
?

Data Science 100
Lecture 16: 
Probability 
Prediction 
Dummy Variables



Probability Model & 
Expected Loss



Simple Linear Probability Model

Y = �̃0 + �̃1x+ ✏
<latexit sha1_base64="AfcY9UOR+dGcfSw/GMOUQLZ8x/I=">AAACF3icbVDLSgMxFM3UV62vqks3wSIIQpmpgm6EohuXFexD2lIy6Z02NPMguSOWoX/hxl9x40IRt7rzb8y0XdjWA4GTc+4huceNpNBo2z9WZml5ZXUtu57b2Nza3snv7tV0GCsOVR7KUDVcpkGKAKooUEIjUsB8V0LdHVynfv0BlBZhcIfDCNo+6wXCE5yhkTr54j29pC0UsgstF5B1bHoyc3foY6pApIVMAwW7aI9BF4kzJQUyRaWT/251Qx77ECCXTOumY0fYTphCwSWMcq1YQ8T4gPWgaWjAfNDtZLzXiB4ZpUu9UJkTIB2rfxMJ87Ue+q6Z9Bn29byXiv95zRi9i3YigihGCPjkIS+WFEOalkS7QgFHOTSEcSXMXynvM8U4mipzpgRnfuVFUisVndNi6fasUL6a1pElB+SQHBOHnJMyuSEVUiWcPJEX8kberWfr1fqwPiejGWua2SczsL5+AQzIngA=</latexit>

Capital Y denotes a 
random variable

Tilde denotes the true 
parameter values

Treat x as given 
(conditional)

Epsilon is
random noise



Simple Linear Probability Model

Y = �̃0 + �̃1x+ ✏
<latexit sha1_base64="AfcY9UOR+dGcfSw/GMOUQLZ8x/I=">AAACF3icbVDLSgMxFM3UV62vqks3wSIIQpmpgm6EohuXFexD2lIy6Z02NPMguSOWoX/hxl9x40IRt7rzb8y0XdjWA4GTc+4huceNpNBo2z9WZml5ZXUtu57b2Nza3snv7tV0GCsOVR7KUDVcpkGKAKooUEIjUsB8V0LdHVynfv0BlBZhcIfDCNo+6wXCE5yhkTr54j29pC0UsgstF5B1bHoyc3foY6pApIVMAwW7aI9BF4kzJQUyRaWT/251Qx77ECCXTOumY0fYTphCwSWMcq1YQ8T4gPWgaWjAfNDtZLzXiB4ZpUu9UJkTIB2rfxMJ87Ue+q6Z9Bn29byXiv95zRi9i3YigihGCPjkIS+WFEOalkS7QgFHOTSEcSXMXynvM8U4mipzpgRnfuVFUisVndNi6fasUL6a1pElB+SQHBOHnJMyuSEVUiWcPJEX8kberWfr1fqwPiejGWua2SczsL5+AQzIngA=</latexit>

Epsilon is
random noise

E(✏) = 0
<latexit sha1_base64="PkFRLLhPX9IvfkrCljYt69kugII=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IR6qUkVdCLUCqCxwr2A5pQNttpu3SzCbsboYSCf8WLB0W8+ju8+W/ctjlo64OBx3szzMwLYs6UdpxvK7eyura+kd8sbG3v7O7Z+wdNFSWSQoNGPJLtgCjgTEBDM82hHUsgYcChFYxupn7rEaRikXjQ4xj8kAwE6zNKtJG69pFXC4L0dlLyIFaMR+IMX2OnaxedsjMDXiZuRoooQ71rf3m9iCYhCE05UarjOrH2UyI1oxwmBS9REBM6IgPoGCpICMpPZ+dP8KlRergfSVNC45n6eyIloVLjMDCdIdFDtehNxf+8TqL7V37KRJxoEHS+qJ9wrCM8zQL3mASq+dgQQiUzt2I6JJJQbRIrmBDcxZeXSbNSds/LlfuLYrWWxZFHx+gElZCLLlEV3aE6aiCKUvSMXtGb9WS9WO/Wx7w1Z2Uzh+gPrM8fYkGUdA==</latexit>

Errors have no trend
They do not depend on x or beta

Var(✏) = �2
<latexit sha1_base64="CM9OHoMy53gz8T1RH/a1mxqIa1A=">AAACB3icbVC7SgNBFJ31GeNr1VKQwSDEJuxGQRshxMYygnlAdg2zk9lkyDyWmVkhLOls/BUbC0Vs/QU7/8bJo9DEAxcO59zLvfdECaPaeN63s7S8srq2ntvIb25t7+y6e/sNLVOFSR1LJlUrQpowKkjdUMNIK1EE8YiRZjS4HvvNB6I0leLODBMSctQTNKYYGSt13KOgGkVZY4RUMSCJpkyKU3gFA017HN2XO27BK3kTwEXiz0gBzFDruF9BV+KUE2EwQ1q3fS8xYYaUoZiRUT5INUkQHqAeaVsqECc6zCZ/jOCJVbowlsqWMHCi/p7IENd6yCPbyZHp63lvLP7ntVMTX4YZFUlqiMDTRXHKoJFwHArsUkWwYUNLEFbU3gpxHymEjY0ub0Pw519eJI1yyT8rlW/PC5XqLI4cOATHoAh8cAEq4AbUQB1g8AiewSt4c56cF+fd+Zi2LjmzmQPwB87nD5zamH8=</latexit>

The size of the errors have no trend
They do not depend on x or beta



Simple Linear Probability Model

Yi = �̃0 + �̃1xi + ✏i
<latexit sha1_base64="WYAUS4MwwASBNQKYU7ycy33eS3Q=">AAACHXicbVDLSgMxFM34rPVVdekmWARBKDO1oBuh6MZlBfuQThkymds2NPMguSOW0h9x46+4caGICzfi35g+Frb1QODknHtI7vETKTTa9o+1tLyyurae2chubm3v7Ob29ms6ThWHKo9lrBo+0yBFBFUUKKGRKGChL6Hu965Hfv0BlBZxdIf9BFoh60SiLThDI3m50r0n6CV1UcgAXB+QeTY9nbk79NHMGA0SLaQJCS+Xtwv2GHSROFOSJ1NUvNyXG8Q8DSFCLpnWTcdOsDVgCgWXMMy6qYaE8R7rQNPQiIWgW4PxdkN6bJSAtmNlToR0rP5NDFiodT/0zWTIsKvnvZH4n9dMsX3RGogoSREiPnmonUqKMR1VRQOhgKPsG8K4EuavlHeZYhxNoVlTgjO/8iKpFQvOWaF4W8qXr6Z1ZMghOSInxCHnpExuSIVUCSdP5IW8kXfr2Xq1PqzPyeiSNc0ckBlY37/jgaCU</latexit>

E(Yi) =
<latexit sha1_base64="cDFOpMQPMEp0oQTz0JqF8X8VV9k=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnoRSkXwWMF+SBvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wcDjvRlm5nkRZ0rb9reVWVldW9/Ibua2tnd29/L7B00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOrqd96pFKxUNzpcUTdAA8E8xnB2kgP3ZrnJdeT4n2PnaLLXr5gl+wZ0DJxUlKAFPVe/qvbD0kcUKEJx0p1HDvSboKlZoTTSa4bKxphMsID2jFU4IAqN5ldPUEnRukjP5SmhEYz9fdEggOlxoFnOgOsh2rRm4r/eZ1Y+xduwkQUayrIfJEfc6RDNI0A9ZmkRPOxIZhIZm5FZIglJtoElTMhOIsvL5NmueRUSuXbs0K1lsaRhSM4hiI4cA5VuIE6NICAhGd4hTfryXqx3q2PeWvGSmcO4Q+szx/okZF4</latexit>

