
Data Science 100
Lecture 17:
Feature Engineering
Prediction & Cross-validation
Regularization



Data Science Life Cycle

?
Context
Question
Refine Question to an 
one answerable with 
data 

Design
Data Collection
Data Cleaning

Modeling
Test-train split
Loss function choice
1. Feature engineering

Transformations, 
Dummy Variables
Word vectors

Model evaluation
2. Prediction error

3. Model selection
Best subset regression
Cross-Validation
Regularization



State of the Union 
Addresses



The first State of the Union Address 

*** 
State of the Union Address 
George Washington 
December 8, 1790 

Fellow-Citizens of the Senate and House of Representatives: 
In meeting you again I feel much satisfaction in being able to 
repeat my congratulations on the favorable prospects which continue 
to distinguish our public affairs. The abundant fruits of another 
year have blessed our country with plenty and with the means of a 
flourishing commerce. …



How do we Analyze/Visualize Text?
Ø Derived variables encoding the presence or absence of 

particular patterns
Ø Example: food safety violation descriptions à hasUnclean, 

hasVermin

Ø Word frequencies which words are more common …
Ø An approach for comparing speeches based on word usage 



Text Encoding
Ø Generalization of one-hot-encoding for a string of text

Ø Often remove stop words (e.g., the, is, a…) that don’t contain 
significant information

Ø Reduce similar words (e.g. meet, meeting, meets, met) to their 
stem

Ø Pool all of the words in all speeches into a bag of words

“In meeting you 
again I feel much 
satisfaction .”
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Word Frequency Vectors

Ø Encode text as a long vector of word counts
Ø Typically high dimensional and very sparse
Ø Word order information is lost… (is this an issue?)

Ø We have 226 speeches –
Ø each speech is turned into a word vector
Ø Row in a matrix with:

Ø 226 rows 
Ø 23,127 columns – corresponding to the unique words in all speeches



State of the Union Addresses

Ø Dimensionality reduction: 23,127 columns à 2 columns
Ø Rather than look at projections and the Euclidean distance 

between points, we define a special distance useful for word 
vectors. It normalizes by the rarity of a word

term frequency/document frequency = 
# times a word appears in doc / #docs contain word

Use this quantity and an approach similar to PCA to reduce each 
speech to point in 2d



Colored using sequential palette 
according to year of speech

1
2 3

4

Which point 
corresponds to 
Donald Trump?



Colored using sequential palette 
according to year of speech

Herbert 
Hoover

George W 
Bush

Barak 
Obama

Donald 
Trump



Feature Engineering
Keeping it ℝeal



Feature Engineering

Feature Functions:
� : X ! Rp

Domain 1�1

1

�1
1

�1

�
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Ø One-hot encoding: Categorical Data

Ø Bag-of-words & N-gram: Text Data

state
NY

WA

CA

AL … CA … NY … WA … WY
0 … 0 … 1 … 0 … 0
0 … 0 … 0 … 1 … 0
0 … 1 … 0 … 0 … 0

“In meeting you 
again I feel much 
satisfaction .”
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Ø Custom Features: Domain Knowledge & EDA

Ø Generic Features: polynomials, orthogonal polynomials, 
cubic splines,  basis functions: 

�(lat, lon, amount) =
amount

Stores[ZipCode[lat, lon]]

�1(x), . . . ,�k(x)
<latexit sha1_base64="VSRAb0AoR78rT3HRA33UAOXTGEw=">AAACBXicbZBNS8MwGMfT+TbnW9WjHoJDmCCjnYIeh148TnAvsJaSpukWlqYlScVRdvHiV/HiQRGvfgdvfhvTrQfdfCDkz+//PCTP308Ylcqyvo3S0vLK6lp5vbKxubW9Y+7udWScCkzaOGax6PlIEkY5aSuqGOklgqDIZ6Trj65zv3tPhKQxv1PjhLgRGnAaUoyURp556CRD6tm1h5NT6LAgVlLfORpp5JlVq25NCy4KuxBVUFTLM7+cIMZpRLjCDEnZt61EuRkSimJGJhUnlSRBeIQGpK8lRxGRbjbdYgKPNQlgGAt9uIJT+nsiQ5GU48jXnRFSQznv5fA/r5+q8NLNKE9SRTiePRSmDKoY5pHAgAqCFRtrgbCg+q8QD5FAWOngKjoEe37lRdFp1O2zeuP2vNq8KuIogwNwBGrABhegCW5AC7QBBo/gGbyCN+PJeDHejY9Za8koZvbBnzI+fwAU7pcH</latexit>

log(x)
<latexit sha1_base64="gOxwvgmom0+ogTNCmeqZzvAnbOk=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGZpMlyYpl6Y/w4kERr/4eb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O49UaSbFg5nG1I/wSLCQEWys1OlzOao+nQ/KFbfmZkCrxMtJBXI0B+Wv/lCSJKLCEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcAR1X6anTtDZ1YZolAqW8KgTP09keJI62kU2M4Im7Fe9ubif14vMeG1nzIRJ4YKslgUJhwZiea/oyFTlBg+tQQTxeytiIyxwsTYhEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAYALP8ApvTuy8OO/Ox6K14OQzx/AHzucPu3KPKw==</latexit>



Is this data Linear?
What does it mean to be linear?



What does it mean to be a linear model?

In what sense is the above model linear? 

f�(�(x)) = �(x)t� =
pX

j=1

�j(x)�j

<latexit sha1_base64="aOq89+V7QvoqHkeCwn9Qp3MEsG8="></latexit>
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Examples of Non-linear Feature Functions
Ø In our toy dataset there appears to be cyclic patterns

Ø One reasonable collection of feature functions might be:

�(x) = [x, sin(x), 1]

f�(�(x)) = ~1�0 + ~x�1 + sin(x)�2
<latexit sha1_base64="zIvjBDAHvEmVmNc8dOZKp5swgcQ="></latexit>



Examples Non-linear Feature Functions
Ø Linear models don’t include model parameters in non-

linear transformations!

Ø This is not a linear model!

f�(�(x)) = �0 + x�1 + sin(�3x+ �4)�2
<latexit sha1_base64="taZ6NJ+oAZFRcCKkLhWoxZOrzkg="></latexit>

Deborah



Non-linear Feature Functions

Ø hyper-parameters that are externally optimized (e.g., 
using a grid search and not the normal equations…)
Ø Often by trying a range of values.
Ø This is  a linear model: we minimize over the betas

f�(�(x)) = �0 + x�1 + sin(�x+ ↵)�2
<latexit sha1_base64="kjFYM+PbR4qd1MRhnpmeHOgOOVM="></latexit>

�0 + �1x+ �2x
2 + �3 sin(5x)

<latexit sha1_base64="2sAh87n2h6We0pcNfyw8a6ICxhE=">AAACHXicbZDLSsNAFIYnXmu9RV26GSxCRShJWtFl0Y3LCvYCTS2T6aQdOpmEmYm0hL6IG1/FjQtFXLgR38ZJG0RbDwx8/P85nDm/FzEqlWV9GUvLK6tr67mN/ObW9s6uubffkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3vEr95j0Rkob8Vo0j0glQn1OfYqS01DUrrkcU6lrwFM7IHmnM2BndOT9G2ZWUF89GJzDfNQtWyZoWXAQ7gwLIqtY1P9xeiOOAcIUZkrJtW5HqJEgoihmZ5N1YkgjhIeqTtkaOAiI7yfS6CTzWSg/6odCPKzhVf08kKJByHHi6M0BqIOe9VPzPa8fKv+gklEexIhzPFvkxgyqEaVSwRwXBio01ICyo/ivEAyQQVjrQNAR7/uRFaDglu1xybiqF6mUWRw4cgiNQBDY4B1VwDWqgDjB4AE/gBbwaj8az8Wa8z1qXjGzmAPwp4/MbqrieiA==</latexit>



Model Selection



Kenya Variables

Ø Girth, Length, Height, BCS, Age, Sex

Ø Not including transformations, how many possible models 
could we have examined?

