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Slides by:

Joseph E. Gonzalez, Deb Nolan, & Fernando Perez

jegonzal@berkeley.edu

?

Data Science 100
Final Review (Part 1)

Logistics

When:
8:00AM – 11:00AM Thursday, May 10th

Ø That is so early! 
Ø We agree!

Ø Set an alarm
Ø Set a second alarm
Ø Call a friend and ask them to set an alarm
Ø Go to bed at a reasonable hour

Where:
RSF Field House

Line up here

What to Bring

Ø Cal ID Card

Ø Pencils and Erasers

Ø A two page study guide (more on this in a moment)

Ø No food or drink is allowed in RSF Fieldhouse

mailto:deborah_nolan@berkeley.edu
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How to make a Study Guide
Ø We don’t call it a cheat sheet.  Why?

Ø Cheating is bad … Don’t cheat.
Ø Goal: after you make it you don’t need it

Ø You could just miniaturize all the lectures but this would 
not help you study.

Ø Go over lectures, HWS, projections, sections, and labs
Ø Try to explain the material to your friends (real and imagined)
Ø Write big concepts, technical ideas, terminology, & definitions. 
Ø Think about how things are arranged.

Ø You should be able to explain everything on your guide

What is the format? 

Ø Same format as the midterm: largely multiple choice and 
very short answer

Ø You will not need to write long programs 

Ø You will need to read Python, SQL, and Regular 
expressions (find bugs, explain what they do, match with 
output …)

Ø For Python APIs and Regex syntax we will provide a 
reference sheet (same as midterm).

What is covered on the final?

Ø Everything!

… except Apache Spark L [which I really like]

… but you should know MapReduce concepts J

Ø This includes material before the midterm. (Review the 
midterm!)

Ø This exam review covers material up to the midterm

Ø Thursday will cover material after the midterm

Material Before the Midterm

Ø Data Sampling and 
Collection

Ø Pandas Indexes, 
DataFrames Series, Pivot 
Tables, Group By, and 
Merge 

Ø Exploratory Data Analysis 
and Data Cleaning

Ø Data Visualization and 
plotting 

Ø Web technologies (http 
and requests)

Ø Regular Expressions 

Ø SQL

Ø Modeling and Estimation 
(Loss functions)

Ø Gradient Descent

Breakdown by Question
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Data Collection and Sampling
Ø Census: the complete population of interest

Ø Important to identify the population of interest

Probability Samples:

Ø Simple Random Sample (SRS): a random subset where every subset has 
equal chance of being chosen

Ø Stratified Sample: population is partition into strata and a SRS is taken 
within each strata
Ø Samples from each strata don’t need to be the same size

Ø Cluster Sample: divide population into groups, take an SRS of groups, 
and elements from each group are selected
Ø Often take all elements (one-stage) may sample within groups (two-stage)

Non Probability Samples
Ø Administrative Sample: data collected to support an 

administrative purpose and not for research
Ø Bigger isn’t always better à bias still an issue at scale

Ø Voluntary Sample: self-selected participation
Ø Sensitive to self selection bias

Ø Convenience Sample: the data you have …
Ø often administrative

Code
Python + Numpy + Pandas + Seaborn
+ SQL + Regex +HTTP 

Pandas
Ø Review column selection and Boolean slicing on rows

Ø Review groupby, merge, and pivot_table:
Ø df.groupby([‘state’, ‘gender’])[[‘age’, ‘height’]].mean()
Ø dfA.merge(dfB, on=‘key’, how=‘outer’)
Ø df.pivot_table(index, columns, values, aggfunc, fill_value)

Ø Understand rough usage of basic plotting commands
Ø plot, bar, histogram …
Ø sns.distplot

Group By – manipulating granularity
Key Data

A 3
A 1
A 2

A 3

B 1

C 4

A 1

B 5

C 9

B 6

C 5

A 2

B 1

C 4

B 5

C 9

B 6

C 5

Split into
Groups

Aggregate
Function

Aggregate
Function

Aggregate
Function

A 6

B 12
C 18

A 6
B 12

C 18

Merge
Results

Pivot – A kind of Group By Operation
Key

R Data

B 1V

C 4U

A 1V

B 5U

C 9V
A 2U

B 6V

D 5U

Key
C

A 3U

C 4U

A 1V

B 5U

C 9V

B 1V
B 6V

D 5U

A 2U
A 3U

Split into
Groups

Aggregate
Function A 5U

Aggregate
Function A 1V

Aggregate
Function B 5U

Aggregate
Function B 7V

Aggregate
Function C 4U

Aggregate
Function C 9V

Aggregate
Function D 5U

A 5

U

A 1

B 5 7

C 4 9

D 5

V

Need to address 
missing values
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Joining data across tables

Ø Joins are a way to connect data across multiple tables

OrderNum ProdID Quantity
1 42 3

1 999 2
2 42 1

ProdID Cost
42 3.14

999 2.72

Purchases.csv Products.csv

⨝
Join

=
OrderNum ProdID Quantity Cost
1 42 3 3.14
1 999 2 2.72

2 42 1 3.14

Joined Table
EDA & Data Visualization

Kinds of Data

Quantitative Data

Examples:
• Price
• Quantity
• Temperature
• Date
• …

Numbers with meaning ratios 
or intervals.

Categorical Data

Ordinal

Examples:
• Preferences
• Level of education
• …

Categories with orders but no 
consistent meaning if 

magnitudes or intervals

Nominal

Examples:
• Political Affiliation
• CalD number
• …

Categories with no 
specific ordering.

Note that categorical data can also 
be numbers and quantitative data 

may be stored as strings. Visualizing Univariate Relationships

Ø Quantitative Data
Ø Histograms, Box Plots, Rug Plots, Smoothed Interpolations (KDE –

Kernel Density Estimators)
Ø Look for symmetry, skew, spread, modes, gaps, outliers…

Ø Nominal & Ordinal Data
Ø Bar plots (sorted by frequency or ordinal dimension)
Ø Look for skew, frequent and rare categories, or invalid 

categories
Ø Consider grouping categories and repeating analysis

Main 
Mode

Second 
Mode

Skew
 Right

Gap
Outliers

Rug

Hi
st

og
ra

m

Smoothed 
Density 

Estimator

Histograms, Rug Plots, and KDE Interpolation
Describes distribution of data – relative prevalence of values

Ø Histogram
Ø relative frequency of values 
Ø Tradeoff of bin sizes

Ø Rug Plot
Ø Shows the actual data 

locations

Ø Smoothed density estimator
Ø Tradeoff of “bandwidth” 

parameter (more on this later) 

Techniques of Visualization
Ø Scale: ranges of values and how they are presented

Ø Units, starting points, zoom, …

Ø Conditioning: breakdown visualization across dimensions for 
comparison (e.g., separate lines for males and females)

Ø Perception
Ø Length: encode relative magnitude (best for comparison)
Ø Color: encode conditioning and additional dimensions and

Ø Transformations: to linearize relationships highlight important 
trends 
Ø Symmetrize distribution
Ø Linearize relationships (e.g., Tukey Mosteller Bulge)

Ø Things to avoid stacking, jiggling, chart junk, and over plotting
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Bad Plot Terminology
Pie charts à Bar charts Eliminate Stacking and Jiggling

Over plotting

Chart
Junk

Area
Perception + Chart Junk

Linearizing Relationships

Log(x)

Log(y)

Log(y)

Log(x)

Dealing with Big Data
Ø Big n (many rows)

Ø Aggregation & Smoothing – compute summaries over groups/regions
Ø Sliding windows, kernel density smoothing

Ø Set transparency or use contour plots to avoid over-plotting

Ø Big p (many columns)
Ø Create new hybrid columns that summarize multiple columns

Ø Example: total sources of revenue instead of revenue by product
Ø Use dimensionality reduction techniques to automatically derive 

columns that preserve the relationships between records (e.g., 
distances)
Ø PCA – not required to know PCA for the exam.

Kernel Density Estimator

Sum the 3 kernels at 
each point to get 
the density curve 

Gaussian Kernels

K↵(r) =
1p
2⇡↵2

exp

✓
� r2

2↵2

◆

f(x) =
1

n

nX

i=1

K↵(x� xi)

Web 
Technologies
XML/JSON/HTTP/REST

Request – Response Protocol

Swipe

Request
Client Server

HTTP/1.1 200 OK
Server: GitHub.com
Date: Mon, 12 Feb 2018 05:41:55 GMT
…H

ea
d

er

<!DOCTYPE html><html lang="en"> <head>  <meta charset="utf-8">    

<meta http-equiv="X-UA-Compatible" content="IE=edge">    

<title>DS100</title><meta name="author" content="UC Berkeley"> > …Bo
d

y

Response

GET /sp18/syllabus.html?a=1 HTTP/1.1

HOST: ds100.org

…He
ad

er
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Request Types (Main Types)
Ø Know differences between put and get

Ø GET – get information 
Ø Parameters passed in URI (limited to ~2000 characters)

Ø /app/user_info.json?username=mejoeyg&version=now
Ø Request body is typically ignored 

Ø Should not have side-effects (e.g., update user info)
Ø Can be cached in on server, network, or in browser (bookmarks)

Ø POST – send information
Ø Parameters passed in URI and BODY
Ø May  and typically will have side-effects 
Ø Often used with web forms.

HTML/XML/JSON

Ø Most services will exchange data in HTML, XML, or JSON

Ø Nested data formats (review JSON notebook)
Ø Understand how JSON objects map to python objects (HWs)

Ø JSON List à Python List
Ø JSON Dictionary à Python Dictionary
Ø JSON Literal à Python Literal

Ø Review basic XML formatting requirements:
Ø Well nested tags, no spaces, case sensitive, 

Ø Be able to read XML and JSON and identify basic bugs

String Manipulation
and 
Regular Expressions

Regex Reference Sheet
^ match beginning of string (unless 
used for negation [^ … ])

$ match end of string character

? match preceding character or 
subexpression at most once

+ match preceding character or 
subexpression one or more times

* match preceding character or 
subexpression zero or more times

. matches any character except 
newline

[ ] match any single character inside
- match a range of characters [a-c]

( ) used to create sub-expressions

\b match boundary between words

\w match a ”word” character (letters, digits, 
underscore). \W is the complement

\s match a whitespace character including 
tabs and newlines. \S is the complement

\d match a digit. \D is the complement

You should know these.

Greedy Matching
Ø Greedy matching: * and + match as many characters as 

possible using the preceding subexpression in the regular 
expression before going to the next subexpression.

Ø Example
Ø <.*> matches  <body>text</body>

Ø ? The modifier suffix makes * and + non-greedy.
Ø <.*?> matches  <body>text</body>

Suggested Practice 

Ø https://www.w3resource.com/python-exercises/re/

Ø Try running regular expression on the midterm through:
Ø https://regex101.com/
Ø Don’t forget to switch to python mode.

Ø r”\d\d/\d\d/\d{4}”
Ø Dates

Ø r”\w*’\w”
Ø Don’t

Ø r”[Aa]naly[zs]e”
Ø Analyze Analyse

https://www.w3resource.com/python-exercises/re/
https://regex101.com/
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SQL

Relational Terminology

Ø Database: Set of Relations (i.e., one or more tables)

Ø Attribute (Column)

Ø Tuple (Record, Row)

Ø Relation (Table):
Ø Schema: the set of column names, their types, and any 

constraints
Ø Instance: data satisfying the schema 

Ø Schema of database is set of schemas of its relations

Conceptual SQL 
Evaluation

SELECT        [DISTINCT]  target-list
FROM         relation-list
WHERE        qualification
GROUP BY  grouping-list
HAVING      group-qualification

Try Queries Here
http://sqlfiddle.com/#!17/67109/12

GROUP BY

One or more tables 
to use 
(cross product …)

Apply selections
(eliminate rows)

Project away columns
(just keep those used in 
SELECT, GBY, HAVING)

WHERE

FROM HAVING

Form groups 
& aggregate

SELECT

Eliminate 
groups

[DISTINCT] Eliminate 
duplicates

Kinds of Joins
Inner Joins Left Joins Right Joins Outer Join

Review the slides and syntax for each join type
SELECT r.sid, b.bid, b.bname
FROM Reserves3 r FULL JOIN Boats2 b 
ON r.bid = b.bid

sid bid day

22 101 1996-10-10
95 103 1996-11-12
38 42 2010-08-21

Reserves3 bid bname color

101 Interlake blue

102 Interlake red

103 Clipper green

104 Marine red

Boats2 sid bid bname

22 101 Interlake

95 103 Clipper

38 (null) (null)

(null) 104 Marine

(null) 102 Interlake

Result:

Putting it all together

SELECT c.name, AVG(g.grade) AS avg_g, COUNT(*) AS size
FROM grades AS g, classes AS c
WHERE g.class_id = c.class_id AND 

g.year = “2006”
GROUP BY g.class_id
HAVING COUNT(*) > 2
ORDER BY avg_g DESC

What does this compute?