Constant Random Variable

i = 1, 2, . . . , n
<latexit sha1_base64="9Doy1sL+9iZbUjukrCkCyoujzL8=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBQwi7UdCLEPTiMYIxgWQJs5PZZMjsg5neQFjyJ148KOLVP/Hm3zhJ9qCJBQNFVRfdU34ihUbH+bYKa+sbm1vF7dLO7t7+gX149KTjVDHeZLGMVdunmksR8SYKlLydKE5DX/KWP7qb+a0xV1rE0SNOEu6FdBCJQDCKRurZtrhxK6RWId1+jLpCjFR2qs4cZJW4OSlDjkbP/jJRloY8Qiap1h3XSdDLqELBJJ+WuqnmCWUjOuAdQyMacu1l88un5MwofRLEyrwIyVz9nchoqPUk9M1kSHGol72Z+J/XSTG49jIRJSnyiC0WBakkGJNZDaQvFGcoJ4ZQpoS5lbAhVZShKatkSnCXv7xKnmpV96Jae7gs12/zOopwAqdwDi5cQR3uoQFNYDCGZ3iFNyuzXqx362MxWrDyzDH8gfX5A64GkcA=</latexit>

Expectation is 
Conditional on x

Property of expectation
E(c+ dZ) = c+ dE(Z)

<latexit sha1_base64="XpF+NBJ5PsQUcHQaLkRDhQf+7l0=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoUUoSRV0IxSl4LKCvdA2lMlk0g6dTMLMRCih4Ku4caGIW5/DnW/jNM1CW38Y+PjPOZwzvxsxKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkwFpg0cchC0XGRJIxy0lRUMdKJBEGBy0jbHd/O6u1HIiQN+YOaRMQJ0JBTn2KktDUwj+olDM+g1y3Da5hSvdQtD8yiVbFSwWWwMyiCTI2B+dX3QhwHhCvMkJQ924qUkyChKGZkWujHkkQIj9GQ9DRyFBDpJOn5U3iqHQ/6odCPK5i6vycSFEg5CVzdGSA1kou1mflfrRcr/8pJKI9iRTieL/JjBlUIZ1lAjwqCFZtoQFhQfSvEIyQQVjqxgg7BXvzyMrSqFfu8Ur2/KNZusjjy4BicgBKwwSWogTvQAE2AQQKewSt4M56MF+Pd+Ji35oxs5hD8kfH5A/H5kkI=</latexit>

E(�̃0 + �̃1xi + ✏i)
<latexit sha1_base64="D2Oz+TXO/6CkNCJo8/0uFxeCjuE=">AAACI3icbVDLSsNAFJ34rPUVdelmsAiKUJIqKK5KRXCpYG2hCWEyvbVDJw9mbsQS+i9u/BU3LpTixoX/4qR24evAwOGce7hzT5hKodFx3q2Z2bn5hcXSUnl5ZXVt3d7YvNFJpjg0eSIT1Q6ZBiliaKJACe1UAYtCCa1wcFb4rTtQWiTxNQ5T8CN2G4ue4AyNFNinXiMM8/PRnodCdiH3QkA2Chx6QH8q7n0gChFSLaRJiv3ArjhVZwL6l7hTUiFTXAb22OsmPIsgRi6Z1h3XSdHPmULBJYzKXqYhZXzAbqFjaMwi0H4+uXFEd43Spb1EmRcjnajfEzmLtB5GoZmMGPb1b68Q//M6GfZO/FzEaYYQ869FvUxSTGhRGO0KBRzl0BDGlTB/pbzPFONoai2bEtzfJ/8lN7Wqe1itXR1V6o1pHSWyTXbIHnHJMamTC3JJmoSTB/JEXsir9Wg9W2Pr7Wt0xppmtsgPWB+fIb6j8g==</latexit>

= �̃0 + �̃1xi + E(✏i)
<latexit sha1_base64="ZZaSMzfquFDQMQJ53dg1U3cOvnY=">AAACJXicbVDLSsNAFJ34tr6iLt0MFqEilKQKulAoiuBSwarQhDCZ3rZDJw9mbsQS+jNu/BU3LhQRXPkrTmsW2npg4HDOPdy5J0yl0Og4n9bU9Mzs3PzCYmlpeWV1zV7fuNFJpjg0eCITdRcyDVLE0ECBEu5SBSwKJdyGvbOhf3sPSoskvsZ+Cn7EOrFoC87QSIF9fEI9FLIFuRcCskHg0L0xxX0IxFA8DcP8fFDxINVCmqzYDeyyU3VGoJPELUiZFLgM7DevlfAsghi5ZFo3XSdFP2cKBZcwKHmZhpTxHutA09CYRaD9fHTlgO4YpUXbiTIvRjpSfydyFmndj0IzGTHs6nFvKP7nNTNsH/m5iNMMIeY/i9qZpJjQYWW0JRRwlH1DGFfC/JXyLlOMoym2ZEpwx0+eJDe1qrtfrV0dlOunRR0LZItskwpxySGpkwtySRqEk0fyTF7Jm/VkvVjv1sfP6JRVZDbJH1hf3xIzpGM=</latexit>

= �̃0 + �̃1xi
<latexit sha1_base64="IfY1D3tVu25UbJWaajZlInQ1mi0=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBAFIexGQS9C0IvHCOYB2bDMTjrJkNkHM71iWPIJXvwVLx4U8erRm3/jJNmDJhY0FFXddHf5sRQabfvbWlhcWl5Zza3l1zc2t7YLO7t1HSWKQ41HMlJNn2mQIoQaCpTQjBWwwJfQ8AfXY79xD0qLKLzDYQztgPVC0RWcoZG8wtEldVHIDqSuD8hGnk1PZhTnwRPUKxTtkj0BnSdORookQ9UrfLmdiCcBhMgl07rl2DG2U6ZQcAmjvJtoiBkfsB60DA1ZALqdTh4a0UOjdGg3UqZCpBP190TKAq2HgW86A4Z9PeuNxf+8VoLdi3YqwjhBCPl0UTeRFCM6Tod2hAKOcmgI40qYWynvM8U4mgzzJgRn9uV5Ui+XnNNS+fasWLnK4siRfXJAjolDzkmF3JAqqRFOHskzeSVv1pP1Yr1bH9PWBSub2SN/YH3+AHI1nDg=</latexit>



Simple Linear Probability Model

Yi = �̃0 + �̃1xi + ✏i
<latexit sha1_base64="WYAUS4MwwASBNQKYU7ycy33eS3Q=">AAACHXicbVDLSgMxFM34rPVVdekmWARBKDO1oBuh6MZlBfuQThkymds2NPMguSOW0h9x46+4caGICzfi35g+Frb1QODknHtI7vETKTTa9o+1tLyyurae2chubm3v7Ob29ms6ThWHKo9lrBo+0yBFBFUUKKGRKGChL6Hu965Hfv0BlBZxdIf9BFoh60SiLThDI3m50r0n6CV1UcgAXB+QeTY9nbk79NHMGA0SLaQJCS+Xtwv2GHSROFOSJ1NUvNyXG8Q8DSFCLpnWTcdOsDVgCgWXMMy6qYaE8R7rQNPQiIWgW4PxdkN6bJSAtmNlToR0rP5NDFiodT/0zWTIsKvnvZH4n9dMsX3RGogoSREiPnmonUqKMR1VRQOhgKPsG8K4EuavlHeZYhxNoVlTgjO/8iKpFQvOWaF4W8qXr6Z1ZMghOSInxCHnpExuSIVUCSdP5IW8kXfr2Xq1PqzPyeiSNc0ckBlY37/jgaCU</latexit>

