe24lbTALVfGiAUMnMrph2iSRUG9MzxgRn8cvLUCnknbN84fY8V7ya2pFGR+gYnSIHXaAiukElVEYUPaJX9I4+rCfrzfq0viatKWs6c4j+hPX9A1ozsMI=</latexit>

2

66664

19.4
18.3
34.8
15.6
1.8

3

77775

<latexit sha1_base64="s/jOr8bin60pd1KEwt8cYg4cE5A=">AAACKXicbVBNSwMxEM36WetX1aOXYBE8Lbtt1XorevFYwX5At5RsOm1Ds9klyYpl6d/x4l/xoqCoV/+I2baItg6EeXkzj5l5fsSZ0o7zYS0tr6yurWc2sptb2zu7ub39ugpjSaFGQx7Kpk8UcCagppnm0IwkkMDn0PCHV2m9cQdSsVDc6lEE7YD0BesxSrShOrmK50OficQPiJbsfuxe2CXsedgt28U0F0t2efI/tc/SjF277IHo/gg6ubxjO5PAi8CdgTyaRbWTe/G6IY0DEJpyolTLdSLdTojUjHIYZ71YQUTokPShZaAgAah2Mrl0jI8N08W9UJonNJ6wvxUJCZQaBb7pNPsN1HwtJf+rtWLdK7cTJqJYg6DTQb2YYx3i1DbcZRKo5iMDCJXM7IrpgEhCtTE3a0xw509eBPWC7Rbtwk0pX7mc2ZFBh+gInSAXnaMKukZVVEMUPaAn9IrerEfr2Xq3PqetS9ZMc4D+hPX1DfImosU=</latexit>

1 x w x2 w2
<latexit sha1_base64="OCI+efn7wVUr9WUV5OfU4b0I99s=">AAACAnicbZC7TsMwFIadcivlFmBCLBYVElOVBCQYK1gYi0QvUptWjuu0Vh0nsh2giloWXoWFAYRYeQo23gYnzQAtR7L16f/PkX1+L2JUKsv6NgpLyyura8X10sbm1vaOubvXkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3ukr95h0Rkob8Vo0j4gZowKlPMVJa6pkHNpxO4UN63WfUdTLuOj2zbFWsrOAi2DmUQV61nvnV6Yc4DghXmCEp27YVKTdBQlHMyKTUiSWJEB6hAWlr5Cgg0k2yFSbwWCt96IdCH65gpv6eSFAg5TjwdGeA1FDOe6n4n9eOlX/hJpRHsSIczx7yYwZVCNM8YJ8KghUba0BYUP1XiIdIIKx0aiUdgj2/8iI0nIp9WnFuzsrVyzyOIjgER+AE2OAcVME1qIE6wOARPINX8GY8GS/Gu/Exay0Y+cw++FPG5w/SgpXI</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>

5 = n = 1 + p
<latexit sha1_base64="tc3FkF9jh/HYZKkgxPG+bWQA8kM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBEMpuVfQiFL14rGA/oF1KNs22oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QUNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg39ZsjqjSL5KMZx9QXuC9ZyAg2VvIv0Q2Stjx0huJuseSW3RnQMvEyUoIMtW7xq9OLSCKoNIRjrdueGxs/xcowwumk0Ek0jTEZ4j5tWyqxoNpPZ0dP0IlVeiiMlC1p0Ez9PZFiofVYBLZTYDPQi95U/M9rJya89lMm48RQSeaLwoQjE6FpAqjHFCWGjy3BRDF7KyIDrDAxNqeCDcFbfHmZNCpl77xcebgoVW+zOPJwBMdwCh5cQRXuoQZ1IPAEz/AKb87IeXHenY95a87JZg7hD5zPHwSvj6k=</latexit>

ŷ = �19 + 3x+ 2.3w � 1.2x2 � 0.02w2
<latexit sha1_base64="AfZnAGCtj3etqHpeihVYpRje/Kg=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQpcPMVFAXQtGNywr2Ae20ZNK0Dc08SDK2w9B/cOOvuHGhiFs37vwb03YW2nog4eSce7m5xw0ZFdI0v7XM0vLK6lp2PbexubW9o+/uVUUQcUwqOGABr7tIEEZ9UpFUMlIPOUGey0jNHdxM/NoD4YIG/r2MQ+J4qOfTLsVIKqmtnzT7SCbxGF7BgnUJT2FxpC7bKA7V27BHLRsWTMO0hy27recVmwIuEisleZCi3Na/mp0ARx7xJWZIiIZlhtJJEJcUMzLONSNBQoQHqEcaivrII8JJpjuN4ZFSOrAbcHV8Cafq744EeULEnqsqPST7Yt6biP95jUh2L5yE+mEkiY9ng7oRgzKAk4Bgh3KCJYsVQZhT9VeI+4gjLFWMORWCNb/yIqnahlU07LuzfOk6jSMLDsAhOAYWOAclcAvKoAIweATP4BW8aU/ai/aufcxKM1rasw/+QPv8AaWPmPY=</latexit>