GROUP BY

WHERE

FROM HAVING

SELECT

[DISTINCT]

Modeling and Estimation

http://sqlfiddle.com/
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Summary of Model Estimation
1. Define the Model: simplified representation of the world

Ø Use domain knowledge but … keep it simple!
Ø Introduce parameters for the unknown quantities

2. Define the Loss Function: measures how well a particular instance 
of the model “fits” the data
Ø We introduced L2, L1, and Huber losses for each record
Ø Take the average loss over the entire dataset

3. Minimize the Loss Function: find the parameter values that 
minimize the loss on the data
Ø Analytically using calculus
Ø Numerically using gradient descent

Linear Models
One of the most widely used tools in machine learning and data science 

✓̂ = argmin
1

n

nX

i=1

0

@yi �
dX

j=1

✓j�j(xi)

1

A
2

<latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="JjIWah43WN6UaY0E+zfQQWmoPPU="></latexit><latexit sha1_base64="38wDm0Nj2keEs3aBR9LO3cBQqeY="></latexit><latexit sha1_base64="38wDm0Nj2keEs3aBR9LO3cBQqeY="></latexit><latexit sha1_base64="vtVfYrXbrrr6z5PNRZKSz8vrQi8="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit><latexit sha1_base64="vsDCYQ18LNu87epbziPYFsBudoA="></latexit>

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Model

Loss Minimization

Linear in the Parameters

Squared Loss
Feature Functions

We will return to 
solving this soon!

Linear Models and Feature Functions

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

Designing the feature functions is a big part of machine 
learning and data science.

Feature Functions
Ø capture domain knowledge
Ø substantial contribute to expressivity (and complexity)

Linear Models and Feature Functions

For Example: x 2 R
<latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit>

Features:

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

f✓(x) = ✓1x+ ✓2
<latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit><latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit><latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit><latexit sha1_base64="0GvAmQHtgITRZI/M+4ufSYLzn74="></latexit>

Model:Domain:

�1(x) = x

�2(x) = 1
<latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit><latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit><latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit><latexit sha1_base64="D2Df3YfR9+2nldcWnBipHeD4jzQ="></latexit>

✓1 = �1.0

✓2 = 3.0
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Adding a “constant” feature 
function

is a common method to 
introduce an offset (also 
sometimes called bias) term.

�2(x) = 1
<latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit><latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit><latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit><latexit sha1_base64="fAAK3YVECwP6crU2nBRPOV3+gGs="></latexit>

Linear Models and Feature Functions

For Example: x 2 R
<latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit><latexit sha1_base64="42PtBbuPVhHx/+3NmkmVj2xxLg8="></latexit>

Features:

f✓(x) = ✓1x+ ✓2 sin(x) + ✓3 sin(5x)
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�1(x) = x

�2(x) = sin(x)

�3(x) = sin(5x)
<latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit><latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit><latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit><latexit sha1_base64="OBQF7qDjNzzSPsmNel3JfMeft60="></latexit>

✓1 = 1.0

✓2 = 2.0

✓3 = 1.0
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ß This is a linear model!

Linear in the parameters

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

Linear Models and Feature Functions

For Example:

Features:
ß This is a linear model!

Linear in the parameters

ŷ = f✓(x) =
dX

j=1

✓j�j(x)

<latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit><latexit sha1_base64="qsOMAzZNPey14bzGcJFQyCBZ/n0="></latexit>

Linear in the Parameters

Feature Functions

x 2 R2
<latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit><latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit><latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit><latexit sha1_base64="VzybSL23cOojXNS3v8O1dF0U1/Y="></latexit>

�1(x) = x1x2

�2(x) = cos(x2x1)

�3(x) = I [x1 > x2]
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f✓(x) = ✓1x1x2 + ✓2 cos(x2x1) + ✓3I [x1 > x2]
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Loss Functions
Ø Loss function: a function that characterizes the cost, error, or 

loss resulting from a choice of model and parameters.

L (✓, y) = (y � ✓)2 L (✓, y) = |y � ✓| L↵ (✓, y) =

(
1
2 (y � ✓)2 |y � ✓| < ↵

↵
�
|y � ✓|� ↵

2

�
otherwise

Squared Loss (L2) Absolute Loss (L2) Huber Loss
Smooth, 
Sensitive to Outliers

Non-smooth,
Robust

Smooth,
Robust

The Average Cross Entropy Loss

Ø If yi = 1

Ø If yi = 0

L(✓) = � 1

n

nX

i=1

�
yi log

�
�
�
�(xi)

T ✓
��

+ (1� yi) log
�
1� �

�
�(xi)

T ✓
���

<latexit sha1_base64="qFW0zXpZr58pjeo7DZE8Arf7nwc="></latexit><latexit sha1_base64="qFW0zXpZr58pjeo7DZE8Arf7nwc="></latexit><latexit sha1_base64="qFW0zXpZr58pjeo7DZE8Arf7nwc="></latexit><latexit sha1_base64="qFW0zXpZr58pjeo7DZE8Arf7nwc="></latexit>

� log
�
�
�
�(xi)

T ✓
��

<latexit sha1_base64="Tj7qvvMcefoX04eyn1ZagARc8Zg=">AAACJHicbVDJSgQxEE27juM26tFLcBDGg0O3CApeRC8eR5hFmG6bdKa6O5heSKrFYfBjvPgrXjy44MGL32JmEdwehLy8V0WlXpBLodG2362p6ZnZufnSQnlxaXlltbK23tZZoTi0eCYzdREwDVKk0EKBEi5yBSwJJHSCq9Oh37kGpUWWNrGfg5ewKBWh4AyN5FeOdl2ZRa6EEGvU1SJK2Ncjj0Xtxhc7l03qYgzIqKtEFOPO1+1XqnbdHoH+Jc6EVMkEDb/y4vYyXiSQIpdM665j5+gNmELBJdyW3UJDzvgVi6BraMoS0N5gtOQt3TZKj4aZMidFOlK/dwxYonU/CUxlwjDWv72h+J/XLTA89AYizQuElI8HhYWkmNFhYrQnFHCUfUMYV8L8lfKYKcbR5Fo2ITi/V/5L2nt1x6475/vV45NJHCWySbZIjTjkgByTM9IgLcLJHXkgT+TZurcerVfrbVw6ZU16NsgPWB+f/3ejxw==</latexit><latexit sha1_base64="Tj7qvvMcefoX04eyn1ZagARc8Zg=">AAACJHicbVDJSgQxEE27juM26tFLcBDGg0O3CApeRC8eR5hFmG6bdKa6O5heSKrFYfBjvPgrXjy44MGL32JmEdwehLy8V0WlXpBLodG2362p6ZnZufnSQnlxaXlltbK23tZZoTi0eCYzdREwDVKk0EKBEi5yBSwJJHSCq9Oh37kGpUWWNrGfg5ewKBWh4AyN5FeOdl2ZRa6EEGvU1SJK2Ncjj0Xtxhc7l03qYgzIqKtEFOPO1+1XqnbdHoH+Jc6EVMkEDb/y4vYyXiSQIpdM665j5+gNmELBJdyW3UJDzvgVi6BraMoS0N5gtOQt3TZKj4aZMidFOlK/dwxYonU/CUxlwjDWv72h+J/XLTA89AYizQuElI8HhYWkmNFhYrQnFHCUfUMYV8L8lfKYKcbR5Fo2ITi/V/5L2nt1x6475/vV45NJHCWySbZIjTjkgByTM9IgLcLJHXkgT+TZurcerVfrbVw6ZU16NsgPWB+f/3ejxw==</latexit><latexit sha1_base64="Tj7qvvMcefoX04eyn1ZagARc8Zg=">AAACJHicbVDJSgQxEE27juM26tFLcBDGg0O3CApeRC8eR5hFmG6bdKa6O5heSKrFYfBjvPgrXjy44MGL32JmEdwehLy8V0WlXpBLodG2362p6ZnZufnSQnlxaXlltbK23tZZoTi0eCYzdREwDVKk0EKBEi5yBSwJJHSCq9Oh37kGpUWWNrGfg5ewKBWh4AyN5FeOdl2ZRa6EEGvU1SJK2Ncjj0Xtxhc7l03qYgzIqKtEFOPO1+1XqnbdHoH+Jc6EVMkEDb/y4vYyXiSQIpdM665j5+gNmELBJdyW3UJDzvgVi6BraMoS0N5gtOQt3TZKj4aZMidFOlK/dwxYonU/CUxlwjDWv72h+J/XLTA89AYizQuElI8HhYWkmNFhYrQnFHCUfUMYV8L8lfKYKcbR5Fo2ITi/V/5L2nt1x6475/vV45NJHCWySbZIjTjkgByTM9IgLcLJHXkgT+TZurcerVfrbVw6ZU16NsgPWB+f/3ejxw==</latexit><latexit sha1_base64="Tj7qvvMcefoX04eyn1ZagARc8Zg=">AAACJHicbVDJSgQxEE27juM26tFLcBDGg0O3CApeRC8eR5hFmG6bdKa6O5heSKrFYfBjvPgrXjy44MGL32JmEdwehLy8V0WlXpBLodG2362p6ZnZufnSQnlxaXlltbK23tZZoTi0eCYzdREwDVKk0EKBEi5yBSwJJHSCq9Oh37kGpUWWNrGfg5ewKBWh4AyN5FeOdl2ZRa6EEGvU1SJK2Ncjj0Xtxhc7l03qYgzIqKtEFOPO1+1XqnbdHoH+Jc6EVMkEDb/y4vYyXiSQIpdM665j5+gNmELBJdyW3UJDzvgVi6BraMoS0N5gtOQt3TZKj4aZMidFOlK/dwxYonU/CUxlwjDWv72h+J/XLTA89AYizQuElI8HhYWkmNFhYrQnFHCUfUMYV8L8lfKYKcbR5Fo2ITi/V/5L2nt1x6475/vV45NJHCWySbZIjTjkgByTM9IgLcLJHXkgT+TZurcerVfrbVw6ZU16NsgPWB+f/3ejxw==</latexit>

� log
�
1� �

�
�(xi)

T ✓
��

<latexit sha1_base64="PR9qqdRBA5bnhZTtqceku+WLXPs=">AAACJ3icbVDLSgMxFM34rPVVdekmWIS6aJkRQVdSdOOyQluFTi2Z9M5MaOZBckcspX/jxl9xI6iILv0T0zqCrwMhJ+fcy809XiqFRtt+s2Zm5+YXFgtLxeWV1bX10sZmWyeZ4tDiiUzUpcc0SBFDCwVKuEwVsMiTcOENTif+xTUoLZK4icMUuhELYuELztBIvdJx1ZVJ4ErwsUKdKnW1CCKWv900FJWbnti7alIXQ0BGXSWCEPe+7l6pbNfsKehf4uSkTHI0eqVHt5/wLIIYuWRadxw7xe6IKRRcwrjoZhpSxgcsgI6hMYtAd0fTPcd01yh96ifKnBjpVP3eMWKR1sPIM5URw1D/9ibif14nQ/+oOxJxmiHE/HOQn0mKCZ2ERvtCAUc5NIRxJcxfKQ+ZYhxNtEUTgvN75b+kvV9z7JpzflCun+RxFMg22SEV4pBDUidnpEFahJNbck+eyLN1Zz1YL9brZ+mMlfdskR+w3j8AUvekYw==</latexit><latexit sha1_base64="PR9qqdRBA5bnhZTtqceku+WLXPs=">AAACJ3icbVDLSgMxFM34rPVVdekmWIS6aJkRQVdSdOOyQluFTi2Z9M5MaOZBckcspX/jxl9xI6iILv0T0zqCrwMhJ+fcy809XiqFRtt+s2Zm5+YXFgtLxeWV1bX10sZmWyeZ4tDiiUzUpcc0SBFDCwVKuEwVsMiTcOENTif+xTUoLZK4icMUuhELYuELztBIvdJx1ZVJ4ErwsUKdKnW1CCKWv900FJWbnti7alIXQ0BGXSWCEPe+7l6pbNfsKehf4uSkTHI0eqVHt5/wLIIYuWRadxw7xe6IKRRcwrjoZhpSxgcsgI6hMYtAd0fTPcd01yh96ifKnBjpVP3eMWKR1sPIM5URw1D/9ibif14nQ/+oOxJxmiHE/HOQn0mKCZ2ERvtCAUc5NIRxJcxfKQ+ZYhxNtEUTgvN75b+kvV9z7JpzflCun+RxFMg22SEV4pBDUidnpEFahJNbck+eyLN1Zz1YL9brZ+mMlfdskR+w3j8AUvekYw==</latexit><latexit sha1_base64="PR9qqdRBA5bnhZTtqceku+WLXPs=">AAACJ3icbVDLSgMxFM34rPVVdekmWIS6aJkRQVdSdOOyQluFTi2Z9M5MaOZBckcspX/jxl9xI6iILv0T0zqCrwMhJ+fcy809XiqFRtt+s2Zm5+YXFgtLxeWV1bX10sZmWyeZ4tDiiUzUpcc0SBFDCwVKuEwVsMiTcOENTif+xTUoLZK4icMUuhELYuELztBIvdJx1ZVJ4ErwsUKdKnW1CCKWv900FJWbnti7alIXQ0BGXSWCEPe+7l6pbNfsKehf4uSkTHI0eqVHt5/wLIIYuWRadxw7xe6IKRRcwrjoZhpSxgcsgI6hMYtAd0fTPcd01yh96ifKnBjpVP3eMWKR1sPIM5URw1D/9ibif14nQ/+oOxJxmiHE/HOQn0mKCZ2ERvtCAUc5NIRxJcxfKQ+ZYhxNtEUTgvN75b+kvV9z7JpzflCun+RxFMg22SEV4pBDUidnpEFahJNbck+eyLN1Zz1YL9brZ+mMlfdskR+w3j8AUvekYw==</latexit><latexit sha1_base64="PR9qqdRBA5bnhZTtqceku+WLXPs=">AAACJ3icbVDLSgMxFM34rPVVdekmWIS6aJkRQVdSdOOyQluFTi2Z9M5MaOZBckcspX/jxl9xI6iILv0T0zqCrwMhJ+fcy809XiqFRtt+s2Zm5+YXFgtLxeWV1bX10sZmWyeZ4tDiiUzUpcc0SBFDCwVKuEwVsMiTcOENTif+xTUoLZK4icMUuhELYuELztBIvdJx1ZVJ4ErwsUKdKnW1CCKWv900FJWbnti7alIXQ0BGXSWCEPe+7l6pbNfsKehf4uSkTHI0eqVHt5/wLIIYuWRadxw7xe6IKRRcwrjoZhpSxgcsgI6hMYtAd0fTPcd01yh96ifKnBjpVP3eMWKR1sPIM5URw1D/9ibif14nQ/+oOxJxmiHE/HOQn0mKCZ2ERvtCAUc5NIRxJcxfKQ+ZYhxNtEUTgvN75b+kvV9z7JpzflCun+RxFMg22SEV4pBDUidnpEFahJNbck+eyLN1Zz1YL9brZ+mMlfdskR+w3j8AUvekYw==</latexit>

This came after the Midterm
but is reviewed here

for fun

Prb yi = 1

Prb yi = 0

argmin
✓

1

n

nX

i=1

K�1X

k=0

P (yi = k |xi) log

✓
P (yi = k |xi)

P̂✓ (yi = k |xi)

◆

<latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit><latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit><latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit><latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit>

Ø Average cross entropy loss

� P (yi = k |xi) log
⇣
P̂✓ (yi = k |xi)

⌘

x = , y = 1 “cute"

Cute Not Cute

Observed 
Probability
Predicted 
Probability 
Cross Ent.