Var(Yi) =
<latexit sha1_base64="KfKHndU5Gpk3QFB3ng+y/vmstCg=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5JUQS9CqRePFeyHtCFsttt26WYTdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhBzprTjfFsrq2vrG5u5rfz2zu7evl04aKookYQ2SMQj2Q6wopwJ2tBMc9qOJcVhwGkrGF1P/dYDlYpF4k6PY+qFeCBYnxGsjeTbhW4tCNLmBMvSvc9O0RXy7aJTdmZAy8TNSBEy1H37q9uLSBJSoQnHSnVcJ9ZeiqVmhNNJvpsoGmMywgPaMVTgkCovnZ0+QSdG6aF+JE0JjWbq74kUh0qNw8B0hlgP1aI3Ff/zOonuX3opE3GiqSDzRf2EIx2haQ6oxyQlmo8NwUQycysiQywx0SatvAnBXXx5mTQrZfesXLk9L1ZrWRw5OIJjKIELF1CFG6hDAwg8wjO8wpv1ZL1Y79bHvHXFymYO4Q+szx9rIZLL</latexit>

Constant Random Variable

i = 1, 2, . . . , n
<latexit sha1_base64="9Doy1sL+9iZbUjukrCkCyoujzL8=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBQwi7UdCLEPTiMYIxgWQJs5PZZMjsg5neQFjyJ148KOLVP/Hm3zhJ9qCJBQNFVRfdU34ihUbH+bYKa+sbm1vF7dLO7t7+gX149KTjVDHeZLGMVdunmksR8SYKlLydKE5DX/KWP7qb+a0xV1rE0SNOEu6FdBCJQDCKRurZtrhxK6RWId1+jLpCjFR2qs4cZJW4OSlDjkbP/jJRloY8Qiap1h3XSdDLqELBJJ+WuqnmCWUjOuAdQyMacu1l88un5MwofRLEyrwIyVz9nchoqPUk9M1kSHGol72Z+J/XSTG49jIRJSnyiC0WBakkGJNZDaQvFGcoJ4ZQpoS5lbAhVZShKatkSnCXv7xKnmpV96Jae7gs12/zOopwAqdwDi5cQR3uoQFNYDCGZ3iFNyuzXqx362MxWrDyzDH8gfX5A64GkcA=</latexit>

Expectation is 
Conditional on x

= �2
<latexit sha1_base64="TcrQgXl9ASXLjn8Aj30YxY9G5hk=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFewHtmvJptk2NMkuSVYoS/+FFw+KePXfePPfmG73oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuJKs0ieW8mMfUFHkoWMoKNlR6uUE+zocCPtX654lbdDGiZeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7afZxVN0YpUBCiNlSxqUqb8nUiy0nojAdgpsRnrRm4n/ed3EhJd+ymScGCrJfFGYcGQiNHsfDZiixPCJJZgoZm9FZIQVJsaGVLIheIsvL5NWreqdVWt355X6dR5HEY7gGE7Bgwuowy00oAkEJDzDK7w52nlx3p2PeWvByWcO4Q+czx+hIJA8</latexit>

Property of 
variance

V ar(c+ dZ) = d2V ar(Z)
<latexit sha1_base64="3LmCo9M3efuwNJyeKsXnPHv2TRw=">AAACAHicbVDLSgNBEOz1GeNr1YMHL4NBSBDCbhT0IgS9eIxgHiRZw+zsbDJk9sHMrBBCLv6KFw+KePUzvPk3ziZ70MSChqKqm+4uN+ZMKsv6NpaWV1bX1nMb+c2t7Z1dc2+/IaNEEFonEY9Ey8WSchbSumKK01YsKA5cTpvu8Cb1m49USBaF92oUUyfA/ZD5jGClpZ552MCiSNAp8toldIW8h0oqtEs9s2CVrSnQIrEzUoAMtZ751fUikgQ0VIRjKTu2FStnjIVihNNJvptIGmMyxH3a0TTEAZXOePrABJ1oxUN+JHSFCk3V3xNjHEg5ClzdGWA1kPNeKv7ndRLlXzpjFsaJoiGZLfITjlSE0jSQxwQlio80wUQwfSsiAywwUTqzvA7Bnn95kTQqZfusXLk7L1SvszhycATHUAQbLqAKt1CDOhCYwDO8wpvxZLwY78bHrHXJyGYO4A+Mzx+n8JPg</latexit>

= Var(�̃0 + �̃1xi + ✏i)
<latexit sha1_base64="lELuWNEzCjWcd0yum8X9XNb+ULI=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBAUIexGQS9CiBePEcwDsmGZnXR0cPbBTK8YlvyOF3/Fi4KiXv0RZ5M9mGjBQFHVRU+XH0uh0bY/rbn5hcWl5cJKcXVtfWOztLXd0lGiODR5JCPV8ZkGKUJookAJnVgBC3wJbf/uIvPb96C0iMJrHMbQC9hNKAaCMzSSV6qdU+rWfT9tjZg6cFHIPqSuD8hGnk2P6LTiPHiCZirEWkiTF4deqWxX7DHoX+LkpExyNLzSq9uPeBJAiFwyrbuOHWMvZQoFlzAquomGmPE7dgNdQ0MWgO6l40tHdN8ofTqIlHkh0rH6O5GyQOth4JvJgOGtnvUy8T+vm+DgrJeKME4QQj5ZNEgkxYhmtdG+UMBRDg1hXAnzV8pvmWIcTblFU4Ize/Jf0qpWnONK9eqkXKvndRTILtkjB8Qhp6RGLkmDNAknj+SZvJF368l6sT6sr8nonJVndsgUrO8frt2lrw==</latexit>

= Var(✏i)
<latexit sha1_base64="mZ5FfnYQJpWyJdfhdrKUJij7EUg=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFqJeSVEEvQqkXjxXsBzShbLbTdulmE3Y3Qgn14l/x4kERr/4Lb/4bt20O2vpg4PHeDDPzgpgzpR3n28qtrK6tb+Q3C1vbO7t79v5BU0WJpNCgEY9kOyAKOBPQ0ExzaMcSSBhwaAWjm6nfegCpWCTu9TgGPyQDwfqMEm2krn10jbFXC4K0OSGy5EGsGDc6O+vaRafszICXiZuRIspQ79pfXi+iSQhCU06U6rhOrP2USM0oh0nBSxTEhI7IADqGChKC8tPZBxN8apQe7kfSlNB4pv6eSEmo1DgMTGdI9FAtelPxP6+T6P6VnzIRJxoEnS/qJxzrCE/jwD0mgWo+NoRQycytmA6JJFSb0AomBHfx5WXSrJTd83Ll7qJYrWVx5NExOkEl5KJLVEW3qI4aiKJH9Ixe0Zv1ZL1Y79bHvDVnZTOH6A+szx8gkZYO</latexit>



L2 Risk Minimization

min
�0,�1

E[Y � (�0 + �1x)]
2

<latexit sha1_base64="uxI5w/kvQSVT3eiV1GQjXKACGCA=">AAACJnicbZDLSsNAFIYn9VbrrerSzWARKmpJqqAboVQElxXsRZoYJtNpO3QyCTMTsYQ8jRtfxY2Liog7H8VpG0GtBwY+/v8czpzfCxmVyjQ/jMzc/MLiUnY5t7K6tr6R39xqyCASmNRxwALR8pAkjHJSV1Qx0goFQb7HSNMbXIz95j0Rkgb8Rg1D4viox2mXYqS05ObPbZ9yN7Y9opBrHsIpWIld9bz4MoHtW3gEi6kND779h33nrgyhmy+YJXNScBasFAogrZqbH9mdAEc+4QozJGXbMkPlxEgoihlJcnYkSYjwAPVIWyNHPpFOPDkzgXta6cBuIPTjCk7UnxMx8qUc+p7u9JHqy7/eWPzPa0eqe+bElIeRIhxPF3UjBlUAx5nBDhUEKzbUgLCg+q8Q95FAWOlkczoE6+/Js9Aol6zjUvn6pFCppnFkwQ7YBUVggVNQAVegBuoAg0fwDEbg1XgyXow3433amjHSmW3wq4zPL5oforM=</latexit>