Ø What if we used two-way interaction terms, e.g., Girth x 
Age?

26 =  64

26 + (6 choose 2) = 64 + 15 = 79

Deborah
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How we chose the model

Ø We use a physical model as a starting point

Ø We considered model complexity

Ø We made residual plots

Ø We examined MSE (Mean Square Error, AKA Empirical 
Risk)

Ø BUT, we didn’t look at all 64 models

Ø What are other ways to choose a model?



Best Subset Regression

Ø Fit all 64 models:
Ø 6 one-variable models
Ø 15 two-variable models
Ø 20 three-variable models
Ø 15 four-variable models
Ø 6 five variable models
Ø 1 6-variable model

(Note that I am counting 
each qualitative variable as 
1, which isn’t quite right) 

For each degree,
(one-variable,  two-variable, 
etc.), 

find the model that minimizes 
the empirical risk

We still have a problem: how 
many variables do we settle 
on for the model?



How to choose the best size model?

Ø Ideally we want to do well in predicting a donkey in the 
future

Ø We used the  500+ donkeys to fit the models

Ø We want the model to do well at predicting the weight 
of a donkey that we have not seen/measured.



Along comes a new donkey…



How to choose the best size model?

The unseen donkey will be from the same distribution of 
donkeys as the ones that we have seen already.

We want the expected loss for this new donkey to be small

Recall, that to estimate the prediction error, we set aside 
20% of the data to assess our model after we chose it

But we need help choosing the model!

E(Y0 � Ŷ0)
2

<latexit sha1_base64="eO7lI1x9S6UnkjSSMa0IUKiWKYc=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCrosFcFlBfuiiWEynbRDJ5MwMxFKyMKNv+LGhSJu/Qh3/o3Tx0JbD1w4nHMv997jx4xKZVnfRm5ldW19I79Z2Nre2d0z9w9aMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZHVxO//UCEpBG/U+OYuCEacBpQjJSWPLPo1H0/vc7KXc+Cp9AZIpV2M886ua9CzyxZFWsKuEzsOSmBORqe+eX0I5yEhCvMkJQ924qVmyKhKGYkKziJJDHCIzQgPU05Col00+kTGTzWSh8GkdDFFZyqvydSFEo5Dn3dGSI1lIveRPzP6yUquHRTyuNEEY5ni4KEQRXBSSKwTwXBio01QVhQfSvEQyQQVjq3gg7BXnx5mbSqFfusUr09L9Xq8zjyoAiOQBnY4ALUwA1ogCbA4BE8g1fwZjwZL8a78TFrzRnzmUPwB8bnD6Zelis=</latexit>
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The Train-Test Split
Ø Training Data: used to fit model

Ø Test Data: check generalization error

D
a

ta Tr
a

in
Te

st

Train - Test
Split

You can only use the test dataset once after deciding on the model.

E(Y0 � Ŷ0)
2

<latexit sha1_base64="eO7lI1x9S6UnkjSSMa0IUKiWKYc=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCrosFcFlBfuiiWEynbRDJ5MwMxFKyMKNv+LGhSJu/Qh3/o3Tx0JbD1w4nHMv997jx4xKZVnfRm5ldW19I79Z2Nre2d0z9w9aMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZHVxO//UCEpBG/U+OYuCEacBpQjJSWPLPo1H0/vc7KXc+Cp9AZIpV2M886ua9CzyxZFWsKuEzsOSmBORqe+eX0I5yEhCvMkJQ924qVmyKhKGYkKziJJDHCIzQgPU05Col00+kTGTzWSh8GkdDFFZyqvydSFEo5Dn3dGSI1lIveRPzP6yUquHRTyuNEEY5ni4KEQRXBSSKwTwXBio01QVhQfSvEQyQQVjq3gg7BXnx5mbSqFfusUr09L9Xq8zjyoAiOQBnY4ALUwA1ogCbA4BE8g1fwZjwZL8a78TFrzRnzmUPwB8bnD6Zelis=</latexit>

⇡ 1

m

mX

j=1

(Yj � xt
j �̂)

2

<latexit sha1_base64="+SJnUfCsX0ZyxPU6G9GQkLcVKhs="></latexit>

Trained on 0.8xn  
observationsTested on 

m = 0.2n 
observations



Imitate the test-train split:
Cross-validation



Generalization: Validation Split
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Cross validation simulates multiple train test-splits on the training data.

Validate
Generalization



Generalization: Validation Split
Tr

a
in

V I1 = {i 2 fold 1}
<latexit sha1_base64="46ButfVE/sRtqykrNUs8Ip1ROyw=">AAACEnicbVDLSsNAFJ34rPVVdelmsAi6KUkVdCMU3eiugn1AE8JkOmmHTiZh5kYsId/gxl9x40IRt67c+TdOHwttPXDhcM693HtPkAiuwba/rYXFpeWV1cJacX1jc2u7tLPb1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBUMrkZ+654pzWN5B8OEeRHpSR5ySsBIfuk4cykR2U2e+w6+wG6GOXa5xC6wB1BRFsaii3PsuLlfKtsVeww8T5wpKaMp6n7py+3GNI2YBCqI1h3HTsDLiAJOBcuLbqpZQuiA9FjHUEkipr1s/FKOD43SxWGsTEnAY/X3REYirYdRYDojAn09643E/7xOCuG5l3GZpMAknSwKU4EhxqN8cJcrRkEMDSFUcXMrpn2iCAWTYtGE4My+PE+a1YpzUqnenpZrl9M4CmgfHaAj5KAzVEPXqI4aiKJH9Ixe0Zv1ZL1Y79bHpHXBms7soT+wPn8Ap7uc1Q==</latexit>

Ic
1 = {i /2 fold 1}

<latexit sha1_base64="Y2ucQ4VhWLfMtdmqVmvpVL3RQIA=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBA8hd0o6EUIetFbBPOAbAyzk9lkyOzMMtMrhmX/wou/4sWDIl715t84eRw0saChqOqmuyuIBTfgut/OwuLS8spqbi2/vrG5tV3Y2a0blWjKalQJpZsBMUxwyWrAQbBmrBmJAsEaweBy5DfumTZcyVsYxqwdkZ7kIacErNQplFKfEpFeZ1nHu6P4HPsp5tiXCrjEPrAH0FEaKtHFGfb8rFMouiV3DDxPvCkpoimqncKX31U0iZgEKogxLc+NoZ0SDZwKluX9xLCY0AHpsZalkkTMtNPxXxk+tEoXh0rbkoDH6u+JlETGDKPAdkYE+mbWG4n/ea0EwrN2ymWcAJN0sihMBAaFRyHhLteMghhaQqjm9lZM+0QTCjbKvA3Bm315ntTLJe+4VL45KVYupnHk0D46QEfIQ6eogq5QFdUQRY/oGb2iN+fJeXHenY9J64IzndlDf+B8/gDY1Z8Z</latexit>