P̂✓ (y = 0 |x)
<latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit><latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit><latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit><latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit>

P̂✓ (y = 1 |x)
<latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit><latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit><latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit><latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit>

P (y = 1 |x)
<latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit><latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit><latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit><latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit>

P (y = 0 |x)
<latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit><latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit><latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit><latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit>

Cute Cat Example

�P log P̂✓
<latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="MpWzkpssO2meI7fbQseqOEL3MTc="></latexit><latexit sha1_base64="opgKScbIRGv2INjnzETAHOktUbs="></latexit><latexit sha1_base64="opgKScbIRGv2INjnzETAHOktUbs="></latexit><latexit sha1_base64="HWC7SBJtdm0Ij53UU5NHYMNA8Mo="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit>

= 1.0 = 0.0

= 0.8 = 0.2
-1.0 Log(0.8)
≈ 0.22

-0.0 Log(0.2)
= 0.0

Also called the log loss because it is the log 
of the predicted probability for the true class

argmin
✓

1

n

nX

i=1

K�1X

k=0

P (yi = k |xi) log

✓
P (yi = k |xi)

P̂✓ (yi = k |xi)

◆

<latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit><latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit><latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit><latexit sha1_base64="H3qbfeLMWo8SPjeslMDRaohEBpY="></latexit>

Ø Average cross entropy loss

� P (yi = k |xi) log
⇣
P̂✓ (yi = k |xi)

⌘

x = , y = 0 “not 
cute"

Cute Not Cute

Observed 
Probability
Predicted 
Probability 
Cross Ent.

P̂✓ (y = 0 |x)
<latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit><latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit><latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit><latexit sha1_base64="PcqIQqJOy2/gh0RqbBzqfwuhZEI="></latexit>

P̂✓ (y = 1 |x)
<latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit><latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit><latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit><latexit sha1_base64="TVWyQfuAUpvuMLSJRzSZFPapmyw="></latexit>

P (y = 1 |x)
<latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit><latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit><latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit><latexit sha1_base64="WN/dzwfPn0DNToUBo7iPgMadGEI="></latexit>

P (y = 0 |x)
<latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit><latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit><latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit><latexit sha1_base64="24Nge58cSIS49TtCzG1Xcu53d0s="></latexit>

Cute Cat Example

�P log P̂✓
<latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="MpWzkpssO2meI7fbQseqOEL3MTc="></latexit><latexit sha1_base64="opgKScbIRGv2INjnzETAHOktUbs="></latexit><latexit sha1_base64="opgKScbIRGv2INjnzETAHOktUbs="></latexit><latexit sha1_base64="HWC7SBJtdm0Ij53UU5NHYMNA8Mo="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit><latexit sha1_base64="6t+eOlzt3YtFH3jsT44Pu2kZjBQ="></latexit>

= 0.0 = 1.0

= 0.7 = 0.3
-0.0 Log(0.7)
= 0.0

-1.0 Log(0.3)
≈ 1.20

Also called the log loss because it is the log 
of the predicted probability for the true class

Example: Minimizing Average L2 Loss

LD(✓) =
1

n

nX

i=1

(yi � ✓)2

@

@✓
LD(✓) =

1

n

nX

i=1

@

@✓
(yi � ✓)2

Average Loss (L2)

Derivative of the Average Loss (L2)

= � 2

n

nX

i=1

(yi � ✓)

0 = � 2

n

nX

i=1

(yi � ✓)

0 =

 
nX

i=1

yi

!
� n✓

✓̂ =
1

n

nX

i=1

yi

1.

2.

3.

Set derivative = 0 and solve for θ…
Essential Calculus: The Chain Rule

Ø How do I compute the derivative of composed functions?

@

@✓
h(✓) =

@

@✓
f (g(✓))

=

✓
@

@u
f(u)

���
u=g(✓)

◆
@

@✓
g(✓)

Derivative of f
evaluated 

at g(θ)

Derivative 
of g(θ)

Know how to calculate derivatives 
of logs, exponents, and 
exponentials.
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Exercise of Calculus
Ø Minimize:

Ø Take the derivative:

L(✓) = (1� log (1 + exp(✓)))2
<latexit sha1_base64="pszSOYzPjnjiX0k9Vyt1F7jE5Dg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK0iGWmiI+FUBDBhYsKVgudWjLpnTY08yC5I5bSP3Hjr7hxoSK40r8xfQi+DgROzjmX5B4vlkKjbX9Yqanpmdm59HxmYXFpeSW7unapo0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBKuvO7x0L+6AaVFFF5gL4ZGwNqh8AVnaKRmdu8s72IHkBXoEc07dIe6Mmq7Enw0t23qwm38lSi4SrQ7WLgu0WY2ZxftEehf4kxIjkxQaWbf3FbEkwBC5JJpXXfsGBt9plBwCYOMm2iIGe+yNtQNDVkAutEf7TegW0ZpUT9S5oRIR+r3iT4LtO4FnkkGDDv6tzcU//PqCfoHjb4I4wQh5OOH/ERSjOiwLNoSCjjKniGMK2H+SnmHKcbRVJoxJTi/V/5LqqXiYdE5382VTyZtpMkG2SR54pB9UianpEKqhJM78kCeyLN1bz1aL9brOJqyJjPr5Aes90+f3J9B</latexit><latexit sha1_base64="pszSOYzPjnjiX0k9Vyt1F7jE5Dg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK0iGWmiI+FUBDBhYsKVgudWjLpnTY08yC5I5bSP3Hjr7hxoSK40r8xfQi+DgROzjmX5B4vlkKjbX9Yqanpmdm59HxmYXFpeSW7unapo0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBKuvO7x0L+6AaVFFF5gL4ZGwNqh8AVnaKRmdu8s72IHkBXoEc07dIe6Mmq7Enw0t23qwm38lSi4SrQ7WLgu0WY2ZxftEehf4kxIjkxQaWbf3FbEkwBC5JJpXXfsGBt9plBwCYOMm2iIGe+yNtQNDVkAutEf7TegW0ZpUT9S5oRIR+r3iT4LtO4FnkkGDDv6tzcU//PqCfoHjb4I4wQh5OOH/ERSjOiwLNoSCjjKniGMK2H+SnmHKcbRVJoxJTi/V/5LqqXiYdE5382VTyZtpMkG2SR54pB9UianpEKqhJM78kCeyLN1bz1aL9brOJqyJjPr5Aes90+f3J9B</latexit><latexit sha1_base64="pszSOYzPjnjiX0k9Vyt1F7jE5Dg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK0iGWmiI+FUBDBhYsKVgudWjLpnTY08yC5I5bSP3Hjr7hxoSK40r8xfQi+DgROzjmX5B4vlkKjbX9Yqanpmdm59HxmYXFpeSW7unapo0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBKuvO7x0L+6AaVFFF5gL4ZGwNqh8AVnaKRmdu8s72IHkBXoEc07dIe6Mmq7Enw0t23qwm38lSi4SrQ7WLgu0WY2ZxftEehf4kxIjkxQaWbf3FbEkwBC5JJpXXfsGBt9plBwCYOMm2iIGe+yNtQNDVkAutEf7TegW0ZpUT9S5oRIR+r3iT4LtO4FnkkGDDv6tzcU//PqCfoHjb4I4wQh5OOH/ERSjOiwLNoSCjjKniGMK2H+SnmHKcbRVJoxJTi/V/5LqqXiYdE5382VTyZtpMkG2SR54pB9UianpEKqhJM78kCeyLN1bz1aL9brOJqyJjPr5Aes90+f3J9B</latexit><latexit sha1_base64="pszSOYzPjnjiX0k9Vyt1F7jE5Dg=">AAACHnicbVDLSgMxFM3UV62vqks3wSK0iGWmiI+FUBDBhYsKVgudWjLpnTY08yC5I5bSP3Hjr7hxoSK40r8xfQi+DgROzjmX5B4vlkKjbX9Yqanpmdm59HxmYXFpeSW7unapo0RxqPJIRqrmMQ1ShFBFgRJqsQIWeBKuvO7x0L+6AaVFFF5gL4ZGwNqh8AVnaKRmdu8s72IHkBXoEc07dIe6Mmq7Enw0t23qwm38lSi4SrQ7WLgu0WY2ZxftEehf4kxIjkxQaWbf3FbEkwBC5JJpXXfsGBt9plBwCYOMm2iIGe+yNtQNDVkAutEf7TegW0ZpUT9S5oRIR+r3iT4LtO4FnkkGDDv6tzcU//PqCfoHjb4I4wQh5OOH/ERSjOiwLNoSCjjKniGMK2H+SnmHKcbRVJoxJTi/V/5LqqXiYdE5382VTyZtpMkG2SR54pB9UianpEKqhJM78kCeyLN1bz1aL9brOJqyJjPr5Aes90+f3J9B</latexit>

@

@✓
L(✓)

<latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit><latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit><latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit><latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit>

=
@

@✓
(1� log (1 + exp(✓)))2

<latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="O4sDayV0gAm2mR13RNLVYT3EJb0=">AAACM3icbVDLSgMxFL3j2/qqbt0ERaiIZcaNuhAENy4VrApNLZn0ThvMPEjuiGXon7nxF9y5deNCxV8wfSi+DoScnHMvufeEmVaWfP/RGxufmJyanpktzc0vLC6Vl+fPbZobiTWZ6tRchsKiVgnWSJHGy8ygiEONF+H1Ud+/uEFjVZqcUTfDRizaiYqUFOSkZvn8gPHICFnwTBhSQve+GKcOkuhxjRFVArbNuE7bn68txvE2qwxrNrlR7Q59Xlc7rFle96v+AOwvCUZkHUY4aZYfeCuVeYwJSS2srQd+Ro2iP4nU2Cvx3GIm5LVoY93RRMRoG8Vg/x7bcEqLRalxJyE2UL93FCK2thuHrjIW1LG/vb74n1fPKdprFCrJcsJEDj+Kcs0oZf0wWUsZlKS7jghplJuVyY5wcZKLvORCCH6v/JfUdqr71eDUhxlYhTWoQAC7cAjHcAI1kHAHT/ACr9699+y9DdMa80axrcAPeO8fAtmtEw==</latexit><latexit sha1_base64="O4sDayV0gAm2mR13RNLVYT3EJb0=">AAACM3icbVDLSgMxFL3j2/qqbt0ERaiIZcaNuhAENy4VrApNLZn0ThvMPEjuiGXon7nxF9y5deNCxV8wfSi+DoScnHMvufeEmVaWfP/RGxufmJyanpktzc0vLC6Vl+fPbZobiTWZ6tRchsKiVgnWSJHGy8ygiEONF+H1Ud+/uEFjVZqcUTfDRizaiYqUFOSkZvn8gPHICFnwTBhSQve+GKcOkuhxjRFVArbNuE7bn68txvE2qwxrNrlR7Q59Xlc7rFle96v+AOwvCUZkHUY4aZYfeCuVeYwJSS2srQd+Ro2iP4nU2Cvx3GIm5LVoY93RRMRoG8Vg/x7bcEqLRalxJyE2UL93FCK2thuHrjIW1LG/vb74n1fPKdprFCrJcsJEDj+Kcs0oZf0wWUsZlKS7jghplJuVyY5wcZKLvORCCH6v/JfUdqr71eDUhxlYhTWoQAC7cAjHcAI1kHAHT/ACr9699+y9DdMa80axrcAPeO8fAtmtEw==</latexit><latexit sha1_base64="VGHj04XJVip6RxBnLi99omEHKdM="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit><latexit sha1_base64="TUh3KMzsiUqVlOz+xppTmRlVGaE="></latexit>

= 2 (1� log (1 + exp(✓)))
@

@✓
(1� log (1 + exp(✓)))