Minimize Expected Square Error

If our goal is to predict Y, we can choose a prediction 
based on minimization of risk (expected loss)

Conditional on x



L2 Risk

E[Y � (�0 + �1x)]
2 = E[�̃0 + �̃1x+ ✏� (�0 + �1x)]

2
<latexit sha1_base64="XO/vGR/l2pgDn/FjfvExMldf8J0="></latexit>

= E[✏]2 + [�̃0 � �0 + �̃1x� �1x)
2

<latexit sha1_base64="xwwFlO0ZhfVOskxhnlPhaVGusy8="></latexit>

(�̃0 � �0 + �̃1x� �1x)E(✏) = 0
<latexit sha1_base64="ifKlWQ15weKzyOM0m5Rmhvc9Evo="></latexit>

Since

�̃0, �̃1
<latexit sha1_base64="/dgBJM158kSc9f+2M9ADw9skHME=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCBwm7UdBj0IvHCOYBSQizs73JkNkHM71CCDl58Ve8eFDEq9/gzb9xkuwhJhY01FR1M93lJVJodJwfK7eyura+kd8sbG3v7O7Z+wd1HaeKQ43HMlZNj2mQIoIaCpTQTBSw0JPQ8Aa3E7/xCEqLOHrAYQKdkPUiEQjO0Ehd+7iNQvrQ9gBZ16HndP7tdu2iU3KmoMvEzUiRZKh27e+2H/M0hAi5ZFq3XCfBzogpFFzCuNBONSSMD1gPWoZGLATdGU3PGNNTo/g0iJWpCOlUnZ8YsVDrYeiZzpBhXy96E/E/r5VicN0ZiShJESI++yhIJcWYTjKhvlDAUQ4NYVwJsyvlfaYYR5NcwYTgLp68TOrlkntRKt9fFis3WRx5ckROyBlxyRWpkDtSJTXCyRN5IW/k3Xq2Xq0P63PWmrOymUPyB9bXL/eimCg=</latexit>

Minimized at                   the true parameters 

Conditional on x



Empirical Risk Minimization

�̂0 = Ȳ � �̂1x̄
<latexit sha1_base64="u0eEwDL7BytYrfhsGM81zXGg4sc=">AAACFHicbZDJSgNBEIZ7XGPcRj16aQyCIIaZKOhFCHrxGMEskgmhptNJmvQsdNeIYchDePFVvHhQxKsHb76NnQXUxB8afr6qorp+P5ZCo+N8WXPzC4tLy5mV7Ora+samvbVd0VGiGC+zSEaq5oPmUoS8jAIlr8WKQ+BLXvV7l8N69Y4rLaLwBvsxbwTQCUVbMECDmvah1wX0fI7QdOg59XxQ6e2AHtEf7o7p/aBp55y8MxKdNe7E5MhEpab96bUilgQ8RCZB67rrxNhIQaFgkg+yXqJ5DKwHHV43NoSA60Y6OmpA9w1p0XakzAuRjujviRQCrfuBbzoDwK6erg3hf7V6gu2zRirCOEEesvGidiIpRnSYEG0JxRnKvjHAlDB/pawLChiaHLMmBHf65FlTKeTd43zh+iRXvJjEkSG7ZI8cEJeckiK5IiVSJow8kCfyQl6tR+vZerPex61z1mRmh/yR9fEN/J2diw==</latexit>

�̂1 =
nX

i=1

(xi � x̄)(Yi � Ȳ )P
(xi � x̄)2

<latexit sha1_base64="b5BmsLZxr0ZFlVT25dGsQGDIpNY="></latexit>

How well do the 
parameters 
estimated from the 
data estimate the 
true parameter 
values?



E(Yi) =
<latexit sha1_base64="/wUlparupmgZNJgUCoJXBNlrEJk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSKuhFKBXBYwXbKm0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9WbmV1bX0jv1nY2t7ZLdp7+y0VJZLQJol4JO8DrChngjY105zex5LiMOC0HYyupn77kUrFInGnxzH1QjwQrM8I1kby7WK3HgTp9aT84LMTdIl8u+RUnBnQMnEzUoIMDd/+6vYikoRUaMKxUh3XibWXYqkZ4XRS6CaKxpiM8IB2DBU4pMpLZ4dP0LFReqgfSVNCo5n6eyLFoVLjMDCdIdZDtehNxf+8TqL7F17KRJxoKsh8UT/hSEdomgLqMUmJ5mNDMJHM3IrIEEtMtMmqYEJwF19eJq1qxT2tVG/PSrV6FkceDuEIyuDCOdTgBhrQBAIJPMMrvFlP1ov1bn3MW3NWNnMAf2B9/gC6QZHT</latexit>

E(Ȳ ) =
<latexit sha1_base64="eb+XMx6S/QkyHqNQgXaPqjvXBn8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSxCvZSkCnoRSkXwWMG2ShPK7nbTLt1swu5GCKH+FS8eFPHqD/Hmv3Hb5qCtDwYe780wMw/HnCntON9WYWV1bX2juFna2t7Z3bP3DzoqSiShbRLxSN5jpChngrY105zex5KiEHPaxeOrqd99pFKxSNzpNKZ+iIaCBYwgbaS+XfaaGGfXk6qHkcweJifwEvbtilNzZoDLxM1JBeRo9e0vbxCRJKRCE46U6rlOrP0MSc0Ip5OSlygaIzJGQ9ozVKCQKj+bHT+Bx0YZwCCSpoSGM/X3RIZCpdIQm84Q6ZFa9Kbif14v0cGFnzERJ5oKMl8UJBzqCE6TgAMmKdE8NQQRycytkIyQRESbvEomBHfx5WXSqdfc01r99qzSaOZxFMEhOAJV4IJz0AA3oAXagIAUPINX8GY9WS/Wu/Uxby1Y+UwZ/IH1+QMQ05O8</latexit>

1

n

nX

i=1

E(Yi)
<latexit sha1_base64="JjavSUJVY+peIrV09lMzks2m8SA=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiRV0I1QKoLLCvYhTQyT6aQdOpmEmYlQQr7Ajb/ixoUibl2782+ctllo64ELh3Pu5d57/JhRqSzr21haXlldWy9sFDe3tnd2zb39towSgUkLRywSXR9JwignLUUVI91YEBT6jHT80eXE7zwQIWnEb9U4Jm6IBpwGFCOlJc8sO4FAOLWzlGeOTEIvpRd2ds+h0/D99Cqr3Hn0GHpmyapaU8BFYuekBHI0PfPL6Uc4CQlXmCEpe7YVKzdFQlHMSFZ0EklihEdoQHqachQS6abTdzJY1kofBpHQxRWcqr8nUhRKOQ593RkiNZTz3kT8z+slKjh3U8rjRBGOZ4uChEEVwUk2sE8FwYqNNUFYUH0rxEOk81E6waIOwZ5/eZG0a1X7pFq7OS3VG3kcBXAIjkAF2OAM1ME1aIIWwOARPINX8GY8GS/Gu/Exa10y8pkD8AfG5w9hR5uk</latexit>