X

I1

(yi � f�̂Ic
1

(�(xi))
2

<latexit sha1_base64="0FPz/Wegbap5nCLanGBYYs7YjGM="></latexit> Fit model 
with data not 
in first fold

Compute 
square error 
for data in 
the first fold



Generalization: Validation Split
V

Tr
a

in
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<latexit sha1_base64="45uwzCuXToBg8hJiV4Ge8dA8I/g="></latexit>

These 5 sums are not independent of one 
another, but each summand has 
independence between the data used 
to fit the model and the data used to 
assess prediction error

How many 
times does 
get used?
however 

y1
<latexit sha1_base64="gXLzr9lA6QyErQrPkt90wKdvXMk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSQ9b3+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6C/oRqFEzyaamXGp5QNqZD3rVU0YgbfzI/dUrOrDIgYaxtKSRz9ffEhEbGZFFgOyOKI7PszcT/vG6K4bU/ESpJkSu2WBSmkmBMZn+TgdCcocwsoUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEOhI2l</latexit>



How to Implement with Best Subset 
Regression

1. Find the best one-variable 
model for data not in fold 1.

2. Obtain the loss for that one-
variable model using fold 1.

3. Repeat for folds 2, 3, 4, 5
4. Combine into one assessment 

for the best one-variable 
model 

Repeat for each size model. 

Select the model size according 
to the minimum cross-validated 
error.

Find the best model for that size 
using all of the training data. 



Training vs Test Error

Model “complexity”

Er
ro

r

Training Error

Test Error
Best Fit

Overfitting àß Underfitting

(e.g., number of features)



Fitting Polynomials:
Cross-validation



Choose one of 32 models
�0 sin(5x) + �1x

<latexit sha1_base64="3bYEuXe6L/ag7CqBVo1Fyd6X/c8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUpSFV0W3bisYB/QhDCZTtqhk0mYmUhL6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsf3mR++4EISSN+r8YxcUPU5zSgGCkteeah4xOFPMuRlFcuRicQnsKZZI9gyTPLVtWaAi4SOydlkKPhmV9OL8JJSLjCDEnZta1YuSkSimJGJiUnkSRGeIj6pKspRyGRbjp9YwKPtdKDQSR0cQWn6u+JFIVSjkNfd4ZIDeS8l4n/ed1EBVduSnmcKMLxbFGQMKgimGUCe1QQrNhYE4QF1bdCPEACYaWTy0Kw519eJK1a1T6r1u7Oy/XrPI4iOABHoAJscAnq4BY0QBNg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5A7GOlrE=</latexit>

�0 sin(5x) + �1x+ �2x
2

<latexit sha1_base64="dGypAnB1VI563OHEPVlDtJZZQ4w=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWoSSREWXRTcuK9gLNDFMppN26GQSZibSEvoMbnwVNy4UcevKnW9j0gbR1h8GPv5zDmfO70WMSmUYX1phaXllda24XtrY3Nre0Xf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2hldZvX1PhKQhv1XjiDgB6nPqU4xUarl61faIQq5hS8orZ6MqhMdwZpmjH7RGd1bJ1ctGzZgKLoKZQxnkarj6p90LcRwQrjBDUnZNI1JOgoSimJFJyY4liRAeoj7ppshRQKSTTE+awKPU6UE/FOnjCk7d3xMJCqQcB17aGSA1kPO1zPyv1o2Vf+EklEexIhzPFvkxgyqEWT6wRwXBio1TQFjQ9K8QD5BAWKUpZiGY8ycvQsuqmSc16+a0XL/M4yiCA3AIKsAE56AOrkEDNAEGD+AJvIBX7VF71t6091lrQctn9sEfaR/fzMebBQ==</latexit>

�0 sin(5x) + �1x+ �2x
2 + · · ·+ �32x

32
<latexit sha1_base64="2dhiRvF21W0sA6zY0T18VjB3XzM=">AAACLnicbVDLSgMxFM3UV62vUZdugkWoCGVmquiyKILLCvYBfZFJ0zY0kxmSO9Iy9Ivc+Cu6EFTErZ/hTFtEWw8knJxzLzf3uIHgGizr1UgtLa+srqXXMxubW9s75u5eRfuhoqxMfeGrmks0E1yyMnAQrBYoRjxXsKo7uEr86j1TmvvyDkYBa3qkJ3mXUwKx1DavGy4D0rYamsvc2fAY4xM8lezhD3WGLSd50I4P+keNCs542EruTNvMWnlrArxI7BnJohlKbfO50fFp6DEJVBCt67YVQDMiCjgVbJxphJoFhA5Ij9VjKonHdDOarDvGR7HSwV1fxUcCnqi/OyLiaT3y3LjSI9DX814i/ufVQ+heNCMugxCYpNNB3VBg8HGSHe5wxSiIUUwIVTz+K6Z9ogiFOOEkBHt+5UVScfJ2Ie/cnmaLl7M40ugAHaIcstE5KqIbVEJlRNEDekJv6N14NF6MD+NzWpoyZj376A+Mr2+8jaVT</latexit>

�0 sin(5x) + �1x+ �2x
2 + ✏

<latexit sha1_base64="agzqH4Zge3+RH4MXMQjVQD/pTXw=">AAACHXicbZDLSsNAFIYn9VbrrerSzWARKkJJakWXRTcuK9gLNDFMpqft0MkkzEykJfRF3Pgqblwo4sKN+DYmbRFt/WHgm/+cw8z5vZAzpU3zy8gsLa+srmXXcxubW9s7+d29hgoiSaFOAx7IlkcUcCagrpnm0AolEN/j0PQGV2m9eQ9SsUDc6lEIjk96gnUZJTqx3HzF9kAT17QVE8Wz4THGJ3hqWcMfLA/vyukFQsV4IHJuvmCWzInwIlgzKKCZam7+w+4ENPJBaMqJUm3LDLUTE6kZ5TDO2ZGCkNAB6UE7QUF8UE482W6MjxKng7uBTI7QeOL+noiJr9TI95JOn+i+mq+l5n+1dqS7F07MRBhpEHT6UDfiWAc4jQp3mASq+SgBQiVL/oppn0hCdRJoGoI1v/IiNMol67RUvqkUqpezOLLoAB2iIrLQOaqia1RDdUTRA3pCL+jVeDSejTfjfdqaMWYz++iPjM9vt0yfNA==</latexit>