<latexit sha1_base64="I2PCqn/cgkGLAJiTUUAOvcCQ9Wk="></latexit><latexit sha1_base64="I2PCqn/cgkGLAJiTUUAOvcCQ9Wk="></latexit><latexit sha1_base64="I2PCqn/cgkGLAJiTUUAOvcCQ9Wk="></latexit><latexit sha1_base64="I2PCqn/cgkGLAJiTUUAOvcCQ9Wk="></latexit>

= 2 (1� log (1 + exp(✓))) (�1)
@

@✓
log (1 + exp(✓))

<latexit sha1_base64="WF4qIJHJ/MSh3orU1uVQLvdfueE="></latexit><latexit sha1_base64="WF4qIJHJ/MSh3orU1uVQLvdfueE="></latexit><latexit sha1_base64="WF4qIJHJ/MSh3orU1uVQLvdfueE="></latexit><latexit sha1_base64="WF4qIJHJ/MSh3orU1uVQLvdfueE="></latexit>

= 2 (1� log (1 + exp(✓)))
�1

1 + exp(✓)

@

@✓
(1 + exp(✓))

<latexit sha1_base64="4Tky6aa6HB3W7uhoG0Uz/nffjcw="></latexit><latexit sha1_base64="4Tky6aa6HB3W7uhoG0Uz/nffjcw="></latexit><latexit sha1_base64="4Tky6aa6HB3W7uhoG0Uz/nffjcw="></latexit><latexit sha1_base64="4Tky6aa6HB3W7uhoG0Uz/nffjcw="></latexit>

= 2 (1� log (1 + exp(✓)))
�1

1 + exp(✓)
exp(✓)

<latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit><latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit><latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit><latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit>

Ø Minimize:

Ø Take the derivative:
@

@✓
L(✓)

<latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit><latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit><latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit><latexit sha1_base64="5x1Ym6I7lrXocPupgSGebWVIv2o=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARqouSiKDuCm5EXFQwttCEMplO2qGTCzMnQgl5Bze+ihsXKm5dufNtnLRFtPWHgY//nDMz5/cTwRVY1pdRWlhcWl4pr1bW1jc2t8ztnTsVp5Iyh8Yilm2fKCZ4xBzgIFg7kYyEvmAtf3hR1Fv3TCoeR7cwSpgXkn7EA04JaKtrHrmBJDRzEyKBE5H/kAsDBiTH17UJHeKuWbXq1lh4HuwpVNFUza756fZimoYsAiqIUh3bSsDLivupYHnFTRVLCB2SPutojEjIlJeNd8rxgXZ6OIilPhHgsft7IiOhUqPQ150hgYGarRXmf7VOCsGZl/EoSYFFdPJQkAoMMS4Cwj0uGQUx0kCo5PqvmA6IDgl0jBUdgj278jw4x/Xzun1zUm1cTdMooz20j2rIRqeogS5REzmIogf0hF7Qq/FoPBtvxvuktWRMZ3bRHxkf3/TpnmY=</latexit>

= 2 (1� log (1 + exp(✓)))
�1

1 + exp(✓)
exp(✓)

<latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit><latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit><latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit><latexit sha1_base64="Ryx8/bfuqnpxsqf4Xc8+kmYA+2I="></latexit>

= �2 (1� log (1 + exp(✓)))
exp(✓)

1 + exp(✓)
<latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="YHxP5LZClu4oSopM2YZZU3eTBhE=">AAACO3icbZBNSwMxEIZn/ay1avXqJShCRSy7vagHQfDisYJVoVtLNp1tg9kPklmxLP13Xrx68y948aDi1bS2oNUXQt68M0OSJ0iVNOS6z87M7Nz8wmJhqbhcWlldK6+XLk2SaYENkahEXwfcoJIxNkiSwutUI48ChVfB7emwfnWH2sgkvqB+iq2Id2MZSsHJRu3yzTHbr/kKQ6p4bJ/5KulOTnvMx/u04lMPie/6WnZ7NNkYY36ouch/tgzy6aFBu7ztVt2R2F/jjc02jFVvl5/8TiKyCGMSihvT9NyUWjnXJIXCQdHPDKZc3PIuNq2NeYSmlY84DNiOTTosTLRdMbFR+nMi55Ex/SiwnRGnnpmuDcP/as2MwsNWLuM0I4zF90VhphglbAiVdaRGQapvDRda2rcy0eOWD1n0RQvBm/7yX9OoVY+q3rkLBdiELaiABwdwAmdQhwYIeIAXeIN359F5dT6+ac04Y2wb8EvO5xcV5K3a</latexit><latexit sha1_base64="YHxP5LZClu4oSopM2YZZU3eTBhE=">AAACO3icbZBNSwMxEIZn/ay1avXqJShCRSy7vagHQfDisYJVoVtLNp1tg9kPklmxLP13Xrx68y948aDi1bS2oNUXQt68M0OSJ0iVNOS6z87M7Nz8wmJhqbhcWlldK6+XLk2SaYENkahEXwfcoJIxNkiSwutUI48ChVfB7emwfnWH2sgkvqB+iq2Id2MZSsHJRu3yzTHbr/kKQ6p4bJ/5KulOTnvMx/u04lMPie/6WnZ7NNkYY36ouch/tgzy6aFBu7ztVt2R2F/jjc02jFVvl5/8TiKyCGMSihvT9NyUWjnXJIXCQdHPDKZc3PIuNq2NeYSmlY84DNiOTTosTLRdMbFR+nMi55Ex/SiwnRGnnpmuDcP/as2MwsNWLuM0I4zF90VhphglbAiVdaRGQapvDRda2rcy0eOWD1n0RQvBm/7yX9OoVY+q3rkLBdiELaiABwdwAmdQhwYIeIAXeIN359F5dT6+ac04Y2wb8EvO5xcV5K3a</latexit><latexit sha1_base64="8FUySSDOFkfIZNhLnrKBXYrNhjA="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit><latexit sha1_base64="2k9gQyzwStRgd1ecR9pIh/8HHow="></latexit>

Ø Set derivative equal to zero and solve for parameter

�2 (1� log (1 + exp(✓)))
exp(✓)

1 + exp(✓)
= 0

<latexit sha1_base64="v1/0lPoSj4hxWD6I32OB5IMFqAc="></latexit><latexit sha1_base64="v1/0lPoSj4hxWD6I32OB5IMFqAc="></latexit><latexit sha1_base64="v1/0lPoSj4hxWD6I32OB5IMFqAc="></latexit><latexit sha1_base64="v1/0lPoSj4hxWD6I32OB5IMFqAc="></latexit>

1� log (1 + exp(✓)) = 0
<latexit sha1_base64="psRvKIBzV+GWunk+ZydTl2jd7ac=">AAACEXicbVDLSgNBEJyNrxhfUY9eBoOQIIZdEdSDEPAiniK4JpANYXbSmwyZfTDTK4aQb/Dir3jxoOLVmzf/xsnjoIkFDUVVN91dfiKFRtv+tjILi0vLK9nV3Nr6xuZWfnvnTsep4uDyWMaq7jMNUkTgokAJ9UQBC30JNb93OfJr96C0iKNb7CfQDFknEoHgDI3UypccekQ9GXc8CQEWHXpIPXhIih52AVnJU6LTxRK9oHYrX7DL9hh0njhTUiBTVFv5L68d8zSECLlkWjccO8HmgCkUXMIw56UaEsZ7rAMNQyMWgm4Oxi8N6YFR2jSIlakI6Vj9PTFgodb90DedIcOunvVG4n9eI8XgrDkQUZIiRHyyKEglxZiO8qFtoYCj7BvCuBLmVsq7TDGOJsWcCcGZfXmeuMfl87Jzc1KoXE/TyJI9sk+KxCGnpEKuSJW4hJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz8vjprk</latexit><latexit sha1_base64="psRvKIBzV+GWunk+ZydTl2jd7ac=">AAACEXicbVDLSgNBEJyNrxhfUY9eBoOQIIZdEdSDEPAiniK4JpANYXbSmwyZfTDTK4aQb/Dir3jxoOLVmzf/xsnjoIkFDUVVN91dfiKFRtv+tjILi0vLK9nV3Nr6xuZWfnvnTsep4uDyWMaq7jMNUkTgokAJ9UQBC30JNb93OfJr96C0iKNb7CfQDFknEoHgDI3UypccekQ9GXc8CQEWHXpIPXhIih52AVnJU6LTxRK9oHYrX7DL9hh0njhTUiBTVFv5L68d8zSECLlkWjccO8HmgCkUXMIw56UaEsZ7rAMNQyMWgm4Oxi8N6YFR2jSIlakI6Vj9PTFgodb90DedIcOunvVG4n9eI8XgrDkQUZIiRHyyKEglxZiO8qFtoYCj7BvCuBLmVsq7TDGOJsWcCcGZfXmeuMfl87Jzc1KoXE/TyJI9sk+KxCGnpEKuSJW4hJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz8vjprk</latexit><latexit sha1_base64="psRvKIBzV+GWunk+ZydTl2jd7ac=">AAACEXicbVDLSgNBEJyNrxhfUY9eBoOQIIZdEdSDEPAiniK4JpANYXbSmwyZfTDTK4aQb/Dir3jxoOLVmzf/xsnjoIkFDUVVN91dfiKFRtv+tjILi0vLK9nV3Nr6xuZWfnvnTsep4uDyWMaq7jMNUkTgokAJ9UQBC30JNb93OfJr96C0iKNb7CfQDFknEoHgDI3UypccekQ9GXc8CQEWHXpIPXhIih52AVnJU6LTxRK9oHYrX7DL9hh0njhTUiBTVFv5L68d8zSECLlkWjccO8HmgCkUXMIw56UaEsZ7rAMNQyMWgm4Oxi8N6YFR2jSIlakI6Vj9PTFgodb90DedIcOunvVG4n9eI8XgrDkQUZIiRHyyKEglxZiO8qFtoYCj7BvCuBLmVsq7TDGOJsWcCcGZfXmeuMfl87Jzc1KoXE/TyJI9sk+KxCGnpEKuSJW4hJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz8vjprk</latexit><latexit sha1_base64="psRvKIBzV+GWunk+ZydTl2jd7ac=">AAACEXicbVDLSgNBEJyNrxhfUY9eBoOQIIZdEdSDEPAiniK4JpANYXbSmwyZfTDTK4aQb/Dir3jxoOLVmzf/xsnjoIkFDUVVN91dfiKFRtv+tjILi0vLK9nV3Nr6xuZWfnvnTsep4uDyWMaq7jMNUkTgokAJ9UQBC30JNb93OfJr96C0iKNb7CfQDFknEoHgDI3UypccekQ9GXc8CQEWHXpIPXhIih52AVnJU6LTxRK9oHYrX7DL9hh0njhTUiBTVFv5L68d8zSECLlkWjccO8HmgCkUXMIw56UaEsZ7rAMNQyMWgm4Oxi8N6YFR2jSIlakI6Vj9PTFgodb90DedIcOunvVG4n9eI8XgrDkQUZIiRHyyKEglxZiO8qFtoYCj7BvCuBLmVsq7TDGOJsWcCcGZfXmeuMfl87Jzc1KoXE/TyJI9sk+KxCGnpEKuSJW4hJNH8kxeyZv1ZL1Y79bHpDVjTWd2yR9Ynz8vjprk</latexit>

log (1 + exp(✓)) = 1

1 + exp(✓) = exp(1)

exp(✓) = exp(1)� 1

✓ = log (exp(1)� 1) ⇡ 0.541
<latexit sha1_base64="5j7YI71roF0fihRrjlWHWgITe8s="></latexit><latexit sha1_base64="5j7YI71roF0fihRrjlWHWgITe8s="></latexit><latexit sha1_base64="5j7YI71roF0fihRrjlWHWgITe8s="></latexit><latexit sha1_base64="5j7YI71roF0fihRrjlWHWgITe8s="></latexit>

Solving for
parameters

Convex sets and polygons

C
on

ve
x

N
ot

 C
on

ve
x

Formal Definition of Convex Functions

Ø A function f is convex if and only if:

tf(a) + (1� t)f(b) � f (ta+ (1� t)b)

8a, 8b, t 2 [0, 1]

Convex

Epigraph

Nonconvex

Epigraph

All possible orange lines are:
• always in epigraph or on black line
• always above or equal to black line

Sum of Convex Functions is Convex

Bonus material (not covered in lecture) but useful for studying

Formal Proof
Ø Suppose you have two convex functions f and g:

tf(a) + (1� t)f(b) � f (ta� (1� t)a)

tg(a) + (1� t)g(b) � g (ta� (1� t)a)

8a, 8b, t 2 [0, 1]

Ø We would like to show:

Ø Where: 

th(a) + (1� t)h(b) � h (ta� (1� t)a)

h(x) = f(x) + g(x)

Bonus material (not covered in lecture) but useful for studying
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th(a) + (1� t)h(b) � h (ta� (1� t)a)

h(x) = f(x) + g(x)

Ø Starting on the left side

th(a) + (1� t)h(b) = t (f(a) + g(a)) + (1� t) (f(b) + g(b))

= [tf(a) + (1� t)f(b)] + [tg(a) + (1� t)g(b)]

Substituting definition of h:

Re-arranging terms:

� f (ta+ (1� t)b) + [tg(a) + (1� t)g(b)]Convexity in f

� f (ta+ (1� t)b) + g (ta+ (1� t)b)Convexity in g

= h (ta+ (1� t)b)Definition of h

Ø We would like to show:

Ø Where: 

Bonus material (not covered in lecture) but useful for studying

Minimizing the Loss

Ø Calculus techniques can be applied generally … 

Ø Guaranteed to minimize the loss when loss is convex in 
the parameters

Ø May not always have an analytic solution …

Gradient Descent

Intuition

Try the loss game (its free)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Goal: Minimize the loss by turning the knobs.