First we derive 
some useful 
expectations

Since

E(Yi � Ȳ ) = E(Yi)� E(Ȳ )
<latexit sha1_base64="b1ax9eIYp7YATO7mm9wkImrqr6E=">AAACIXicbVBLSwMxGMz6rPW16tFLsAjtwbJbBXsRSkXwWMG+6C5LNs22odkHSVYoy/4VL/4VLx4U6U38M6btCrV1IDCZmY/kGzdiVEjD+NLW1jc2t7ZzO/ndvf2DQ/3ouCXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7uh26refCBc0DB7lOCK2jwYB9ShGUkmOXrXqrpvcpcWuQ+EFtFzEk25agjdwwShNnez6m3D0glE2ZoCrxMxIAWRoOPrE6oc49kkgMUNC9EwjknaCuKSYkTRvxYJECI/QgPQUDZBPhJ3MNkzhuVL60Au5OoGEM3VxIkG+EGPfVUkfyaFY9qbif14vll7VTmgQxZIEeP6QFzMoQzitC/YpJ1iysSIIc6r+CvEQcYSlKjWvSjCXV14lrUrZvCxXHq4KtXpWRw6cgjNQBCa4BjVwDxqgCTB4Bq/gHXxoL9qb9qlN5tE1LZs5AX+gff8AJBihDA==</latexit>

�̃0 + �̃1xi
<latexit sha1_base64="jEUjQE5h2NM+k/xAn0LV8HZtu3o=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVBCDNR0GPQi8cIZoEkDD09NUmTnoXuGjEM+QEv/ooXD4p49e7Nv7GzHEzig4LHe1VU1fMSKTTa9o+1tLyyurae28hvbm3v7Bb29us6ThWHGo9lrJoe0yBFBDUUKKGZKGChJ6Hh9W9GfuMBlBZxdI+DBDoh60YiEJyhkdzCcRuF9CFre4Bs6Nr0jM4qzqMr3ELRLtlj0EXiTEmRTFF1C99tP+ZpCBFyybRuOXaCnYwpFFzCMN9ONSSM91kXWoZGLATdycbfDOmJUXwaxMpUhHSs/p3IWKj1IPRMZ8iwp+e9kfif10oxuOpkIkpShIhPFgWppBjTUTTUFwo4yoEhjCthbqW8xxTjaALMmxCc+ZcXSb1ccs5L5buLYuV6GkeOHJIjckocckkq5JZUSY1w8kReyBt5t56tV+vD+py0LlnTmQMyA+vrFymdm50=</latexit>

= �̃0 + �̃1x̄
<latexit sha1_base64="uXXXp1dgCzz9fxVIhFoDnIAgRxg=">AAACE3icbVDJSgNBEO1xjXGLevTSGARRCDNR0IsQ9OIxglkgMww9nUrSpGehu0YMQ/7Bi7/ixYMiXr1482/sLAdNfFDweK+KqnpBIoVG2/62FhaXlldWc2v59Y3Nre3Czm5dx6niUOOxjFUzYBqkiKCGAiU0EwUsDCQ0gv71yG/cg9Iiju5wkIAXsm4kOoIzNJJfOL6kLgrZhswNANnQt+nJjOK4AVPZw9AvFO2SPQadJ86UFMkUVb/w5bZjnoYQIZdM65ZjJ+hlTKHgEoZ5N9WQMN5nXWgZGrEQtJeNfxrSQ6O0aSdWpiKkY/X3RMZCrQdhYDpDhj09643E/7xWip0LLxNRkiJEfLKok0qKMR0FRNtCAUc5MIRxJcytlPeYYhxNjHkTgjP78jypl0vOaal8e1asXE3jyJF9ckCOiEPOSYXckCqpEU4eyTN5JW/Wk/VivVsfk9YFazqzR/7A+vwBhg2d9w==</latexit>

= �̃1(xi � x̄)
<latexit sha1_base64="LO+NmTWWy0M1tyfBBPj5m7e6BqQ=">AAACCXicbVDJSgNBEO1xjXGLevTSGIR4MMxEQS9C0IvHCGaBTBh6OpWkSc9Cd40kDLl68Ve8eFDEq3/gzb+xsxw08UHB470qqur5sRQabfvbWlpeWV1bz2xkN7e2d3Zze/s1HSWKQ5VHMlINn2mQIoQqCpTQiBWwwJdQ9/s3Y7/+AEqLKLzHYQytgHVD0RGcoZG8HL2iLgrZhtT1AdnIcwoDT9BT6vpMpYPRiZfL20V7ArpInBnJkxkqXu7LbUc8CSBELpnWTceOsZUyhYJLGGXdREPMeJ91oWloyALQrXTyyYgeG6VNO5EyFSKdqL8nUhZoPQx80xkw7Ol5byz+5zUT7Fy2UhHGCULIp4s6iaQY0XEstC0UcJRDQxhXwtxKeY8pxtGElzUhOPMvL5JaqeicFUt35/ny9SyODDkkR6RAHHJByuSWVEiVcPJInskrebOerBfr3fqYti5Zs5kD8gfW5w/zfZk5</latexit>



E(�̂1) =
nX

i=1

(xi � x̄)E(Yi � Ȳ )P
(xi � x̄)2

<latexit sha1_base64="47QH3m3BnbSsl8gUbYL/APAMy+k="></latexit>

�̂1 =
nX

i=1

(xi � x̄)(Yi � Ȳ )P
(xi � x̄)2

<latexit sha1_base64="b5BmsLZxr0ZFlVT25dGsQGDIpNY="></latexit>

= �̃1

nX

i=1

(xi � x̄)2P
(xi � x̄)2

<latexit sha1_base64="MNLJOQozNv6U3pQ7U35vkKp2VwY="></latexit>

= �̃1
<latexit sha1_base64="UzxJAGcm/clQa5kymx9OFVG0fqU=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGaioBch6MVjBLNAZhh6eipJk56F7hoxDPkVLx4U8eqPePNv7CwHTXxQ8Hiviqp6QSqFRtv+tgpr6xubW8Xt0s7u3v5B+bDS1kmmOLR4IhPVDZgGKWJooUAJ3VQBiwIJnWB0O/U7j6C0SOIHHKfgRWwQi77gDI3klyvX1EUhQ8jdAJBNfIf65apds2egq8RZkCpZoOmXv9ww4VkEMXLJtO45dopezhQKLmFScjMNKeMjNoCeoTGLQHv57PYJPTVKSPuJMhUjnam/J3IWaT2OAtMZMRzqZW8q/uf1MuxfebmI0wwh5vNF/UxSTOg0CBoKBRzl2BDGlTC3Uj5kinE0cZVMCM7yy6ukXa8557X6/UW1cbOIo0iOyQk5Iw65JA1yR5qkRTh5Is/klbxZE+vFerc+5q0FazFzRP7A+vwBD7WTzg==</latexit>



E(�̂0) = E(Ȳ )� E(�̂1)x̄
<latexit sha1_base64="cgDfDmEl/kgReRINmbuhA0BBzJY=">AAACLnicbVDLSgMxFM34tr6qLt0Ei2AXlhkVdCOIIrhUsA/plHKTpjY08yC5I5ZhvsiNv6ILQUXc+hmmD0StBwKHc87l5h4WK2nQdV+cicmp6ZnZufncwuLS8kp+da1iokRzUeaRinSNgRFKhqKMEpWoxVpAwJSosu5p36/eCm1kFF5hLxaNAG5C2ZYc0ErN/Jl/wlh6lm37HUCfCYSmW6RH9FtmoNPrrEh36HjSKw7su6yZL7gldwA6TrwRKZARLpr5J78V8SQQIXIFxtQ9N8ZGCholVyLL+YkRMfAu3Ii6pSEEwjTSwbkZ3bJKi7YjbV+IdKD+nEghMKYXMJsMADvmr9cX//PqCbYPG6kM4wRFyIeL2omiGNF+d7QlteCoepYA19L+lfIOaOBoG87ZEry/J4+Tym7J2yvtXu4Xjk9GdcyRDbJJtolHDsgxOScXpEw4uSeP5JW8OQ/Os/PufAyjE85oZp38gvP5BdhPpz8=</latexit>

If the linear model 
holds, then the 
least squares 
regression l  
parameters are 
unbiased.