Deborah



Set aside test set



�0 sin(5x) + �1x
<latexit sha1_base64="3bYEuXe6L/ag7CqBVo1Fyd6X/c8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUpSFV0W3bisYB/QhDCZTtqhk0mYmUhL6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1rySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsf3mR++4EISSN+r8YxcUPU5zSgGCkteeah4xOFPMuRlFcuRicQnsKZZI9gyTPLVtWaAi4SOydlkKPhmV9OL8JJSLjCDEnZta1YuSkSimJGJiUnkSRGeIj6pKspRyGRbjp9YwKPtdKDQSR0cQWn6u+JFIVSjkNfd4ZIDeS8l4n/ed1EBVduSnmcKMLxbFGQMKgimGUCe1QQrNhYE4QF1bdCPEACYaWTy0Kw519eJK1a1T6r1u7Oy/XrPI4iOABHoAJscAnq4BY0QBNg8AiewSt4M56MF+Pd+Ji1Fox8Zh/8gfH5A7GOlrE=</latexit>

�0 sin(5x) + �1x+ �2x
2

<latexit sha1_base64="dGypAnB1VI563OHEPVlDtJZZQ4w=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWoSSREWXRTcuK9gLNDFMppN26GQSZibSEvoMbnwVNy4UcevKnW9j0gbR1h8GPv5zDmfO70WMSmUYX1phaXllda24XtrY3Nre0Xf3WjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2hldZvX1PhKQhv1XjiDgB6nPqU4xUarl61faIQq5hS8orZ6MqhMdwZpmjH7RGd1bJ1ctGzZgKLoKZQxnkarj6p90LcRwQrjBDUnZNI1JOgoSimJFJyY4liRAeoj7ppshRQKSTTE+awKPU6UE/FOnjCk7d3xMJCqQcB17aGSA1kPO1zPyv1o2Vf+EklEexIhzPFvkxgyqEWT6wRwXBio1TQFjQ9K8QD5BAWKUpZiGY8ycvQsuqmSc16+a0XL/M4yiCA3AIKsAE56AOrkEDNAEGD+AJvIBX7VF71t6091lrQctn9sEfaR/fzMebBQ==</latexit>

�0 sin(5x) + �1x+ �2x
2 + · · ·+ �32x

32
<latexit sha1_base64="2dhiRvF21W0sA6zY0T18VjB3XzM=">AAACLnicbVDLSgMxFM3UV62vUZdugkWoCGVmquiyKILLCvYBfZFJ0zY0kxmSO9Iy9Ivc+Cu6EFTErZ/hTFtEWw8knJxzLzf3uIHgGizr1UgtLa+srqXXMxubW9s75u5eRfuhoqxMfeGrmks0E1yyMnAQrBYoRjxXsKo7uEr86j1TmvvyDkYBa3qkJ3mXUwKx1DavGy4D0rYamsvc2fAY4xM8lezhD3WGLSd50I4P+keNCs542EruTNvMWnlrArxI7BnJohlKbfO50fFp6DEJVBCt67YVQDMiCjgVbJxphJoFhA5Ij9VjKonHdDOarDvGR7HSwV1fxUcCnqi/OyLiaT3y3LjSI9DX814i/ufVQ+heNCMugxCYpNNB3VBg8HGSHe5wxSiIUUwIVTz+K6Z9ogiFOOEkBHt+5UVScfJ2Ie/cnmaLl7M40ugAHaIcstE5KqIbVEJlRNEDekJv6N14NF6MD+NzWpoyZj376A+Mr2+8jaVT</latexit>
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5-fold Cross-Validation

Create 5 
random folds

For each fold, 
use the fold’s 
complement to 
train and the fold 
to test



Cross-validated 
RMSE for each 
degree polynomial



A fundamental challenge 
in modeling and learning



Fundamental Challenge

Ø Bias: the expected deviation between the 
predicted value and the true value

Ø Variance: two sources
Ø Observation Variance: the variability of the random noise in the 

process we are trying to model. 
Ø Estimated Model Variance: the variability in the predicted value 

across different training datasets. 



Bias 

The expected deviation between the 
predicted function and the true function 

True signal

Expected 
simple linear 
model

Under-fitting –
tends to a large 
bias

Deborah

Deborah

Deborah

Deborah



Observation Variance
the variability of the random noise in the process we are 
trying to model

Ø measurement variability

Ø stochasticity

Ø missing information

Beyond our control
(usually)
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variability in the predicted 
function across different 
training datasets

Ø Sensitivity to variation in the 
training data

Ø Poor generalization 

Ø Overfitting – tends to large 
variance

Variance in the Estimated Model
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The Bias-Variance Tradeoff
Estimated Model Variance

Bias



Analysis of the 
Bias-Variance Trade-off



Analysis of Prediction Error
Ø For the test point x the expected error: 

Ø Random variables are red

Assume noisy observations 
à Y is a random variable

Assume training data is random 
à beta hat is a random 

variable

Noise term:

E [✏] = 0
True Function

Var [✏] = �2

E(Y � f�̂(x))
2

<latexit sha1_base64="qdGSfDnm2vAY9svcw48pTjz6s4s=">AAACKXicbVDLSgNBEJz1bXxFPXoZDEI8GHajoMegCB4jmKhkY5id9Johsw9mesUw7O948Ve8KCjq1R9xEnPwVdBQVHXPdFeQSqHRdd+cicmp6ZnZufnCwuLS8kpxda2pk0xxaPBEJuoiYBqkiKGBAiVcpApYFEg4D/pHQ//8BpQWSXyGgxTaEbuORSg4Qyt1ijX/MAjMcV42/ugxo6Cbm8s8pzs07Jgfqt9jaPwAkOUW5dvt7atqoVMsuRV3BPqXeGNSImPUO8Unv5vwLIIYuWRatzw3xbZhCgWXkBf8TEPKeJ9dQ8vSmEWg22a0Rk63rNKlYaJsxUhH6vcJwyKtB1FgOyOGPf3bG4r/ea0Mw4O2EXGaIcT866MwkxQTOoyNdoUCjnJgCeNK2F0p7zHFONpwhyF4v0/+S5rVirdbqZ7ulWqH4zjmyAbZJGXikX1SIyekThqEkzvyQJ7Ji3PvPDqvzvtX64QznlknP+B8fAI3+KfK</latexit>

Y = g(x) + ✏
<latexit sha1_base64="qZEA6N5D7z6jXtEyV0KYsydsiAU=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoCCWpgm6EohuXFexD2lAmk9t26GQSZiZiCfkPN/6KGxeKuBJc+DemaRe29cCFwzn3zp173JAzpS3rx8gtLa+sruXXCxubW9s75u5eQwWRpFCnAQ9kyyUKOBNQ10xzaIUSiO9yaLrD67HffACpWCDu9CgExyd9wXqMEp1KXbMSd7JHYgleEt8nCb7E/dLjMT7BM04HQsV4IJKk0DWLVtnKgBeJPSVFNEWta351vIBGPghNOVGqbVuhdmIiNaMckkInUhASOiR9aKdUEB+UE2fLE3yUKh7uBTItoXGm/p2Iia/UyHfTTp/ogZr3xuJ/XjvSvQsnZiKMNAg6WdSLONYBHgeFPSaBaj5KCaGSpX/FdEAkoTqNcxyCPX/yImlUyvZpuXJ7VqxeTePIowN0iErIRueoim5QDdURRU/oBb2hd+PZeDU+jM9Ja86YzuyjGRjfv3qzobA=</latexit>



Analysis of Squared Error

=

Obs. Var. + (Bias)2 + Mod. Var.