Intuition

Try the loss game (you can’t lose)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Try the loss game (your loss will be minimal)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

mailto:http://www.ds100.org/sp18/assets/lectures/lec14/loss_game.html
mailto:http://www.ds100.org/sp18/assets/lectures/lec14/loss_game.html
mailto:http://www.ds100.org/sp18/assets/lectures/lec14/loss_game.html
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Intuition

Try the loss game (victory without loss)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Try the loss game (its free)!

Loss

What if we knew which way to turn the knob
and an idea of how far?

This is the Gradient!

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Try the loss game (its free)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Try the loss game (its free)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Try the loss game (its free)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>
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Intuition

Try the loss game (its free)!

Loss

✓1<latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit><latexit sha1_base64="0TfkSrliI57UQ1yRjCeQ827oiiA=">AAAB7nicdVDLSgNBEJyNrxhfUY9eBoPgadkNhiS3gAgeI7gaSJYwO+lNhsw+nOkVQshPePGg4tXv8ebfOElWUNGChqKqm+6uIJVCo+N8WIWV1bX1jeJmaWt7Z3evvH9wo5NMcfB4IhPVCZgGKWLwUKCETqqARYGE22B8Pvdv70FpkcTXOEnBj9gwFqHgDI3U6eEIkPXdfrni2E2nWmtU6ZLUajmpO9S1nQUqJEe7X37vDRKeRRAjl0zrruuk6E+ZQsElzEq9TEPK+JgNoWtozCLQ/nRx74yeGGVAw0SZipEu1O8TUxZpPYkC0xkxHOnf3lz8y+tmGDb8qYjTDCHmy0VhJikmdP48HQgFHOXEEMaVMLdSPmKKcTQRlUwIX5/S/4lXtZu2e3VWaV3kaRTJETkmp8QlddIil6RNPMKJJA/kiTxbd9aj9WK9LlsLVj5zSH7AevsEpo6P7g==</latexit>

✓2<latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit><latexit sha1_base64="8l3UaLvyWqFVcZVqB0UqQar2D08=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iCpe2tIILHCkYLbSib7aZdutnE3YlQQv+EFw8qXv093vw3btsIKvpg4PHeDDPzwlRwDY7zYZVWVtfWN8qbla3tnd296v7BjU4yRZlPE5Gobkg0E1wyHzgI1k0VI3Eo2G04OZ/7t/dMaZ7Ia5imLIjJSPKIUwJG6vZhzIAMvEG15tgtx6s3Pbwk9XpBGg52bWeBGirQGVTf+8OEZjGTQAXRuuc6KQQ5UcCpYLNKP9MsJXRCRqxnqCQx00G+uHeGT4wyxFGiTEnAC/X7RE5iradxaDpjAmP925uLf3m9DKJmkHOZZsAkXS6KMoEhwfPn8ZArRkFMDSFUcXMrpmOiCAUTUcWE8PUp/p/4nt2y3auzWvuiSKOMjtAxOkUuaqA2ukQd5COKBHpAT+jZurMerRfrddlasoqZQ/QD1tsnqBGP7w==</latexit>

✓3
<latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit><latexit sha1_base64="/Vv4F1qwx1efpRm4ExnwQBec/zM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0iqpe2tIILHCsYW2lA22027dLOJuxOhhP4JLx5UvPp7vPlv3LYRVPTBwOO9GWbmBYngGhznwyqsrK6tbxQ3S1vbO7t75f2DWx2nijKPxiJW3YBoJrhkHnAQrJsoRqJAsE4wuZj7nXumNI/lDUwT5kdkJHnIKQEjdfswZkAGZ4NyxbGbTrXWqOIlqdVyUnewazsLVFCO9qD83h/GNI2YBCqI1j3XScDPiAJOBZuV+qlmCaETMmI9QyWJmPazxb0zfGKUIQ5jZUoCXqjfJzISaT2NAtMZERjr395c/MvrpRA2/IzLJAUm6XJRmAoMMZ4/j4dcMQpiagihiptbMR0TRSiYiEomhK9P8f/Eq9pN270+r7Qu8zSK6Agdo1PkojpqoSvURh6iSKAH9ISerTvr0XqxXpetBSufOUQ/YL19AqmUj/A=</latexit>

Intuition

Try the loss game (its free)!

Loss
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This is the Gradient descent algorithm!

Quick Review: Gradients

Ø Gradient:

f : Rp ! R

g(✓) = r✓f(✓)

=


@

@✓1
f(✓)|✓, . . . ,

@

@✓3
f(✓)|✓

�

g : Rp ! Rp

Loss function For Example:

f(✓1, ✓2, ✓3) = a✓1 + b✓2 + c✓2✓
2
3

r✓f(✓1, ✓2, ✓3) =
⇥
a, b+ c✓23, 2c✓2✓3

⇤

Gradient Descent Intuition

✓

✓(0)

L(
θ)gradient = “slope”

Slope

Notice slope is negative
and steep!

Initial Guess

Gradient points in parameter 
direction of greatest increase

What if I want to decrease the loss?

Loss

Gradient Descent Intuition

Gradient = 0

✓

✓(0)

✓(1)

✓(2) ✓(3)

Simple, fast, and works well in high dimensions.

✓̂ = ✓(3)

-gradient

L(
θ)Loss

How far should we go?

The Gradient Descent Algorithm

Ø ρ(!) is the step size (learning rate) 
Ø typically 1/!

Ø Converges when gradient is ≈ 0 (or we run out of patience)

For ! from 0 to convergence:

✓(0)  initial vector (random, zeros …)

Evaluated 
at✓(⌧+1)  ✓(⌧) � ⇢(⌧)

✓
r✓L(✓)

����
✓=✓(⌧)

◆

mailto:http://www.ds100.org/sp18/assets/lectures/lec14/loss_game.html
mailto:http://www.ds100.org/sp18/assets/lectures/lec14/loss_game.html
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Gradient Descent Solution Paths

Ø Orange line is path taken by gradient descent
Ø Contours are from loss on two parameter model

Overshooting“Good” Step Sizes

Stochastic Gradient Descent
Ø For many learning problems the gradient is a sum:

Ø For large n this can be expensive to compute

Ø What if we approximated the gradient by looking at a 
few random points:

r✓L(✓)

r✓L(✓) =
1

n

nX

i=1

�
�
�
�(xi)

T ✓
�
� yi

�
�(xi)

⇡ 1

|B|
X

i2B

�
�
�
�(xi)

T ✓
�
� yi

�
�(xi)

This came after the Midterm 
but is reviewed here 

because it makes sense.

Ø For large n this can be costly

Ø What if we approximated the gradient by looking at a 
few random points:

r✓L(✓) ⇡ 1

|B|
X

i2B

�
�
�
�(xi)

T ✓
�
� yi

�
�(xi)

Random sample
of records

Batch
Size

Ø This is a reasonable estimator for the gradient
Ø Unbiased …

Ø Often batch size is one! (why is this helpful)
Ø Fast to compute!

Ø A key ingredient in the recent success of deep learning

Stochastic Gradient Descent

For ! from 0 to convergence:

✓(0)  initial vector (random, zeros …)

✓(⌧+1)  ✓(⌧) � ⇢(⌧)

 
1

|B|
X

i2B
r✓Li(✓)

����
✓=✓(⌧)

!

L(✓) =
nX

i=1

Li(✓) =
nX

i=1

L(✓, xi, yi)
Decomposable

Loss

Loss can be written as a sum of the loss on each record.

B ⇠ Random subset of indices

For ! from 0 to convergence:

✓(0)  initial vector (random, zeros …)

For ! from 0 to convergence:

✓(0)  initial vector (random, zeros …)

✓(⌧+1)  ✓(⌧) � ⇢(⌧)

 
1

|B|
X

i2B
r✓Li(✓)

����
✓=✓(⌧)

!B ⇠ Random subset of indices

✓(⌧+1)  ✓(⌧) � ⇢(⌧)

 
1

n

nX

i=1

r✓Li(✓)

����
✓=✓(⌧)

!
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Very Similar 
Algorithms

Gradient Descent 
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Stochastic Gradient 
Descent 
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Basics of Random Variables
(Right after the midterm)

Characterizing Random Variables

Ø Probability Mass Function (Discrete Distribution)
Ø The probability a variable will take on a particular value

Ø Probability Density Function (Continuous Distributions)
Ø The probability a variable takes on a range of values.
Ø Not covered … here there be dragons

Ø Expectation
Ø The average value the variable takes (the mean)

Ø Variance
Ø The spread of the variable about the mean

Expected Value and 
Linearity of Expectation

Ø Expected Value

Ø Linearity of Expectation 

Ø independence not required

E [X] =
X

x2X
xP(x)

E [aX + Y + b] = aE [X] +E [Y ] + b

Summary

E[XY ] = E[X]E[Y ]
<latexit sha1_base64="vA0Wg/qTESQAm1IZM5SXlg3qvek=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4sSQiqAehIILHCsa2tKFstpt26WYTdidiCf0VXvwrXjyoeBW8+W/ctjnU1gcDb9+bYWdekAiuwXF+rIXFpeWV1cJacX1jc2vb3tm913GqKPNoLGJVD4hmgkvmAQfB6oliJAoEqwX9q5Ffe2BK81jewSBhfkS6koecEjBS2z5uAXuEIMyuh806bvj4Ek8r/vSr4bftklN2xsDzxM1JCeWotu3vViemacQkUEG0brpOAn5GFHAq2LDYSjVLCO2TLmsaKknEtJ+NzxriQ6N0cBgrUxLwWJ2eyEik9SAKTGdEoKdnvZH4n9dMITz3My6TFJikk4/CVGCI8Sgj3OGKURADQwhV3OyKaY8oQsEkWTQhuLMnzxPvpHxRdm9PS5VqnkYB7aMDdIRcdIYq6AZVkYcoekIv6A29W8/Wq/VhfU5aF6x8Zg/9gfX1CzQtnwg=</latexit><latexit sha1_base64="vA0Wg/qTESQAm1IZM5SXlg3qvek=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4sSQiqAehIILHCsa2tKFstpt26WYTdidiCf0VXvwrXjyoeBW8+W/ctjnU1gcDb9+bYWdekAiuwXF+rIXFpeWV1cJacX1jc2vb3tm913GqKPNoLGJVD4hmgkvmAQfB6oliJAoEqwX9q5Ffe2BK81jewSBhfkS6koecEjBS2z5uAXuEIMyuh806bvj4Ek8r/vSr4bftklN2xsDzxM1JCeWotu3vViemacQkUEG0brpOAn5GFHAq2LDYSjVLCO2TLmsaKknEtJ+NzxriQ6N0cBgrUxLwWJ2eyEik9SAKTGdEoKdnvZH4n9dMITz3My6TFJikk4/CVGCI8Sgj3OGKURADQwhV3OyKaY8oQsEkWTQhuLMnzxPvpHxRdm9PS5VqnkYB7aMDdIRcdIYq6AZVkYcoekIv6A29W8/Wq/VhfU5aF6x8Zg/9gfX1CzQtnwg=</latexit><latexit sha1_base64="vA0Wg/qTESQAm1IZM5SXlg3qvek=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4sSQiqAehIILHCsa2tKFstpt26WYTdidiCf0VXvwrXjyoeBW8+W/ctjnU1gcDb9+bYWdekAiuwXF+rIXFpeWV1cJacX1jc2vb3tm913GqKPNoLGJVD4hmgkvmAQfB6oliJAoEqwX9q5Ffe2BK81jewSBhfkS6koecEjBS2z5uAXuEIMyuh806bvj4Ek8r/vSr4bftklN2xsDzxM1JCeWotu3vViemacQkUEG0brpOAn5GFHAq2LDYSjVLCO2TLmsaKknEtJ+NzxriQ6N0cBgrUxLwWJ2eyEik9SAKTGdEoKdnvZH4n9dMITz3My6TFJikk4/CVGCI8Sgj3OGKURADQwhV3OyKaY8oQsEkWTQhuLMnzxPvpHxRdm9PS5VqnkYB7aMDdIRcdIYq6AZVkYcoekIv6A29W8/Wq/VhfU5aF6x8Zg/9gfX1CzQtnwg=</latexit><latexit sha1_base64="vA0Wg/qTESQAm1IZM5SXlg3qvek=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4sSQiqAehIILHCsa2tKFstpt26WYTdidiCf0VXvwrXjyoeBW8+W/ctjnU1gcDb9+bYWdekAiuwXF+rIXFpeWV1cJacX1jc2vb3tm913GqKPNoLGJVD4hmgkvmAQfB6oliJAoEqwX9q5Ffe2BK81jewSBhfkS6koecEjBS2z5uAXuEIMyuh806bvj4Ek8r/vSr4bftklN2xsDzxM1JCeWotu3vViemacQkUEG0brpOAn5GFHAq2LDYSjVLCO2TLmsaKknEtJ+NzxriQ6N0cBgrUxLwWJ2eyEik9SAKTGdEoKdnvZH4n9dMITz3My6TFJikk4/CVGCI8Sgj3OGKURADQwhV3OyKaY8oQsEkWTQhuLMnzxPvpHxRdm9PS5VqnkYB7aMDdIRcdIYq6AZVkYcoekIv6A29W8/Wq/VhfU5aF6x8Zg/9gfX1CzQtnwg=</latexit>

Ø If X and Y are independent then 

The Variance

Ø Properties of Variance:

Ø If X and Y are independent:

Var [X] = E
h
(X �E [X])2

i
=

X

x2X
(x�E [X])2 P(x)

= E
⇥
X2

⇤
�E [X]2

Var [aX + b] = a2Var [X] + 0

Var [X + Y ] = Var [X] +Var [Y ]

Ø Properties of Variance:

Ø If X and Y are independent:

= E
⇥
X2

⇤
�E [X]2

Var [aX + b] = a2Var [X] + 0

Var [X + Y ] = Var [X] +Var [Y ]

Ø Standard Deviation (easier to interpret units)

Ø Useful identity

SD [X] =
p
Var [X]

SD [aX + b] = |a|SD [X]
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Binary Random Variable (Bernoulli)

Ø Takes on two values (e.g., (0,1), (heads, tails)…)

Ø Characterized by probability p

Ø Expected Value:

Ø Variance

Value 1 0
Chance p 1-p

X ⇠ Bernoulli(p)

Var [X] = (1� p)2 ⇤ p+ (0� p)2(1� p) = p(1� p)

E [X] = 1 ⇤ p+ 0 ⇤ (1� p) = p

Generalization

The focus of the next few lectures.