�̂0 = Ȳ � �̂1x̄
<latexit sha1_base64="u0eEwDL7BytYrfhsGM81zXGg4sc=">AAACFHicbZDJSgNBEIZ7XGPcRj16aQyCIIaZKOhFCHrxGMEskgmhptNJmvQsdNeIYchDePFVvHhQxKsHb76NnQXUxB8afr6qorp+P5ZCo+N8WXPzC4tLy5mV7Ora+samvbVd0VGiGC+zSEaq5oPmUoS8jAIlr8WKQ+BLXvV7l8N69Y4rLaLwBvsxbwTQCUVbMECDmvah1wX0fI7QdOg59XxQ6e2AHtEf7o7p/aBp55y8MxKdNe7E5MhEpab96bUilgQ8RCZB67rrxNhIQaFgkg+yXqJ5DKwHHV43NoSA60Y6OmpA9w1p0XakzAuRjujviRQCrfuBbzoDwK6erg3hf7V6gu2zRirCOEEesvGidiIpRnSYEG0JxRnKvjHAlDB/pawLChiaHLMmBHf65FlTKeTd43zh+iRXvJjEkSG7ZI8cEJeckiK5IiVSJow8kCfyQl6tR+vZerPex61z1mRmh/yR9fEN/J2diw==</latexit>

= �̃0
<latexit sha1_base64="XUE7I8hzmn+pAUGQQco4+4QPUCQ=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGaioBch6MVjBLNAZhh6eipJk56F7hoxDPkVLx4U8eqPePNv7CwHTXxQ8Hiviqp6QSqFRtv+tgpr6xubW8Xt0s7u3v5B+bDS1kmmOLR4IhPVDZgGKWJooUAJ3VQBiwIJnWB0O/U7j6C0SOIHHKfgRWwQi77gDI3klyvX1EUhQ8jdAJBNfJv65apds2egq8RZkCpZoOmXv9ww4VkEMXLJtO45dopezhQKLmFScjMNKeMjNoCeoTGLQHv57PYJPTVKSPuJMhUjnam/J3IWaT2OAtMZMRzqZW8q/uf1MuxfebmI0wwh5vNF/UxSTOg0CBoKBRzl2BDGlTC3Uj5kinE0cZVMCM7yy6ukXa8557X6/UW1cbOIo0iOyQk5Iw65JA1yR5qkRTh5Is/klbxZE+vFerc+5q0FazFzRP7A+vwBDjCTzQ==</latexit>

= �̃0 + �̃1x̄� �̃1x̄
<latexit sha1_base64="7nz2E/aO/+HX3Y4jIpBBycWTzQo=">AAACLnicdVDJSgNBEO1xjXEb9eilMQiCGGaioBchKILHCGaBTAg9nUrSpGehu0YMQ77Ii7+iB0FFvPoZdpaDJvqg4PFeFVX1/FgKjY7zas3NLywuLWdWsqtr6xub9tZ2RUeJ4lDmkYxUzWcapAihjAIl1GIFLPAlVP3e5dCv3oHSIgpvsR9DI2CdULQFZ2ikpn11Tj0UsgWp5wOyQdOhh1OKSz2fqfR+QI/+c5p2zsk7I9BZ4k5IjkxQatrPXiviSQAhcsm0rrtOjI2UKRRcwiDrJRpixnusA3VDQxaAbqSjdwd03ygt2o6UqRDpSP05kbJA637gm86AYVdPe0PxL6+eYPuskYowThBCPl7UTiTFiA6zoy2hgKPsG8K4EuZWyrtMMY4m4awJwZ1+eZZUCnn3OF+4OckVLyZxZMgu2SMHxCWnpEiuSYmUCScP5Im8kXfr0XqxPqzPceucNZnZIb9gfX0DH5iooQ==</latexit>



Essentially, 
all models are wrong, 
but some are useful.

George Box

What happens when they are 
wrong?   To Be Continued on 
Thursday



Data Science Life Cycle

?
Context
Question
Refine Question to an 
one answerable with 
data 

Design
Data Collection
Data Cleaning

Modeling
Test-train split
Loss function choice
Feature engineering

Transformations, 
Dummy Variables

Model selection
Best subset regression
Cross-Validation

Model evaluation
Prediction error



Context

How to weigh a donkey in the Kenyan countryside, 
Significance, 2014, Milner and Rougier



Context

Ø Rural Kenya

Ø Donkeys very important for 
transport  - crops, water, people, 
ploughing

Ø When donkeys fall sick, vets 
need to prescribe medicine

Ø Dosage depends on weight, but 
no scale in the countryside

1.8 million donkeys in 
Kenya



Question

How can a vet prescribe 
medication without knowing the 
weight of the donkey?



Refined Question

Can we accurately estimate the 
weight of a donkey from other more 
easily obtained measurements? 



Sampling Frame

Kate Milner received a grant 
from The Donkey Sanctuary 
to Design a Study to Answer 
this question



Sampling Frame

Donkeys are routinely 
brought to The Donkey 
Sanctuary for de-worming

At the sanctuary, they can 
be weighed and additional 
measurements taken, such 
as girth and height. 

Measuring 
girth (cm)

Measuring 
height (cm)



Other Design Considerations

Ø Donkeys were randomly selected at the de-worming site

Ø Donkeys were marked after being measured 

Ø Thirty donkeys were weighed twice, with other donkeys 
weighed between the 2 measurements   

Why random selection?

Why marked?

Why weigh other 
donkeys in between?



Data Collection • BCS – Body Condition Score  
1=emaciated, 3=healthy, 
5=obese, with ½ scales

• Age - <2, 2-5, 5-10, 10-15, 15-
20, >20 years

• Sex – stallion, gelding, female

• Length (cm)

• Girth (cm)

• Height (cm)

• Weight (kg) - RESPONSE



Data Cleaning



Data Cleaning

Compare the second 
weighing to the first 
weighing for the 30 donkeys

Conclusion: 



Data Cleaning

Further investigation reveals

• 1 donkey has a BCS 1

• 1 donkey has a BCS 4.5

• 1 donkey weighs 27 kg 
and is determined to be a 
baby

What to do with these 3 donkeys?