Goal:

(Bias)2 + Variance
Other terminology:

E(Y � f�̂(x))
2

<latexit sha1_base64="qdGSfDnm2vAY9svcw48pTjz6s4s=">AAACKXicbVDLSgNBEJz1bXxFPXoZDEI8GHajoMegCB4jmKhkY5id9Johsw9mesUw7O948Ve8KCjq1R9xEnPwVdBQVHXPdFeQSqHRdd+cicmp6ZnZufnCwuLS8kpxda2pk0xxaPBEJuoiYBqkiKGBAiVcpApYFEg4D/pHQ//8BpQWSXyGgxTaEbuORSg4Qyt1ijX/MAjMcV42/ugxo6Cbm8s8pzs07Jgfqt9jaPwAkOUW5dvt7atqoVMsuRV3BPqXeGNSImPUO8Unv5vwLIIYuWRatzw3xbZhCgWXkBf8TEPKeJ9dQ8vSmEWg22a0Rk63rNKlYaJsxUhH6vcJwyKtB1FgOyOGPf3bG4r/ea0Mw4O2EXGaIcT866MwkxQTOoyNdoUCjnJgCeNK2F0p7zHFONpwhyF4v0/+S5rVirdbqZ7ulWqH4zjmyAbZJGXikX1SIyekThqEkzvyQJ7Ji3PvPDqvzvtX64QznlknP+B8fAI3+KfK</latexit>

�2
<latexit sha1_base64="FcvWTfiprgLxjoZO4OuHJDf1Heo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvXisYD+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpP5nSeqNIvkvZnG1Bd4JFnICDZWeuhrNhL4sVYalCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7wDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhlZ8yGSeGSrJYFCYcmQhl36MhU5QYPrUEE8XsrYiMscLE2IyyELzll1dJu1b1Lqq1u3qlcZ3HUYQTOIVz8OASGnALTWgBAQHP8ApvjnJenHfnY9FacPKZY/gD5/MH/imP3w==</latexit>
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(Bias)2

Model Variance

=

Obs. Variance
“Noise”

�2

E(Y � f�̂(x))
2

<latexit sha1_base64="qdGSfDnm2vAY9svcw48pTjz6s4s=">AAACKXicbVDLSgNBEJz1bXxFPXoZDEI8GHajoMegCB4jmKhkY5id9Johsw9mesUw7O948Ve8KCjq1R9xEnPwVdBQVHXPdFeQSqHRdd+cicmp6ZnZufnCwuLS8kpxda2pk0xxaPBEJuoiYBqkiKGBAiVcpApYFEg4D/pHQ//8BpQWSXyGgxTaEbuORSg4Qyt1ijX/MAjMcV42/ugxo6Cbm8s8pzs07Jgfqt9jaPwAkOUW5dvt7atqoVMsuRV3BPqXeGNSImPUO8Unv5vwLIIYuWRatzw3xbZhCgWXkBf8TEPKeJ9dQ8vSmEWg22a0Rk63rNKlYaJsxUhH6vcJwyKtB1FgOyOGPf3bG4r/ea0Mw4O2EXGaIcT866MwkxQTOoyNdoUCjnJgCeNK2F0p7zHFONpwhyF4v0/+S5rVirdbqZ7ulWqH4zjmyAbZJGXikX1SIyekThqEkzvyQJ7Ji3PvPDqvzvtX64QznlknP+B8fAI3+KfK</latexit>

(g(x)� E[f�̂(x)])
2

<latexit sha1_base64="YQE5XDccpUzR0xD/UIX87/zi/RA=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1AXlpkq6lIUwWUFq0JnLJn0ThvMPEjuiCXMn7jxV9y4UETc9W9Maxe+DgQO55yb3Jwwk0Kj6w6cicmp6ZnZufnSwuLS8kp5de1Sp7ni0OSpTNV1yDRIkUATBUq4zhSwOJRwFd6eDP2rO1BapMkF9jMIYtZNRCQ4Qyu1y/vVbvV+m+5Q/zgMzWnRitrG+KN7jYJOYfweQ+OHgKywoDYcbN/U2+WKW3NHoH+JNyYVMkajXf7wOynPY0iQS6Z1y3MzDAxTKLiEouTnGjLGb1kXWpYmLAYdmNEeBd2ySodGqbInQTpSv08YFmvdj0ObjBn29G9vKP7ntXKMDgMjkixHSPjXQ1EuKaZ0WBbtCAUcZd8SxpWwu1LeY4pxtJWWbAne7y//JZf1mrdbq5/vVY6Ox3XMkQ2ySarEIwfkiJyRBmkSTh7IE3khr86j8+y8Oe9f0QlnPLNOfsAZfAIZeqJt</latexit>

E[E[f�̂(x)]� f�̂(x)]
2

<latexit sha1_base64="rj+Q+FnQ74goDj9bumpVZXJOT4w="></latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>

+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>
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Bias Variance Plot

Increasing Model Complexity

(Bias)2
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(g(x)� E[f
�̂ (x)]) 2

<latexit sha1_base64="YQE5XDccpUzR0xD/UIX87/zi/RA=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1AXlpkq6lIUwWUFq0JnLJn0ThvMPEjuiCXMn7jxV9y4UETc9W9Maxe+DgQO55yb3Jwwk0Kj6w6cicmp6ZnZufnSwuLS8kp5de1Sp7ni0OSpTNV1yDRIkUATBUq4zhSwOJRwFd6eDP2rO1BapMkF9jMIYtZNRCQ4Qyu1y/vVbvV+m+5Q/zgMzWnRitrG+KN7jYJOYfweQ+OHgKywoDYcbN/U2+WKW3NHoH+JNyYVMkajXf7wOynPY0iQS6Z1y3MzDAxTKLiEouTnGjLGb1kXWpYmLAYdmNEeBd2ySodGqbInQTpSv08YFmvdj0ObjBn29G9vKP7ntXKMDgMjkixHSPjXQ1EuKaZ0WBbtCAUcZd8SxpWwu1LeY4pxtJWWbAne7y//JZf1mrdbq5/vVY6Ox3XMkQ2ySarEIwfkiJyRBmkSTh7IE3khr86j8+y8Oe9f0QlnPLNOfsAZfAIZeqJt</latexit>
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)]
2

<latexit sha1_base64="rj+Q+FnQ74goDj9bumpVZXJOT4w="></latexit>



How do we control model complexity?