A Simple Example

Ø I like to eat shishito peppers

Ø Usually they are not too spicy …
Ø but occasionally you get unlucky (or lucky) 

Ø Supposed we sample n peppers at random 
from the population of all shishito peppers
Ø can we do this in practice?
Ø Difficult!  Maybe cluster sample farms? 

Ø What can our sample tell us about the 
population?

Formalizing the Shishito Peppers

Ø Population: all shishito peppers 

Ø Generation Process: simple random sample

Ø Sample: we have a sample of n shishito peppers

Ø Random Variables: we define a set of n random variables

X1, X2, . . . Xn ⇠ Bernoulli(p⇤)
<latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit>

Xi = 1
<latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="RYuJcE64cHP8fBppaOCGuYKej+s=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3KgLQXDjsoK1hXYomfROG5rJDMkdoQx9CDcuVHwod76N6c9CWw8EPs5JyL0nypS05PvfXmljc2t7p7xb2avuHxzWjqpPNs2NwJZIVWo6EbeopMYWSVLYyQzyJFLYjsZ3s7z9jMbKVD/SJMMw4UMtYyk4Oavd6Ut2w4J+re43/LnYOgRLqMNSzX7tqzdIRZ6gJqG4td3AzygsuCEpFE4rvdxixsWYD7HrUPMEbVjMx52yM+cMWJwadzSxufv7RcETaydJ5G4mnEZ2NZuZ/2XdnOKrsJA6ywm1WHwU54pRyma7s4E0KEhNHHBhpJuViRE3XJBrqOJKCFZXXofWReO6ETz4UIYTOIVzCOASbuEemtACAWN4gTd49zLv1ftYtFXylrUdwx95nz8a240K</latexit><latexit sha1_base64="RYuJcE64cHP8fBppaOCGuYKej+s=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3KgLQXDjsoK1hXYomfROG5rJDMkdoQx9CDcuVHwod76N6c9CWw8EPs5JyL0nypS05PvfXmljc2t7p7xb2avuHxzWjqpPNs2NwJZIVWo6EbeopMYWSVLYyQzyJFLYjsZ3s7z9jMbKVD/SJMMw4UMtYyk4Oavd6Ut2w4J+re43/LnYOgRLqMNSzX7tqzdIRZ6gJqG4td3AzygsuCEpFE4rvdxixsWYD7HrUPMEbVjMx52yM+cMWJwadzSxufv7RcETaydJ5G4mnEZ2NZuZ/2XdnOKrsJA6ywm1WHwU54pRyma7s4E0KEhNHHBhpJuViRE3XJBrqOJKCFZXXofWReO6ETz4UIYTOIVzCOASbuEemtACAWN4gTd49zLv1ftYtFXylrUdwx95nz8a240K</latexit><latexit sha1_base64="v/wN88bIL+5VJ3fCPPTXO395PUg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m8qAeh4MVjBGMLbSib7aZdutmE3YlQQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmRZkUBl3326msrW9sblW3azu7e/sH9cOjR5PmmvGApTLVnYgaLoXiAQqUvJNpTpNI8nY0vp357SeujUjVA04yHiZ0qEQsGEUrtTt9QW6I16833KY7B1klXkkaUMLv1796g5TlCVfIJDWm67kZhgXVKJjk01ovNzyjbEyHvGupogk3YTE/d0rOrDIgcaptKSRz9fdEQRNjJklkOxOKI7PszcT/vG6O8VVYCJXlyBVbLIpzSTAls9/JQGjOUE4soUwLeythI6opQ5tQzYbgLb+8SoKL5nXTu3cbLb9MowoncArn4MEltOAOfAiAwRie4RXenMx5cd6dj0VrxSlnjuEPnM8fQL2ObA==</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit>

Ø Where                 if the ith pepper is spicy 
and 0 otherwise. Population Parameter

(We don’t know it.)
Remember star is for the universe.

Ø Sample: we have a sample of n shishito peppers

Ø Random Variables: we define a set of n random variables

X1, X2, . . . Xn ⇠ Bernoulli(p⇤)
<latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit>

Xi = 1
<latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="RYuJcE64cHP8fBppaOCGuYKej+s=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3KgLQXDjsoK1hXYomfROG5rJDMkdoQx9CDcuVHwod76N6c9CWw8EPs5JyL0nypS05PvfXmljc2t7p7xb2avuHxzWjqpPNs2NwJZIVWo6EbeopMYWSVLYyQzyJFLYjsZ3s7z9jMbKVD/SJMMw4UMtYyk4Oavd6Ut2w4J+re43/LnYOgRLqMNSzX7tqzdIRZ6gJqG4td3AzygsuCEpFE4rvdxixsWYD7HrUPMEbVjMx52yM+cMWJwadzSxufv7RcETaydJ5G4mnEZ2NZuZ/2XdnOKrsJA6ywm1WHwU54pRyma7s4E0KEhNHHBhpJuViRE3XJBrqOJKCFZXXofWReO6ETz4UIYTOIVzCOASbuEemtACAWN4gTd49zLv1ftYtFXylrUdwx95nz8a240K</latexit><latexit sha1_base64="RYuJcE64cHP8fBppaOCGuYKej+s=">AAAB4nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3KgLQXDjsoK1hXYomfROG5rJDMkdoQx9CDcuVHwod76N6c9CWw8EPs5JyL0nypS05PvfXmljc2t7p7xb2avuHxzWjqpPNs2NwJZIVWo6EbeopMYWSVLYyQzyJFLYjsZ3s7z9jMbKVD/SJMMw4UMtYyk4Oavd6Ut2w4J+re43/LnYOgRLqMNSzX7tqzdIRZ6gJqG4td3AzygsuCEpFE4rvdxixsWYD7HrUPMEbVjMx52yM+cMWJwadzSxufv7RcETaydJ5G4mnEZ2NZuZ/2XdnOKrsJA6ywm1WHwU54pRyma7s4E0KEhNHHBhpJuViRE3XJBrqOJKCFZXXofWReO6ETz4UIYTOIVzCOASbuEemtACAWN4gTd49zLv1ftYtFXylrUdwx95nz8a240K</latexit><latexit sha1_base64="v/wN88bIL+5VJ3fCPPTXO395PUg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m8qAeh4MVjBGMLbSib7aZdutmE3YlQQn+EFw8qXv0/3vw3btsctPXBwOO9GWbmRZkUBl3326msrW9sblW3azu7e/sH9cOjR5PmmvGApTLVnYgaLoXiAQqUvJNpTpNI8nY0vp357SeujUjVA04yHiZ0qEQsGEUrtTt9QW6I16833KY7B1klXkkaUMLv1796g5TlCVfIJDWm67kZhgXVKJjk01ovNzyjbEyHvGupogk3YTE/d0rOrDIgcaptKSRz9fdEQRNjJklkOxOKI7PszcT/vG6O8VVYCJXlyBVbLIpzSTAls9/JQGjOUE4soUwLeythI6opQ5tQzYbgLb+8SoKL5nXTu3cbLb9MowoncArn4MEltOAOfAiAwRie4RXenMx5cd6dj0VrxSlnjuEPnM8fQL2ObA==</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit><latexit sha1_base64="cLgxUQKdZNGpKZM/hNDkqFU9tVU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqB6EghePFYwttKFstpN26WYTdjdCCf0RXjyoePX/ePPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2V2p0+JzfE61drbt2dg6wSryA1KNDqV796g4RlMUrDBNW667mpCXKqDGcCp5VepjGlbEyH2LVU0hh1kM/PnZIzqwxIlChb0pC5+nsip7HWkzi0nTE1I73szcT/vG5moqsg5zLNDEq2WBRlgpiEzH4nA66QGTGxhDLF7a2EjaiizNiEKjYEb/nlVeJf1K/r3v1lrdkq0ijDCZzCOXjQgCbcQQt8YDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB0H9jnA=</latexit>

Ø Where                 if the ith pepper is spicy 
and 0 otherwise. Population Parameter

(We don’t know it.)
Remember star is for the universe.

Ø Sample Mean: Is a random variable

X̄ =
1

n

nX

i=1

Xi

Ø Expected Value of the sample mean:

X1, X2, . . . Xn ⇠ Bernoulli(p⇤)
<latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit>

X̄ =
1

n

nX

i=1

Xi

Ø Expected Value of the sample mean:

=
1

n

nX

i=1

E [Xi]

Linearity of 
expectation

=
1

n

nX

i=1

µ = µ Let ! be the 
expected value 
for all Xi

= p⇤
<latexit sha1_base64="tw3mCUIADNT+Hp0eoUwXEDKN3Os=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRECupBKHjxWMHYQhvLZrtpl+5uwu5GKKF/wYsHFa/+Im/+GzdtDtr6YODx3gwz88KEM21c99sprayurW+UNytb2zu7e9X9gwcdp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHyT++0nqjSL5b2ZJDQQeChZxAg2uXSdPJ71qzW37s6AlolXkBoUaPWrX71BTFJBpSEca9313MQEGVaGEU6nlV6qaYLJGA9p11KJBdVBNrt1ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vm5roMsiYTFJDJZkvilKOTIzyx9GAKUoMn1iCiWL2VkRGWGFibDwVG4K3+PIy8c/rV3XvrlFrtoo0ynAEx3AKHlxAE26hBT4QGMEzvMKbI5wX5935mLeWnGLmEP7A+fwB5z+NuQ==</latexit><latexit sha1_base64="tw3mCUIADNT+Hp0eoUwXEDKN3Os=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRECupBKHjxWMHYQhvLZrtpl+5uwu5GKKF/wYsHFa/+Im/+GzdtDtr6YODx3gwz88KEM21c99sprayurW+UNytb2zu7e9X9gwcdp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHyT++0nqjSL5b2ZJDQQeChZxAg2uXSdPJ71qzW37s6AlolXkBoUaPWrX71BTFJBpSEca9313MQEGVaGEU6nlV6qaYLJGA9p11KJBdVBNrt1ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vm5roMsiYTFJDJZkvilKOTIzyx9GAKUoMn1iCiWL2VkRGWGFibDwVG4K3+PIy8c/rV3XvrlFrtoo0ynAEx3AKHlxAE26hBT4QGMEzvMKbI5wX5935mLeWnGLmEP7A+fwB5z+NuQ==</latexit><latexit sha1_base64="tw3mCUIADNT+Hp0eoUwXEDKN3Os=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRECupBKHjxWMHYQhvLZrtpl+5uwu5GKKF/wYsHFa/+Im/+GzdtDtr6YODx3gwz88KEM21c99sprayurW+UNytb2zu7e9X9gwcdp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHyT++0nqjSL5b2ZJDQQeChZxAg2uXSdPJ71qzW37s6AlolXkBoUaPWrX71BTFJBpSEca9313MQEGVaGEU6nlV6qaYLJGA9p11KJBdVBNrt1ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vm5roMsiYTFJDJZkvilKOTIzyx9GAKUoMn1iCiWL2VkRGWGFibDwVG4K3+PIy8c/rV3XvrlFrtoo0ynAEx3AKHlxAE26hBT4QGMEzvMKbI5wX5935mLeWnGLmEP7A+fwB5z+NuQ==</latexit><latexit sha1_base64="tw3mCUIADNT+Hp0eoUwXEDKN3Os=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJRECupBKHjxWMHYQhvLZrtpl+5uwu5GKKF/wYsHFa/+Im/+GzdtDtr6YODx3gwz88KEM21c99sprayurW+UNytb2zu7e9X9gwcdp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHyT++0nqjSL5b2ZJDQQeChZxAg2uXSdPJ71qzW37s6AlolXkBoUaPWrX71BTFJBpSEca9313MQEGVaGEU6nlV6qaYLJGA9p11KJBdVBNrt1ik6sMkBRrGxJg2bq74kMC60nIrSdApuRXvRy8T+vm5roMsiYTFJDJZkvilKOTIzyx9GAKUoMn1iCiWL2VkRGWGFibDwVG4K3+PIy8c/rV3XvrlFrtoo0ynAEx3AKHlxAE26hBT4QGMEzvMKbI5wX5935mLeWnGLmEP7A+fwB5z+NuQ==</latexit>

For the shishito peppers 
setting we have ! = p*

The expected value of
the sample mean is 
the population mean!