Modeling



Modeling

Ø We want to build a model for predicting weight of a 
donkey when we don’t have the donkey’s weight

Ø The model needs to perform well enough to be used in 
the field

Ø The model needs to be simple enough for 
implementation in the field



The Variables in Our Model:

Column/feature space

p+1

X =

2

4
| | | · · · |
~1 ~x1 ~x2 · · · ~xp

| | | · · · |

3

5

<latexit sha1_base64="ODM/R5NXY5GBtSX74rrS23Iqu6w="></latexit>

n

~y =

2

6664

y1
y2
...
yn

3

7775
2 Rn

<latexit sha1_base64="GJMoQfEomzvldK9awNuajo20px4="></latexit>

1

n

n records in p+1 dimensions (columns or features)

min
~�

k~y � X~�k2
<latexit sha1_base64="LWqV2YGJf4QwAAUhcDGbhvgMRV8=">AAACKHicbVBNS8NAFNz4WetX1aOXxSJ4sSRV0JtSLx4r2FpoYtlsX3Vxswm7L0IJ+Tle/CteRBTp1V/ituagrQMLw8w83r4JEykMuu7ImZtfWFxaLq2UV9fWNzYrW9ttE6eaQ4vHMtadkBmQQkELBUroJBpYFEq4CR8uxv7NI2gjYnWNwwSCiN0pMRCcoZV6lTM/EqqX+Y/AMz8EZHlOfdkGjXSiDXN6SP1GGGadnP5K+Xqcua33KlW35k5AZ4lXkCop0OxV3vx+zNMIFHLJjOl6boJBxjQKLiEv+6mBhPEHdgddSxWLwATZ5NCc7lulTwextk8hnai/JzIWGTOMQpuMGN6baW8s/ud1UxycBplQSYqg+M+iQSopxnTcGu0LDRzl0BLGtbB/pfyeacbRdlu2JXjTJ8+Sdr3mHdXqV8fV80ZRR4nskj1yQDxyQs7JJWmSFuHkibyQd/LhPDuvzqcz+onOOcXMDvkD5+sb/EGnIg==</latexit>



Ŷ minimizes the L2
empirical risk

y

X1

X2

Normal to subspace 
Spanned by X

Su
bsp

ace sp
anned by X

1 and X
2

0 = Xt(~y � X~̂�)
<latexit sha1_base64="73MU9E0NPNfo0Tq5861gON/UwDI=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAZBD4YZFfQihHjxGMEskBlDT6fGNPYsdNcIYZjn8OKrePGgiDfx4tvYWRA1/tDw81UV1fX7iRQabfvTmpmdm19YLCwVl1dW19ZLG5tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8m/Ph/XWHSgt4ugKBwl4IbuJRCA4Q4O6JcemZ5S6Nd/P2vk17rl3wLNBTg++4Yi4fYauD8jy/W6pbFfskei0cSamTCaqd0vvbi/maQgRcsm07jh2gl7GFAouIS+6qYaE8Vt2Ax1jIxaC9rLRaTndNaRHg1iZFyEd0Z8TGQu1HoS+6QwZ9vXf2hD+V+ukGJx6mYiSFCHi40VBKinGdJgT7QkFHOXAGMaVMH+lvM8U42jSLJoQnL8nT5vmYcU5qhxeHpertUkcBbJNdsgeccgJqZILUicNwsk9eSTP5MV6sJ6sV+tt3DpjTWa2yC9ZH1/7v5+o</latexit>

Definition of orthogonal 

min
~�

k~y � X~�k2
<latexit sha1_base64="LWqV2YGJf4QwAAUhcDGbhvgMRV8=">AAACKHicbVBNS8NAFNz4WetX1aOXxSJ4sSRV0JtSLx4r2FpoYtlsX3Vxswm7L0IJ+Tle/CteRBTp1V/ituagrQMLw8w83r4JEykMuu7ImZtfWFxaLq2UV9fWNzYrW9ttE6eaQ4vHMtadkBmQQkELBUroJBpYFEq4CR8uxv7NI2gjYnWNwwSCiN0pMRCcoZV6lTM/EqqX+Y/AMz8EZHlOfdkGjXSiDXN6SP1GGGadnP5K+Xqcua33KlW35k5AZ4lXkCop0OxV3vx+zNMIFHLJjOl6boJBxjQKLiEv+6mBhPEHdgddSxWLwATZ5NCc7lulTwextk8hnai/JzIWGTOMQpuMGN6baW8s/ud1UxycBplQSYqg+M+iQSopxnTcGu0LDRzl0BLGtbB/pfyeacbRdlu2JXjTJ8+Sdr3mHdXqV8fV80ZRR4nskj1yQDxyQs7JJWmSFuHkibyQd/LhPDuvzqcz+onOOcXMDvkD5+sb/EGnIg==</latexit>

Ŷ is the 
PROJECTION of Y 
into the subspace 
spanned by the 
columns of X

(y � X�̂)
<latexit sha1_base64="q1mRtfkXHc/tTYI5pWBShbG4bd4=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAixMOxGQcsQG8sI5gHZEGYnN8mQ2Qczd4Uw7C/Y+Cs2ForY2tn5N24ehSYeuHA4596Ze48fS6HRcb6tldW19Y3N3FZ+e2d3b98+OGzoKFEc6jySkWr5TIMUIdRRoIRWrIAFvoSmP7qZ+M0HUFpE4T2OY+gEbBCKvuAMM6lrF403fcQo6KWmOKbn1Kv6vmml3pCh8XxAlp6lab5rF5ySMwVdJu6cFMgcta795fUingQQIpdM67brxNgxTKHgEtK8l2iIGR+xAbQzGrIAdMdMl0npaab0aD9SWYVIp+rvCcMCrceBn3UGDId60ZuI/3ntBPvXHSPCOEEI+eyjfiIpRnQSD+0JBRzlOCOMK5HtSvmQKcYxC3ESgrt48jJplEvuRal8d1moVOdx5MgxOSFF4pIrUiG3pEbqhJNH8kxeyZv1ZL1Y79bHrHXFms8ckT+wPn8AY1SdWQ==</latexit>

X�̂
<latexit sha1_base64="UIGBtoMQRJDlAcEtCSaVwR9NFl4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0mqoMdSLx4r2A9oQtlsN+3SzSbsToQQ4l/x4kERr/4Qb/4bN20O2vpg4PHeDDPz/JgzBbb9bVQ2Nre2d6q7tb39g8Mj8/ikr6JEEtojEY/k0MeKciZoDxhwOowlxaHP6cCf3xb+4JFKxSLxAGlMvRBPBQsYwaClsVl3O76fDXN3hiFzfQo4r43Nht20F7DWiVOSBirRHZtf7iQiSUgFEI6VGjl2DF6GJTDCaV5zE0VjTOZ4SkeaChxS5WWL43PrXCsTK4ikLgHWQv09keFQqTT0dWeIYaZWvUL8zxslENx4GRNxAlSQ5aIg4RZEVpGENWGSEuCpJphIpm+1yAxLTEDnVYTgrL68TvqtpnPZbN1fNdqdMo4qOkVn6AI56Bq10R3qoh4iKEXP6BW9GU/Gi/FufCxbK0Y5U0d/YHz+AIrplLI=</latexit>



Solve for 

~̂y = X~̂� = X(XtX)�1Xt~y
<latexit sha1_base64="tCVGk1EZbh+dYo0G+EwsiNUbTCA="></latexit>

0 = Xt(~y � X~̂�)
<latexit sha1_base64="73MU9E0NPNfo0Tq5861gON/UwDI=">AAACGnicbZDJSgNBEIZ7XGPcoh69NAZBD4YZFfQihHjxGMEskBlDT6fGNPYsdNcIYZjn8OKrePGgiDfx4tvYWRA1/tDw81UV1fX7iRQabfvTmpmdm19YLCwVl1dW19ZLG5tNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8m/Ph/XWHSgt4ugKBwl4IbuJRCA4Q4O6JcemZ5S6Nd/P2vk17rl3wLNBTg++4Yi4fYauD8jy/W6pbFfskei0cSamTCaqd0vvbi/maQgRcsm07jh2gl7GFAouIS+6qYaE8Vt2Ax1jIxaC9rLRaTndNaRHg1iZFyEd0Z8TGQu1HoS+6QwZ9vXf2hD+V+ukGJx6mYiSFCHi40VBKinGdJgT7QkFHOXAGMaVMH+lvM8U42jSLJoQnL8nT5vmYcU5qhxeHpertUkcBbJNdsgeccgJqZILUicNwsk9eSTP5MV6sJ6sV+tt3DpjTWa2yC9ZH1/7v5+o</latexit>