Ø So far:
Ø Number of features
Ø Choices of features

Ø Next: Regularization Te
st E
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Increasing Model Complexity

(Bias)2
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<latexit sha1_base64="rj+Q+FnQ74goDj9bumpVZXJOT4w="></latexit>

(g(x)� E[f
�̂ (x)]) 2

<latexit sha1_base64="YQE5XDccpUzR0xD/UIX87/zi/RA=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1AXlpkq6lIUwWUFq0JnLJn0ThvMPEjuiCXMn7jxV9y4UETc9W9Maxe+DgQO55yb3Jwwk0Kj6w6cicmp6ZnZufnSwuLS8kp5de1Sp7ni0OSpTNV1yDRIkUATBUq4zhSwOJRwFd6eDP2rO1BapMkF9jMIYtZNRCQ4Qyu1y/vVbvV+m+5Q/zgMzWnRitrG+KN7jYJOYfweQ+OHgKywoDYcbN/U2+WKW3NHoH+JNyYVMkajXf7wOynPY0iQS6Z1y3MzDAxTKLiEouTnGjLGb1kXWpYmLAYdmNEeBd2ySodGqbInQTpSv08YFmvdj0ObjBn29G9vKP7ntXKMDgMjkixHSPjXQ1EuKaZ0WBbtCAUcZd8SxpWwu1LeY4pxtJWWbAne7y//JZf1mrdbq5/vVY6Ox3XMkQ2ySarEIwfkiJyRBmkSTh7IE3khr86j8+y8Oe9f0QlnPLNOfsAZfAIZeqJt</latexit>



Bias Variance Derivation Quiz

Ø Match each of the following:

(1)

(2)

(3)

(4)

A. 0

B. Bias2

C. Model Variance

D. Obs. Variance 

E. g(x)

F. g(x) + ϵ

(g(x)� E[f�̂(x)])
2

<latexit sha1_base64="YQE5XDccpUzR0xD/UIX87/zi/RA=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1AXlpkq6lIUwWUFq0JnLJn0ThvMPEjuiCXMn7jxV9y4UETc9W9Maxe+DgQO55yb3Jwwk0Kj6w6cicmp6ZnZufnSwuLS8kp5de1Sp7ni0OSpTNV1yDRIkUATBUq4zhSwOJRwFd6eDP2rO1BapMkF9jMIYtZNRCQ4Qyu1y/vVbvV+m+5Q/zgMzWnRitrG+KN7jYJOYfweQ+OHgKywoDYcbN/U2+WKW3NHoH+JNyYVMkajXf7wOynPY0iQS6Z1y3MzDAxTKLiEouTnGjLGb1kXWpYmLAYdmNEeBd2ySodGqbInQTpSv08YFmvdj0ObjBn29G9vKP7ntXKMDgMjkixHSPjXQ1EuKaZ0WBbtCAUcZd8SxpWwu1LeY4pxtJWWbAne7y//JZf1mrdbq5/vVY6Ox3XMkQ2ySarEIwfkiJyRBmkSTh7IE3khr86j8+y8Oe9f0QlnPLNOfsAZfAIZeqJt</latexit>

E(✏(g(x)� f�̂(x))
<latexit sha1_base64="5kHp4s062gcyGoVoC4otJLeMpko="></latexit>

E(✏2)
<latexit sha1_base64="WWZZly0B/+wz0eeHMTu2bSiRCoc=">AAACC3icbVDLSgMxFM34rPVVdelmaBHqpsxUQZelIrisYB/QqSWT3rahmcyQZIQSZu/GX3HjQhG3/oA7/8Z0OgttPXDhcM69ubnHjxiVynG+rZXVtfWNzdxWfntnd2+/cHDYkmEsCDRJyELR8bEERjk0FVUMOpEAHPgM2v7kaua3H0BIGvI7NY2gF+ARp0NKsDJSv1D06r6vr5Oy9tLHtIBBoj2IJGUhT5L76mm/UHIqTgp7mbgZKaEMjX7hyxuEJA6AK8KwlF3XiVRPY6EoYZDkvVhChMkEj6BrKMcByJ5O1yf2iVEG9jAUpriyU/X3hMaBlNPAN50BVmO56M3E/7xurIaXPU15FCvgZL5oGDNbhfYsGHtABRDFpoZgIqj5q03GWGCiTHx5E4K7ePIyaVUr7lmlenteqtWzOHLoGBVRGbnoAtXQDWqgJiLoET2jV/RmPVkv1rv1MW9dsbKZI/QH1ucPs6Obdw==</latexit>

E(Y )
<latexit sha1_base64="Ijsf/rQ2I0pD/fcjf3jxbFoUp2k=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzVdBlqQguK9iHdIaSyWTa0MyDJCOUMLjxV9y4UMStX+HOvzGdzkKrBy4czrk3N/d4CaNCWtaXUVpaXlldK69XNja3tnfM3b2uiFOOSQfHLOZ9DwnCaEQ6kkpG+gknKPQY6XmTy5nfuydc0Di6ldOEuCEaRTSgGEktDc0Dp+V56iqrKSd/THHiZ+ouy06GZtWqWzngX2IXpAoKtIfmp+PHOA1JJDFDQgxsK5GuQlxSzEhWcVJBEoQnaEQGmkYoJMJV+dYMHmvFh0HMdUUS5urPCYVCIaahpztDJMdi0ZuJ/3mDVAYXrqJRkkoS4fmiIGVQxnCWB/QpJ1iyqSYIc6r/CvEYcYSlTq2iQ7AXT/5Luo26fVpv3JxVm60ijjI4BEegBmxwDprgGrRBB2DwAJ7AC3g1Ho1n4814n7eWjGJmH/yC8fENmMuXkA==</latexit>



Bias Variance Derivation Quiz

Ø Match each of the following:

(1)

(2)

(3)

(4)

A. 0

B. Bias2

C. Model Variance

D. Obs. Variance 

E. g(x)

F. g(x) + ϵ

(g(x)� E[f�̂(x)])
2

<latexit sha1_base64="YQE5XDccpUzR0xD/UIX87/zi/RA=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1AXlpkq6lIUwWUFq0JnLJn0ThvMPEjuiCXMn7jxV9y4UETc9W9Maxe+DgQO55yb3Jwwk0Kj6w6cicmp6ZnZufnSwuLS8kp5de1Sp7ni0OSpTNV1yDRIkUATBUq4zhSwOJRwFd6eDP2rO1BapMkF9jMIYtZNRCQ4Qyu1y/vVbvV+m+5Q/zgMzWnRitrG+KN7jYJOYfweQ+OHgKywoDYcbN/U2+WKW3NHoH+JNyYVMkajXf7wOynPY0iQS6Z1y3MzDAxTKLiEouTnGjLGb1kXWpYmLAYdmNEeBd2ySodGqbInQTpSv08YFmvdj0ObjBn29G9vKP7ntXKMDgMjkixHSPjXQ1EuKaZ0WBbtCAUcZd8SxpWwu1LeY4pxtJWWbAne7y//JZf1mrdbq5/vVY6Ox3XMkQ2ySarEIwfkiJyRBmkSTh7IE3khr86j8+y8Oe9f0QlnPLNOfsAZfAIZeqJt</latexit>

E(✏2)
<latexit sha1_base64="WWZZly0B/+wz0eeHMTu2bSiRCoc=">AAACC3icbVDLSgMxFM34rPVVdelmaBHqpsxUQZelIrisYB/QqSWT3rahmcyQZIQSZu/GX3HjQhG3/oA7/8Z0OgttPXDhcM69ubnHjxiVynG+rZXVtfWNzdxWfntnd2+/cHDYkmEsCDRJyELR8bEERjk0FVUMOpEAHPgM2v7kaua3H0BIGvI7NY2gF+ARp0NKsDJSv1D06r6vr5Oy9tLHtIBBoj2IJGUhT5L76mm/UHIqTgp7mbgZKaEMjX7hyxuEJA6AK8KwlF3XiVRPY6EoYZDkvVhChMkEj6BrKMcByJ5O1yf2iVEG9jAUpriyU/X3hMaBlNPAN50BVmO56M3E/7xurIaXPU15FCvgZL5oGDNbhfYsGHtABRDFpoZgIqj5q03GWGCiTHx5E4K7ePIyaVUr7lmlenteqtWzOHLoGBVRGbnoAtXQDWqgJiLoET2jV/RmPVkv1rv1MW9dsbKZI/QH1ucPs6Obdw==</latexit>