E
⇥
X̄
⇤

<latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit>

= E

"
1

n

nX

i=1

Xi

#

<latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit><latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit><latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit><latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit>
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X1, X2, . . . Xn ⇠ Bernoulli(p⇤)
<latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit><latexit sha1_base64="wW09vHjM4VgCwOR4lo5h8rwFaCs=">AAACGXicbZBNSwMxEIazflu/qh69BIugImVXBPUmevFYwWqhW5dsOmtDs8mSzIpl6e/w4l/x4kHFo578N6a1B79eCDy8M8Nk3jiTwqLvf3hj4xOTU9Mzs6W5+YXFpfLyyoXVueFQ51pq04iZBSkU1FGghEZmgKWxhMu4ezKoX96AsUKrc+xl0ErZtRKJ4AydFZWDRhTs0Ea0u0ND2dZoHSsaWpHSEOEW46Q4BqN0LqXob2ZX21tRueJX/aHoXwhGUCEj1aLyW9jWPE9BIZfM2mbgZ9gqmEHBJfRLYW4hY7zLrqHpULEUbKsYntanG85p00Qb9xTSoft9omCptb00dp0pw479XRuY/9WaOSYHrUKoLEdQ/GtRkkuKmg5yom1hgKPsOWDcCPdXyjvMMI4uzZILIfh98l+o71YPq8HZXuWoNkpjhqyRdbJJArJPjsgpqZE64eSOPJAn8uzde4/ei/f61TrmjWZWyQ95758o3J9i</latexit>

X̄ =
1

n

nX

i=1

Xi

Ø Expected Value of the sample mean:

=
1

n

nX

i=1

µ = µE
⇥
X̄
⇤

<latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit>

Ø The sample mean is an unbiased estimator of the 
population mean

Bias = E
⇥
X̄
⇤
� µ = 0

<latexit sha1_base64="LCXhBgnV9/C9bDYv9/U4wwyaKxY=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoPgQcOuCOohEBDBYwRjAtklzE56kyGzD2Z6xbDkJ7z4K148qHj14M2/cfI4aGJBQ1HVTXeXn0ih0ba/rdzC4tLySn61sLa+sblV3N6503GqONR5LGPV9JkGKSKoo0AJzUQBC30JDb9/OfIb96C0iKNbHCTghawbiUBwhkZqF48qLsID+kF2NXQlBNiirs9U1hxSV4luDz16TN0wpbRC7XaxZJftMeg8caakRKaotYtfbifmaQgRcsm0bjl2gl7GFAouYVhwUw0J433WhZahEQtBe9n4qyE9MEqHBrEyFSEdq78nMhZqPQh90xky7OlZbyT+57VSDM69TERJihDxyaIglRRjOoqIdoQCjnJgCONKmFsp7zHFOJogCyYEZ/bleVI/KV+UnZvTUrU2TSNP9sg+OSQOOSNVck1qpE44eSTP5JW8WU/Wi/VufUxac9Z0Zpf8gfX5A7t3nXo=</latexit><latexit sha1_base64="LCXhBgnV9/C9bDYv9/U4wwyaKxY=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoPgQcOuCOohEBDBYwRjAtklzE56kyGzD2Z6xbDkJ7z4K148qHj14M2/cfI4aGJBQ1HVTXeXn0ih0ba/rdzC4tLySn61sLa+sblV3N6503GqONR5LGPV9JkGKSKoo0AJzUQBC30JDb9/OfIb96C0iKNbHCTghawbiUBwhkZqF48qLsID+kF2NXQlBNiirs9U1hxSV4luDz16TN0wpbRC7XaxZJftMeg8caakRKaotYtfbifmaQgRcsm0bjl2gl7GFAouYVhwUw0J433WhZahEQtBe9n4qyE9MEqHBrEyFSEdq78nMhZqPQh90xky7OlZbyT+57VSDM69TERJihDxyaIglRRjOoqIdoQCjnJgCONKmFsp7zHFOJogCyYEZ/bleVI/KV+UnZvTUrU2TSNP9sg+OSQOOSNVck1qpE44eSTP5JW8WU/Wi/VufUxac9Z0Zpf8gfX5A7t3nXo=</latexit><latexit sha1_base64="LCXhBgnV9/C9bDYv9/U4wwyaKxY=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoPgQcOuCOohEBDBYwRjAtklzE56kyGzD2Z6xbDkJ7z4K148qHj14M2/cfI4aGJBQ1HVTXeXn0ih0ba/rdzC4tLySn61sLa+sblV3N6503GqONR5LGPV9JkGKSKoo0AJzUQBC30JDb9/OfIb96C0iKNbHCTghawbiUBwhkZqF48qLsID+kF2NXQlBNiirs9U1hxSV4luDz16TN0wpbRC7XaxZJftMeg8caakRKaotYtfbifmaQgRcsm0bjl2gl7GFAouYVhwUw0J433WhZahEQtBe9n4qyE9MEqHBrEyFSEdq78nMhZqPQh90xky7OlZbyT+57VSDM69TERJihDxyaIglRRjOoqIdoQCjnJgCONKmFsp7zHFOJogCyYEZ/bleVI/KV+UnZvTUrU2TSNP9sg+OSQOOSNVck1qpE44eSTP5JW8WU/Wi/VufUxac9Z0Zpf8gfX5A7t3nXo=</latexit><latexit sha1_base64="LCXhBgnV9/C9bDYv9/U4wwyaKxY=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoPgQcOuCOohEBDBYwRjAtklzE56kyGzD2Z6xbDkJ7z4K148qHj14M2/cfI4aGJBQ1HVTXeXn0ih0ba/rdzC4tLySn61sLa+sblV3N6503GqONR5LGPV9JkGKSKoo0AJzUQBC30JDb9/OfIb96C0iKNbHCTghawbiUBwhkZqF48qLsID+kF2NXQlBNiirs9U1hxSV4luDz16TN0wpbRC7XaxZJftMeg8caakRKaotYtfbifmaQgRcsm0bjl2gl7GFAouYVhwUw0J433WhZahEQtBe9n4qyE9MEqHBrEyFSEdq78nMhZqPQh90xky7OlZbyT+57VSDM69TERJihDxyaIglRRjOoqIdoQCjnJgCONKmFsp7zHFOJogCyYEZ/bleVI/KV+UnZvTUrU2TSNP9sg+OSQOOSNVck1qpE44eSTP5JW8WU/Wi/VufUxac9Z0Zpf8gfX5A7t3nXo=</latexit>

Sample Mean is a Random Variable

Ø Expected Value:

X̄ =
1

n

nX

i=1

Xi

=
1

n

nX

i=1

µ = µ

Ø Variance:

Var
⇥
X̄
⇤

<latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit>

= Var

"
1

n

nX

i=1

Xi

#

<latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit>

E
⇥
X̄
⇤

<latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit><latexit sha1_base64="hMCcXxK5KSi8bejCX3rw9gavV9Y=">AAACCXicbVA9SwNBEN3zM8avU0ub1SBYhTsR1C4ggmUEYwK5I+xt5pIlex/szonhSG3jX7GxULH1H9j5b9wkV2jig4HHezPMzAtSKTQ6zre1sLi0vLJaWiuvb2xubds7u3c6yRSHBk9koloB0yBFDA0UKKGVKmBRIKEZDC7HfvMelBZJfIvDFPyI9WIRCs7QSB37wEN4wCDMr0aehBDb1AuYylsj6inR66NPO3bFqToT0HniFqRCCtQ79pfXTXgWQYxcMq3brpOinzOFgksYlb1MQ8r4gPWgbWjMItB+PnllRI+M0qVhokzFSCfq74mcRVoPo8B0Rgz7etYbi/957QzDcz8XcZohxHy6KMwkxYSOc6FdoYCjHBrCuBLmVsr7TDGOJr2yCcGdfXmeNE6qF1X35rRSqxdplMg+OSTHxCVnpEauSZ00CCeP5Jm8kjfryXqx3q2PaeuCVczskT+wPn8ApbGadw==</latexit>

= E

"
1

n

nX

i=1

Xi

#

<latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit><latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit><latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit><latexit sha1_base64="ez3OJRucB6Glbms0DIXBE6NeUkI=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4KokI1YMgiOCxgtVCE8NmO2kXN5uwOxFLyE/x4l/x4kFFvPXfuK09+PVg4PHeDDPzokwKg647cmZm5+YXFitL1eWV1bX12sbmlUlzzaHNU5nqTsQMSKGgjQIldDINLIkkXEe3p2P/+g60Eam6xGEGQcL6SsSCM7RSWGse+wj3GMXFWelLiLFL/VgzXnhloUrqmzwJC3HslTeKdkJBfS36AwxoWKu7DXcC+pd4U1InU7TC2offS3megEIumTFdz80wKJhGwSWUVT83kDF+y/rQtVSxBExQTB4s6a5VejROtS2FdKJ+nyhYYswwiWxnwnBgfntj8T+vm2N8GBRCZTmC4l+L4lxSTOk4LdoTGjjKoSWMa2FvpXzAbD5oM63aELzfL/8l7f3GUcO7OKiftKZpVMg22SF7xCNNckLOSYu0CScP5Im8kFfn0Xl23pz3r9YZZzqzRX7AGX0CQcajQQ==</latexit>

Ø Variance:

Var
⇥
X̄
⇤

<latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit>
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nX

i=1

Xi

#

<latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit>
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#

<latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit><latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit><latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit><latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit>

Property of the 
Variance

=
1

n2

nX

i=1

Var [Xi]
<latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit><latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit><latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit><latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit>

If the Xi are 
independent!

Ø In the shishito peppers example are the Xi independent?
Ø Depends on the sampling strategy

Ø Random with replacement (after tasking)à Yes! 

Ø Random without replacement à No! 
Ø Correction factor is small for large populations

Ø Variance:

Var
⇥
X̄
⇤

<latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit><latexit sha1_base64="/Pp2EYCAxLf54/6JfYRIrVAdjWo=">AAACC3icbVC7SgNBFJ2NrxhfUUubwSBYhV0R1C5gYxnBPGB3CbOTu8mQ2Qczd8Ww7AfY+Cs2Fiq2/oCdf+PkUWjigYHDOedy554glUKjbX9bpZXVtfWN8mZla3tnd6+6f9DWSaY4tHgiE9UNmAYpYmihQAndVAGLAgmdYHQ98Tv3oLRI4jscp+BHbBCLUHCGRupVax7CAwZh3maq8CSE6FIvYCrvFtRTYjBEn5qUXbenoMvEmZMamaPZq355/YRnEcTIJdPadewU/ZwpFFxCUfEyDSnjIzYA19CYRaD9fHpMQU+M0qdhosyLkU7V3xM5i7QeR4FJRgyHetGbiP95bobhpZ+LOM0QYj5bFGaSYkInzdC+UMBRjg1hXAnzV8qHTDGOpr+KKcFZPHmZtM7qV3Xn9rzWaM7bKJMjckxOiUMuSIPckCZpEU4eyTN5JW/Wk/VivVsfs2jJms8ckj+wPn8AZjabbw==</latexit>
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Xi

#

<latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit><latexit sha1_base64="ZVU4oGHBJe3drLXgjaqFANhaO8E=">AAACIXicbVBNS8NAEN34bf2qevSyWARPJRFBeygIXjxWsLbQxLDZTtrFzSbsTsQS8lu8+Fe8eFDxJv4Ztx8Hvx4MPN6bYWZelElh0HU/nLn5hcWl5ZXVytr6xuZWdXvn2qS55tDmqUx1N2IGpFDQRoESupkGlkQSOtHt+djv3IE2IlVXOMogSNhAiVhwhlYKq42mj3CPUVxcM136EmLsUT/WjBdeWaiS+iZPwkI0vfJG0W4oqK/FYIgBDas1t+5OQP8Sb0ZqZIZWWH33+ynPE1DIJTOm57kZBgXTKLiEsuLnBjLGb9kAepYqloAJismLJT2wSp/GqbalkE7U7xMFS4wZJZHtTBgOzW9vLP7n9XKMT4NCqCxHUHy6KM4lxZSO86J9oYGjHFnCuBb2VsqHzOaDNtWKDcH7/fJf0j6qN+re5XHtrDVLY4XskX1ySDxyQs7IBWmRNuHkgTyRF/LqPDrPzpvzPm2dc2Yzu+QHnM8vFdGkOQ==</latexit>
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<latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit><latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit><latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit><latexit sha1_base64="QRm7vIF1Y7QORVDZ0f2TykwwSnQ="></latexit>

Property of the 
Variance

=
1

n2

nX

i=1

Var [Xi]
<latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit><latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit><latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit><latexit sha1_base64="OYKJ+r8WPdkNdKucxXVEmzHy6Ac="></latexit>

If the Xi are 
independent!