R2 = 1
<latexit sha1_base64="PNc3FY/r6Bd3Ys3N+tI+iPuqBe8=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHKOYByRpmJ5NkyOzsMtMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0c3Ubz5xbUSkHnAccz+kAyX6glG0UvP+sUKuiNctltyyOwNZJl5GSpCh1i1+dXoRS0KukElqTNtzY/RTqlEwySeFTmJ4TNmIDnjbUkVDbvx0du6EnFilR/qRtqWQzNTfEykNjRmHge0MKQ7NojcV//PaCfYv/VSoOEGu2HxRP5EEIzL9nfSE5gzl2BLKtLC3EjakmjK0CRVsCN7iy8ukUSl7Z+XK3Xmpep3FkYcjOIZT8OACqnALNagDgxE8wyu8ObHz4rw7H/PWnJPNHMIfOJ8/cw6OVA==</latexit>

Suppose we have only 5 observations



Summary Properties of 
Multiple Linear Regression 



Ø When               the errors are 0 and the fit is perfect.

Ø When                            there is not a unique solution for 
the coefficients

Ø When                             the features perfectly predict y. 

p = n
<latexit sha1_base64="UyayqFjaSD3WFDTUrxg5aEkLveg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c381hMqzRP5aMYpBjEdSB5xRo2V/JTcENkrV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmrWqd1GtPVxW6rd5HEU4gVM4Bw+uoA730AAfGHB4hld4c6Tz4rw7H4vWgpPPHMMfOJ8/1geOCw==</latexit>

rank X < p
<latexit sha1_base64="AG0gW8htM8OuCWzJyYsfYQEQTv0=">AAACA3icbVBNS8NAEN34WetX1JteFovgqSRV0IOHUi8eK9gPaELZbDft0s0m7E7EEgpe/CtePCji1T/hzX/jts1BWx8MPN6bYWZekAiuwXG+raXlldW19cJGcXNre2fX3ttv6jhVlDVoLGLVDohmgkvWAA6CtRPFSBQI1gqG1xO/dc+U5rG8g1HC/Ij0JQ85JWCkrn3oAXsAFWWKyCEeY68WBFl7jK9w0rVLTtmZAi8SNycllKPetb+8XkzTiEmggmjdcZ0E/Iwo4FSwcdFLNUsIHZI+6xgqScS0n01/GOMTo/RwGCtTEvBU/T2RkUjrURSYzojAQM97E/E/r5NCeOlnXCYpMElni8JUYIjxJBDc44pRECNDCFXc3IrpgChCwcRWNCG48y8vkmal7J6VK7fnpWotj6OAjtAxOkUuukBVdIPqqIEoekTP6BW9WU/Wi/Vufcxal6x85gD9gfX5AzHSlzU=</latexit>

~y 2 span{X}
<latexit sha1_base64="l35UthNWmKwUc66gn8xYQqYyOMA=">AAACDXicbVA9SwNBEN3z2/gVtbRZjIJVuIuClkEbSwVjArkQ9jaTZMne3rE7FzyO+wM2/hUbC0Vs7e38N24+Ck18MPB4b4aZeUEshUHX/XYWFpeWV1bX1gsbm1vbO8XdvXsTJZpDjUcy0o2AGZBCQQ0FSmjEGlgYSKgHg6uRXx+CNiJSd5jG0ApZT4mu4Ayt1C4e+UPgWZpTXyjqIzygDjMTM5X7mX8ZBFkj9/N2seSW3THoPPGmpESmuGkXv/xOxJMQFHLJjGl6boytjGkUXEJe8BMDMeMD1oOmpYqFYFrZ+JucHlulQ7uRtqWQjtXfExkLjUnDwHaGDPtm1huJ/3nNBLsXrUyoOEFQfLKom0iKER1FQztCA0eZWsK4FvZWyvtMM442wIINwZt9eZ7cV8reablye1aqXk7jWCMH5JCcEI+ckyq5JjekRjh5JM/klbw5T86L8+58TFoXnOnMPvkD5/MHwd6coQ==</latexit>

Ø Multiple Linear Least Squares regression is equivalent to 
projecting y onto the span of the features.