E(✏(g(x)� f�̂(x))
<latexit sha1_base64="5kHp4s062gcyGoVoC4otJLeMpko="></latexit>

E(Y )
<latexit sha1_base64="Ijsf/rQ2I0pD/fcjf3jxbFoUp2k=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzVdBlqQguK9iHdIaSyWTa0MyDJCOUMLjxV9y4UMStX+HOvzGdzkKrBy4czrk3N/d4CaNCWtaXUVpaXlldK69XNja3tnfM3b2uiFOOSQfHLOZ9DwnCaEQ6kkpG+gknKPQY6XmTy5nfuydc0Di6ldOEuCEaRTSgGEktDc0Dp+V56iqrKSd/THHiZ+ouy06GZtWqWzngX2IXpAoKtIfmp+PHOA1JJDFDQgxsK5GuQlxSzEhWcVJBEoQnaEQGmkYoJMJV+dYMHmvFh0HMdUUS5urPCYVCIaahpztDJMdi0ZuJ/3mDVAYXrqJRkkoS4fmiIGVQxnCWB/QpJ1iyqSYIc6r/CvEYcYSlTq2iQ7AXT/5Luo26fVpv3JxVm60ijjI4BEegBmxwDprgGrRBB2DwAJ7AC3g1Ho1n4814n7eWjGJmH/yC8fENmMuXkA==</latexit>



Regularization
Parametrically Controlling the 
Model Complexity

Ø Tradeoff:
Ø Increase bias
Ø Decrease variance



Basic Idea of Regularization

�̂ = argmin
�

1

n

nX

i=1

LOSS(yi, f�(xi))

<latexit sha1_base64="cB4cv0YaNAZGym/ufv3soztN41k="></latexit>

Adjust all of the �̂j
<latexit sha1_base64="fiN+vB/xY4SJ89L3UW9hC0+7HUs=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAdklzA76U3GzD6c6Q2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lJ1JotO1vq7C2vrG5Vdwu7ezu7R+UD49aOk4VhyaPZaw6PtMgRQRNFCihkyhgoS+h7Y9uZ357DEqLOHrASQJeyAaRCARnaCTPHTLMXB+QTXuPvXLFrtpz0FXi5KRCcjR65S+3H/M0hAi5ZFp3HTtBL2MKBZcwLbmphoTxERtA19CIhaC9bH70lJ4ZpU+DWJmKkM7V3xMZC7WehL7pDBkO9bI3E//zuikG114moiRFiPhiUZBKijGdJUD7QgFHOTGEcSXMrZQPmWIcTU4lE4Kz/PIqadWqzkW1dn9Zqd/kcRTJCTkl58QhV6RO7kiDNAknT+SZvJI3a2y9WO/Wx6K1YOUzx+QPrM8fHUySUg==</latexit>

Make them closer to 0 

Regularization is 
AKA
Shrinkage

� : S(�)  c
<latexit sha1_base64="0kgv4znwMA2NF1E09bd2OJxEBNI=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRVUFwV3bisaB/QhDKZ3rZDJw9nJkIJ2bnxV9y4UMStv+DOv3GaZqGtBy4czrmXe+/xIs6ksqxvY2FxaXlltbBWXN/Y3No2d3abMowFhQYNeSjaHpHAWQANxRSHdiSA+B6Hlje6mvitBxCShcGdGkfg+mQQsD6jRGmpax44HihygROHEp7cpmk5E46xw+Ee065ZsipWBjxP7JyUUI561/xyeiGNfQgU5UTKjm1Fyk2IUIxySItOLCEidEQG0NE0ID5IN8n+SPGRVnq4HwpdgcKZ+nsiIb6UY9/TnT5RQznrTcT/vE6s+uduwoIoVhDQ6aJ+zLEK8SQU3GMCqOJjTQgVTN+K6ZAIQpWOrqhDsGdfnifNasU+qVRvTku1yzyOAtpHh6iMbHSGauga1VEDUfSIntErejOejBfj3fiYti4Y+cwe+gPj8wenQZiG</latexit>

S(�)
<latexit sha1_base64="UPwCZI8PYIqLJ4Us4qscKtq5r8Y=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBT0WvXisaG2hCWWz3bRLN5uwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1VaW9/Y3CpvV3Z29/YP7MOjJxWnktA2iXksuwFWlDNB25ppTruJpDgKOO0E49uZ35lQqVgsHvU0oX6Eh4KFjGBtpL5tZx7BPHvI85oXUI3P+3bVqTtzoFXiFqQKBVp9+8sbxCSNqNCEY6V6rpNoP8NSM8JpXvFSRRNMxnhIe4YKHFHlZ/PLc3RmlAEKY2lKaDRXf09kOFJqGgWmM8J6pJa9mfif10t1eO1nTCSppoIsFoUpRzpGsxjQgElKNJ8agolk5lZERlhiok1YFROCu/zyKnlq1N2LeuP+stq8KeIowwmcQg1cuIIm3EEL2kBgAs/wCm9WZr1Y79bHorVkFTPH8AfW5w9A+ZNn</latexit>

measures the 
size of the 
coefficients



Common Regularization Functions

Ø Distributes weight across related 
features (robust)

Ø Analytic solution (easy to compute)

Ø Does not encourage sparsity à
small but non-zero weights.

Ridge Regression
(L2-Reg)

LASSO
(L1-Reg)

Ø Encourages sparsity by setting 
weights = 0
Ø Used to select informative features

Ø Does not have an analytic 
solution à numerical methods

S(�) =
pX

j=1

�2
j

<latexit sha1_base64="KGzeVhZEHkxLYUbjhIsgKlapUwY=">AAACEnicbVDLSsNAFJ34rPUVdelmsAjtpiRV0E2h6MZlRfuAJg2T6aSddvJgZiKUkG9w46+4caGIW1fu/BunaRbaeuDC4Zx7ufceN2JUSMP41lZW19Y3Ngtbxe2d3b19/eCwLcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjru5Hrmdx4IFzQM7uU0IraPhgH1KEZSSY5eSSyMWHKXpmXLJRJVYB1aIvadZFw3034EM9UZ92uOXjKqRga4TMyclECOpqN/WYMQxz4JJGZIiJ5pRNJOEJcUM5IWrViQCOEJGpKeogHyibCT7KUUniplAL2QqwokzNTfEwnyhZj6rur0kRyJRW8m/uf1Yuld2gkNoliSAM8XeTGDMoSzfOCAcoIlmyqCMKfqVohHiCMsVYpFFYK5+PIyadeq5lm1dntealzlcRTAMTgBZWCCC9AAN6AJWgCDR/AMXsGb9qS9aO/ax7x1RctnjsAfaJ8/7N6c/Q==</latexit>