=
�2

n
<latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="2mxzz1BnYCMycJt3OBn/dmwEVxc=">AAAB8nicbZBPS8MwGMbfzn9zTq2CJy/BIXga7S7qQRC8eJxg3WCtI83SLSxNS5IKIxT8Kl48qPhhvPltzP4cdPOBwMPzJLxvfnHOmdKe9+1U1tY3Nreq27Wd+u7evntQf1BZIQkNSMYz2Y2xopwJGmimOe3mkuI05rQTj2+mfeeJSsUyca8nOY1SPBQsYQRrG/Xdo6swkZgYEyo2THH52CqNKPtuw2t6M6FV4y9MAxZq992vcJCRIqVCE46V6vleriODpWaE07IWFormmIzxkPasFTilKjKz9Ut0apMBSjJpj9Bolv5+YXCq1CSN7c0U65Fa7qbhf12v0MlFZJjIC00FmQ9KCo50hqYs0IBJSjSfWIOJZHZXREbY4tCWWM1C8Je/vGqCVvOy6d95UIVjOIEz8OEcruEW2hAAAQMv8AbvzrPz6nzMaVWcBbZD+CPn8wfBq5Rx</latexit><latexit sha1_base64="2mxzz1BnYCMycJt3OBn/dmwEVxc=">AAAB8nicbZBPS8MwGMbfzn9zTq2CJy/BIXga7S7qQRC8eJxg3WCtI83SLSxNS5IKIxT8Kl48qPhhvPltzP4cdPOBwMPzJLxvfnHOmdKe9+1U1tY3Nreq27Wd+u7evntQf1BZIQkNSMYz2Y2xopwJGmimOe3mkuI05rQTj2+mfeeJSsUyca8nOY1SPBQsYQRrG/Xdo6swkZgYEyo2THH52CqNKPtuw2t6M6FV4y9MAxZq992vcJCRIqVCE46V6vleriODpWaE07IWFormmIzxkPasFTilKjKz9Ut0apMBSjJpj9Bolv5+YXCq1CSN7c0U65Fa7qbhf12v0MlFZJjIC00FmQ9KCo50hqYs0IBJSjSfWIOJZHZXREbY4tCWWM1C8Je/vGqCVvOy6d95UIVjOIEz8OEcruEW2hAAAQMv8AbvzrPz6nzMaVWcBbZD+CPn8wfBq5Rx</latexit><latexit sha1_base64="d43m3ge00tEMeR+Yt7iflFoZ9HE=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdXtSDUPDisYJrC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2Kiura+sb1c3a1vbO7p67f3Cv0lxiEuCUpbIbI0UYFSTQVDPSzSRBPGakE4+vp37nkUhFU3GnJxmJOBoKmlCMtJX67tFVmEiEjQkVHXJUPDQLI4q+W/ca3gxwmfglqYMS7b77FQ5SnHMiNGZIqZ7vZToySGqKGSlqYa5IhvAYDUnPUoE4UZGZnV/AU6sMYJJKW0LDmfp7wiCu1ITHtpMjPVKL3lT8z+vlOrmIDBVZronA80VJzqBO4TQLOKCSYM0mliAsqb0V4hGycWibWM2G4C++vEyCZuOy4d969Va7TKMKjsEJOAM+OActcAPaIAAYGPAMXsGb8+S8OO/Ox7y14pQzh+APnM8fNtmV4w==</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit><latexit sha1_base64="Ih+M3L5PlQyXrBI9ex0v3UlJA1U=">AAAB/XicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdIqgHoeDFYwVXC921ZNNsG5pklyQrlLDgX/HiQcWr/8Ob/8a03YO2Phh4vDfDzLw4Y1Rpz/t2KkvLK6tr1fXaxubW9o67u3en0lxiEuCUpbITI0UYFSTQVDPSySRBPGbkPh5dTfz7RyIVTcWtHmck4mggaEIx0lbquQeXYSIRNiZUdMBR8dAsjCh6bt1reFPAReKXpA5KtHvuV9hPcc6J0Jghpbq+l+nIIKkpZqSohbkiGcIjNCBdSwXiREVmen4Bj63Sh0kqbQkNp+rvCYO4UmMe206O9FDNexPxP6+b6+Q8MlRkuSYCzxYlOYM6hZMsYJ9KgjUbW4KwpPZWiIfIxqFtYjUbgj//8iIJmo2Lhn9zWm+1yzSq4BAcgRPggzPQAtegDQKAgQHP4BW8OU/Oi/PufMxaK045sw/+wPn8ATgZlec=</latexit>

=
1

n2

nX

i=1

�2

<latexit sha1_base64="AGfBjLea5IKPelaRFElZRpm9FAA=">AAACC3icbVDLSgMxFL3js9ZX1aWbYBFclZkiqItCwY3LCtYWOm3JpJk2NMkMSUYow3yAG3/FjQsVt/6AO//GtJ2Fth4IHM45l5t7gpgzbVz321lZXVvf2CxsFbd3dvf2SweH9zpKFKFNEvFItQOsKWeSNg0znLZjRbEIOG0F4+up33qgSrNI3plJTLsCDyULGcHGSv1SueaHCpPUy1LZq2bI14nop6zmZT3pazYUuFe1KbfizoCWiZeTMuRo9Etf/iAiiaDSEI617nhubLopVoYRTrOin2gaYzLGQ9qxVGJBdTedHZOhU6sMUBgp+6RBM/X3RIqF1hMR2KTAZqQXvan4n9dJTHjZTZmME0MlmS8KE45MhKbNoAFTlBg+sQQTxexfERlhW46x/RVtCd7iycukWa1cVbzb83K9kbdRgGM4gTPw4ALqcAMNaAKBR3iGV3hznpwX5935mEdXnHzmCP7A+fwBufqbBw==</latexit><latexit sha1_base64="AGfBjLea5IKPelaRFElZRpm9FAA=">AAACC3icbVDLSgMxFL3js9ZX1aWbYBFclZkiqItCwY3LCtYWOm3JpJk2NMkMSUYow3yAG3/FjQsVt/6AO//GtJ2Fth4IHM45l5t7gpgzbVz321lZXVvf2CxsFbd3dvf2SweH9zpKFKFNEvFItQOsKWeSNg0znLZjRbEIOG0F4+up33qgSrNI3plJTLsCDyULGcHGSv1SueaHCpPUy1LZq2bI14nop6zmZT3pazYUuFe1KbfizoCWiZeTMuRo9Etf/iAiiaDSEI617nhubLopVoYRTrOin2gaYzLGQ9qxVGJBdTedHZOhU6sMUBgp+6RBM/X3RIqF1hMR2KTAZqQXvan4n9dJTHjZTZmME0MlmS8KE45MhKbNoAFTlBg+sQQTxexfERlhW46x/RVtCd7iycukWa1cVbzb83K9kbdRgGM4gTPw4ALqcAMNaAKBR3iGV3hznpwX5935mEdXnHzmCP7A+fwBufqbBw==</latexit><latexit sha1_base64="AGfBjLea5IKPelaRFElZRpm9FAA=">AAACC3icbVDLSgMxFL3js9ZX1aWbYBFclZkiqItCwY3LCtYWOm3JpJk2NMkMSUYow3yAG3/FjQsVt/6AO//GtJ2Fth4IHM45l5t7gpgzbVz321lZXVvf2CxsFbd3dvf2SweH9zpKFKFNEvFItQOsKWeSNg0znLZjRbEIOG0F4+up33qgSrNI3plJTLsCDyULGcHGSv1SueaHCpPUy1LZq2bI14nop6zmZT3pazYUuFe1KbfizoCWiZeTMuRo9Etf/iAiiaDSEI617nhubLopVoYRTrOin2gaYzLGQ9qxVGJBdTedHZOhU6sMUBgp+6RBM/X3RIqF1hMR2KTAZqQXvan4n9dJTHjZTZmME0MlmS8KE45MhKbNoAFTlBg+sQQTxexfERlhW46x/RVtCd7iycukWa1cVbzb83K9kbdRgGM4gTPw4ALqcAMNaAKBR3iGV3hznpwX5935mEdXnHzmCP7A+fwBufqbBw==</latexit><latexit sha1_base64="AGfBjLea5IKPelaRFElZRpm9FAA=">AAACC3icbVDLSgMxFL3js9ZX1aWbYBFclZkiqItCwY3LCtYWOm3JpJk2NMkMSUYow3yAG3/FjQsVt/6AO//GtJ2Fth4IHM45l5t7gpgzbVz321lZXVvf2CxsFbd3dvf2SweH9zpKFKFNEvFItQOsKWeSNg0znLZjRbEIOG0F4+up33qgSrNI3plJTLsCDyULGcHGSv1SueaHCpPUy1LZq2bI14nop6zmZT3pazYUuFe1KbfizoCWiZeTMuRo9Etf/iAiiaDSEI617nhubLopVoYRTrOin2gaYzLGQ9qxVGJBdTedHZOhU6sMUBgp+6RBM/X3RIqF1hMR2KTAZqQXvan4n9dJTHjZTZmME0MlmS8KE45MhKbNoAFTlBg+sQQTxexfERlhW46x/RVtCd7iycukWa1cVbzb83K9kbdRgGM4gTPw4ALqcAMNaAKBR3iGV3hznpwX5935mEdXnHzmCP7A+fwBufqbBw==</latexit>

Define the 
variance of Xi

as σ

=
p⇤(1� p⇤)

n
<latexit sha1_base64="zX8FA9qbZ9cmDolWjQSqIZwKo0I=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIVbAkIqgLoeDGZQVjC20sk+mkHTqZhJmJUELAX3HjQsWt/+HOv3H6WGjrgXs5nHMvc+cECWdKO863VVhYXFpeKa6W1tY3Nrfs7Z17FaeSUI/EPJbNACvKmaCeZprTZiIpjgJOG8HgeuQ3HqlULBZ3ephQP8I9wUJGsDZSx967aocSkyx5OK64J6Yf5ZnIO3bZqTpjoHniTkkZpqh37K92NyZpRIUmHCvVcp1E+xmWmhFO81I7VTTBZIB7tGWowBFVfjY+P0eHRumiMJamhEZj9fdGhiOlhlFgJiOs+2rWG4n/ea1Uhxd+xkSSairI5KEw5UjHaJQF6jJJieZDQzCRzNyKSB+bOLRJrGRCcGe/PE+80+pl1b09K9fq0zSKsA8HUAEXzqEGN1AHDwhk8Ayv8GY9WS/Wu/UxGS1Y051d+APr8wcndpSR</latexit><latexit sha1_base64="zX8FA9qbZ9cmDolWjQSqIZwKo0I=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIVbAkIqgLoeDGZQVjC20sk+mkHTqZhJmJUELAX3HjQsWt/+HOv3H6WGjrgXs5nHMvc+cECWdKO863VVhYXFpeKa6W1tY3Nrfs7Z17FaeSUI/EPJbNACvKmaCeZprTZiIpjgJOG8HgeuQ3HqlULBZ3ephQP8I9wUJGsDZSx967aocSkyx5OK64J6Yf5ZnIO3bZqTpjoHniTkkZpqh37K92NyZpRIUmHCvVcp1E+xmWmhFO81I7VTTBZIB7tGWowBFVfjY+P0eHRumiMJamhEZj9fdGhiOlhlFgJiOs+2rWG4n/ea1Uhxd+xkSSairI5KEw5UjHaJQF6jJJieZDQzCRzNyKSB+bOLRJrGRCcGe/PE+80+pl1b09K9fq0zSKsA8HUAEXzqEGN1AHDwhk8Ayv8GY9WS/Wu/UxGS1Y051d+APr8wcndpSR</latexit><latexit sha1_base64="zX8FA9qbZ9cmDolWjQSqIZwKo0I=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIVbAkIqgLoeDGZQVjC20sk+mkHTqZhJmJUELAX3HjQsWt/+HOv3H6WGjrgXs5nHMvc+cECWdKO863VVhYXFpeKa6W1tY3Nrfs7Z17FaeSUI/EPJbNACvKmaCeZprTZiIpjgJOG8HgeuQ3HqlULBZ3ephQP8I9wUJGsDZSx967aocSkyx5OK64J6Yf5ZnIO3bZqTpjoHniTkkZpqh37K92NyZpRIUmHCvVcp1E+xmWmhFO81I7VTTBZIB7tGWowBFVfjY+P0eHRumiMJamhEZj9fdGhiOlhlFgJiOs+2rWG4n/ea1Uhxd+xkSSairI5KEw5UjHaJQF6jJJieZDQzCRzNyKSB+bOLRJrGRCcGe/PE+80+pl1b09K9fq0zSKsA8HUAEXzqEGN1AHDwhk8Ayv8GY9WS/Wu/UxGS1Y051d+APr8wcndpSR</latexit><latexit sha1_base64="zX8FA9qbZ9cmDolWjQSqIZwKo0I=">AAAB/XicbVDLSsNAFL2pr1pfUXHlZrAIVbAkIqgLoeDGZQVjC20sk+mkHTqZhJmJUELAX3HjQsWt/+HOv3H6WGjrgXs5nHMvc+cECWdKO863VVhYXFpeKa6W1tY3Nrfs7Z17FaeSUI/EPJbNACvKmaCeZprTZiIpjgJOG8HgeuQ3HqlULBZ3ephQP8I9wUJGsDZSx967aocSkyx5OK64J6Yf5ZnIO3bZqTpjoHniTkkZpqh37K92NyZpRIUmHCvVcp1E+xmWmhFO81I7VTTBZIB7tGWowBFVfjY+P0eHRumiMJamhEZj9fdGhiOlhlFgJiOs+2rWG4n/ea1Uhxd+xkSSairI5KEw5UjHaJQF6jJJieZDQzCRzNyKSB+bOLRJrGRCcGe/PE+80+pl1b09K9fq0zSKsA8HUAEXzqEGN1AHDwhk8Ayv8GY9WS/Wu/UxGS1Y051d+APr8wcndpSR</latexit>

For shishto
peppers with 
replacement

The variance of the sample 
mean decreases at a 
rate of one over the sample size

Summary of Sample Mean Statistics

Ø Expected Value:
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Ø Variance:
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Assuming Xi are 
independent=
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Ø Standard Error:

SE
�
X̄
�
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q
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⇥
X̄
⇤
=
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n Square root law
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Good Luck!