S(�) =
pX

j=1

|�j |
<latexit sha1_base64="6pd20iVn4f4C7c6uQcoZUe3hYhM=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNyWpgm4KRTcuK9oHNDFMptN22smDmYlQ0nyDG3/FjQtF3Lpy5984TbPQ1gMXDufcy733uCGjQhrGt5ZbWV1b38hvFra2d3b39P2DlggijkkTByzgHRcJwqhPmpJKRjohJ8hzGWm746uZ334gXNDAv5OTkNgeGvi0TzGSSnL0cmxhxOLbJClZLpGoDGvQEpHnxKOamdyHcJrKzmjq6EWjYqSAy8TMSBFkaDj6l9ULcOQRX2KGhOiaRijtGHFJMSNJwYoECREeowHpKuojjwg7Tl9K4IlSerAfcFW+hKn6eyJGnhATz1WdHpJDsejNxP+8biT7F3ZM/TCSxMfzRf2IQRnAWT6wRznBkk0UQZhTdSvEQ8QRlirFggrBXHx5mbSqFfO0Ur05K9Yvszjy4AgcgxIwwTmog2vQAE2AwSN4Bq/gTXvSXrR37WPemtOymUPwB9rnD4tOnWU=</latexit>



Standardization and the Intercept Term

Ø Regularization penalized dimensions equally

Ø Standardize features
Ø Ensure that each dimensions has the 

same scale 
Ø centered around zero

Ø Intercept Terms
Ø Don’t regularize intercept term ß Suggested
Ø Center y values (e.g., subtract mean) 

zk =
xk � µk

�k

For each dimension k:

Standardization



Regularization and Norm Balls

opt

!1

!2

L2 Norm (Ridge)

Weight 
sharing

Loss

opt

!1

!2

L1 Norm (LASSO)

Sparsity
inducing

Snaps to 
corners

Loss

opt

!1

!2

L1 + L2 Norm
(Elastic Net)

Compromise…
Two parameters …

Snaps to 
corners

Loss



Equivalent Representation

Ø How do we determine !

Fit the Data
Penalize

Complex Models

Regularization 
Parameter

�̂ = argmin
�

1

n

nX

i=1

LOSS(yi, f�(xi))

<latexit sha1_base64="cB4cv0YaNAZGym/ufv3soztN41k="></latexit>

+ �S(�)
<latexit sha1_base64="KtX4NVkMOqGAlQLoa2DzehFqaMo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilCSKuiy6MZlRfuAJpSbyaQdOnkwMxFKqG78FTcuFHHrV7jzb5y2WWj1wMDhnHO5c4+XcCaVZX0ZhYXFpeWV4mppbX1jc8vc3mnJOBWENknMY9HxQFLOItpUTHHaSQSF0OO07Q0vJ377jgrJ4uhWjRLqhtCPWMAIKC31zL3je+xwnfcBOwR4djOuOB5VcNQzy1bVmgL/JXZOyihHo2d+On5M0pBGinCQsmtbiXIzEIoRTsclJ5U0ATKEPu1qGkFIpZtNTxjjQ634OIiFfpHCU/XnRAahlKPQ08kQ1EDOexPxP6+bquDczViUpIpGZLYoSDlWMZ70gX0mKFF8pAkQwfRfMRmAAKJ0ayVdgj1/8l/SqlXtk2rt+rRcv8jrKKJ9dIAqyEZnqI6uUAM1EUEP6Am9oFfj0Xg23oz3WbRg5DO76BeMj2/XGpZv</latexit>

Deborah

Deborah



The Regularization Function
Goal: Penalize model complexity

Recall earlier:

Ø More features à
overfitting …

Ø How can we control 
overfitting through 

�(x) =
⇥
x, x2, x3, . . . , xp

⇤

S(�)
<latexit sha1_base64="FgQtykw1d+Ijp4ct8vNT1RTTgpQ=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIjHBC9lFEz0SvXjEKI+EXUnv0MCE2UdmZjVkw3948aAxXv0Xb/6NA+xBwUo6qVR1p7vLjwVX2ra/rdzK6tr6Rn6zsLW9s7tX3D9oqiiRDBssEpFs+6BQ8BAbmmuB7VgiBL7Alj+6nvqtR5SKR+G9HsfoBTAIeZ8z0EZ6cBmI9G5Sdn3UcNotluyKPQNdJk5GSiRDvVv8cnsRSwIMNROgVMexY+2lIDVnAicFN1EYAxvBADuGhhCg8tLZ1RN6YpQe7UfSVKjpTP09kUKg1DjwTWcAeqgWvan4n9dJdP/SS3kYJxpDNl/UTwTVEZ1GQHtcItNibAgwyc2tlA1BAtMmqIIJwVl8eZk0qxXnrFK9PS/VrrI48uSIHJMyccgFqZEbUicNwogkz+SVvFlP1ov1bn3MW3NWNnNI/sD6/AH5o5Iq</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>



Determining the Optimal !

Ø Value of ! determines bias-variance tradeoff
Ø Larger values à more regularization à more bias à less variance

�̂ = argmin
�

1

n

nX

i=1

LOSS(yi, f�(xi))

<latexit sha1_base64="cB4cv0YaNAZGym/ufv3soztN41k="></latexit>

+ �S(�)
<latexit sha1_base64="KtX4NVkMOqGAlQLoa2DzehFqaMo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilCSKuiy6MZlRfuAJpSbyaQdOnkwMxFKqG78FTcuFHHrV7jzb5y2WWj1wMDhnHO5c4+XcCaVZX0ZhYXFpeWV4mppbX1jc8vc3mnJOBWENknMY9HxQFLOItpUTHHaSQSF0OO07Q0vJ377jgrJ4uhWjRLqhtCPWMAIKC31zL3je+xwnfcBOwR4djOuOB5VcNQzy1bVmgL/JXZOyihHo2d+On5M0pBGinCQsmtbiXIzEIoRTsclJ5U0ATKEPu1qGkFIpZtNTxjjQ634OIiFfpHCU/XnRAahlKPQ08kQ1EDOexPxP6+bquDczViUpIpGZLYoSDlWMZ70gX0mKFF8pAkQwfRfMRmAAKJ0ayVdgj1/8l/SqlXtk2rt+rRcv8jrKKJ9dIAqyEZnqI6uUAM1EUEP6Am9oFfj0Xg23oz3WbRg5DO76BeMj2/XGpZv</latexit>



Determining 
the Optimal !

Ø Value of ! determines bias-variance tradeoff
Ø Larger values à more regularization à more bias à less variance

Increasing !

Er
ro

r
Variance

Te
st E

rro
r

(B
ias)

2O
p

tim
a

l V
a

lu
e

How do we 
determine !?

Ø Determined through cross validation



Regularization and High-Dimensional Data
Regularization is often used with high-dimensional data

X

Tall Skinny 
Matrix

n

p

Ø n >> p
Ø typically dense
Ø Regularization can

help with complex
feature transformations

Ø p > n
Ø requires regularization
Ø Goal: to determine informative dimensions

Ø Consider L1 Regularization. Why?
Ø Goal: is to make robust predictions

Ø Consider L2 (+L1) Regularization

High-dimensional 
sparse matrix n

p

X



Modeling is hard, 
especially when you 
have tons of features