0 = Xt~y � XtX~̂�
<latexit sha1_base64="u/BoiffauP2qdES8i896NpL7xvU=">AAACIXicbZDJSgNBEIZ74hbjFvXopTEIXgwzUTAXIcSLxwhmgUwMPZ2KaexZ6K4JhGFexYuv4sWDIrmJL2NnOcTEgoaP/6+iun4vkkKjbX9bmbX1jc2t7HZuZ3dv/yB/eNTQYaw41HkoQ9XymAYpAqijQAmtSAHzPQlN7/l24jeHoLQIgwccRdDx2VMg+oIzNFI3X7bpDaVu1fOSVvqI7hB4MkrpxaI2g6nlDhi6HiBLu/mCXbSnRVfBmUOBzKvWzY/dXshjHwLkkmndduwIOwlTKLiENOfGGiLGn9kTtA0GzAfdSaYXpvTMKD3aD5V5AdKpujiRMF/rke+ZTp/hQC97E/E/rx1jv9xJRBDFCAGfLerHkmJIJ3HRnlDAUY4MMK6E+SvlA6YYRxNqzoTgLJ+8Co1S0bkslu6vCpXqPI4sOSGn5Jw45JpUyB2pkTrh5IW8kQ/yab1a79aXNZ61Zqz5zDH5U9bPL2KtoyE=</latexit>

XtX~̂� = Xt~y
<latexit sha1_base64="vSNFwc6uaQK6+9KkXOLMoDtADAc=">AAACHHicbVC7SgNBFJ31bXxFLW0Gg2AVdhNBGyHExlLBmEA2htnJTTJk9sHM3UBY9kNs/BUbC0VsLAT/xtm4RUw8MHA451zu3ONFUmi07W9raXlldW19Y7Owtb2zu1fcP7jXYaw4NHgoQ9XymAYpAmigQAmtSAHzPQlNb3SV+c0xKC3C4A4nEXR8NghEX3CGRuoWq9Ste17SSh8wJ+4YeOIOGboeIEvp5UwisyZpt1iyy/YUdJE4OSmRHDfd4qfbC3nsQ4BcMq3bjh1hJ2EKBZeQFtxYQ8T4iA2gbWjAfNCdZHpcSk+M0qP9UJkXIJ2qsxMJ87We+J5J+gyHet7LxP+8doz9i04igihGCPjvon4sKYY0a4r2hAKOcmII40qYv1I+ZIpxNH0WTAnO/MmL5L5Sdqrlyu1ZqVbP69ggR+SYnBKHnJMauSY3pEE4eSTP5JW8WU/Wi/VuffxGl6x85pD8gfX1A2AhojI=</latexit>

~̂� = (XtX)�1Xt~y
<latexit sha1_base64="o/gvzJ8o9Xy/NxmSxMIrSn69v5s=">AAACI3icbVDLSgNBEJz1GeNr1aOXwSDowbAbBUUQQrx4jGA0kI1hdtIxQ2YfzPQGwrL/4sVf8eJBCV48+C9O4oLPgoGiqoueLj+WQqPjvFkzs3PzC4uFpeLyyuraur2xea2jRHFo8EhGqukzDVKE0ECBEpqxAhb4Em78wfnEvxmC0iIKr3AUQztgd6HoCc7QSB371BsCT70+Q88HZBk9o3tezffTZnaLOdm/TQ/cjH7Jk8go69glp+xMQf8SNyclkqPescdeN+JJACFyybRuuU6M7ZQpFFxCVvQSDTHjA3YHLUNDFoBup9MbM7prlC7tRcq8EOlU/Z5IWaD1KPDNZMCwr397E/E/r5Vg76SdijBOEEL+uaiXSIoRnRRGu0IBRzkyhHElzF8p7zPFOJpai6YE9/fJf8l1peweliuXR6VqLa+jQLbJDtkjLjkmVXJB6qRBOLknj+SZvFgP1pM1tl4/R2esPLNFfsB6/wD2YKR9</latexit>

~̂�
<latexit sha1_base64="JXQdNFvgOZsu5YHmtlAFbLIuFFk=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4KkkV9Fj04rGC/YAmlM120i7dfLA7qZSYn+LFgyJe/SXe/Ddu2xy09cHA470ZZub5ieAKbfvbWFvf2NzaLu2Ud/f2Dw7NylFbxalk0GKxiGXXpwoEj6CFHAV0Ewk09AV0/PHtzO9MQCoeRw84TcAL6TDiAWcUtdQ3K5k7AZa5I4quD0jzvG9W7Zo9h7VKnIJUSYFm3/xyBzFLQ4iQCapUz7ET9DIqkTMBedlNFSSUjekQeppGNATlZfPTc+tMKwMriKWuCK25+nsio6FS09DXnSHFkVr2ZuJ/Xi/F4NrLeJSkCBFbLApSYWFszXKwBlwCQzHVhDLJ9a0WG1FJGeq0yjoEZ/nlVdKu15yLWv3+stq4KeIokRNySs6JQ65Ig9yRJmkRRh7JM3klb8aT8WK8Gx+L1jWjmDkmf2B8/gD2xJR0</latexit>

Normal Equations

Definition of orthogonal 



How can we assess our model?

Ø How well does our model predict the weight of a new 
donkey?

Ø The risk: For a new donkey with p features: 

E(Y0 � Ŷ0)
2

<latexit sha1_base64="eO7lI1x9S6UnkjSSMa0IUKiWKYc=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCrosFcFlBfuiiWEynbRDJ5MwMxFKyMKNv+LGhSJu/Qh3/o3Tx0JbD1w4nHMv997jx4xKZVnfRm5ldW19I79Z2Nre2d0z9w9aMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZHVxO//UCEpBG/U+OYuCEacBpQjJSWPLPo1H0/vc7KXc+Cp9AZIpV2M886ua9CzyxZFWsKuEzsOSmBORqe+eX0I5yEhCvMkJQ924qVmyKhKGYkKziJJDHCIzQgPU05Col00+kTGTzWSh8GkdDFFZyqvydSFEo5Dn3dGSI1lIveRPzP6yUquHRTyuNEEY5ni4KEQRXBSSKwTwXBio01QVhQfSvEQyQQVjq3gg7BXnx5mbSqFfusUr09L9Xq8zjyoAiOQBnY4ALUwA1ogCbA4BE8g1fwZjwZL8a78TFrzRnzmUPwB8bnD6Zelis=</latexit>

x0
<latexit sha1_base64="pJX5d/KVD2TALrkO//cbwYf0jxQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeo2j</latexit>

= E(Y0 � xt
0�̂)

2
<latexit sha1_base64="ueVDaFw2hpPI15bl6PJAy4IX2Do=">AAACDXicbVDJSgNBEO2JW4zbqEcvjVGIB8NMFPQihIjgMYJZJJMMPZ1O0qRnobtGDEN+wIu/4sWDIl69e/Nv7CwHTXxQ8Hiviqp6XiS4Asv6NlILi0vLK+nVzNr6xuaWub1TVWEsKavQUISy7hHFBA9YBTgIVo8kI74nWM3rX4782j2TiofBLQwi1vRJN+AdTgloyTUPLrBT8rzkapi7cy18jB9cqwXY6RFIHI8BGR61Cq6ZtfLWGHie2FOSRVOUXfPLaYc09lkAVBClGrYVQTMhEjgVbJhxYsUiQvukyxqaBsRnqpmMvxniQ620cSeUugLAY/X3REJ8pQa+pzt9Aj01643E/7xGDJ3zZsKDKAYW0MmiTiwwhHgUDW5zySiIgSaESq5vxbRHJKGgA8zoEOzZl+dJtZC3T/KFm9NssTSNI4320D7KIRudoSK6RmVUQRQ9omf0it6MJ+PFeDc+Jq0pYzqzi/7A+PwBPTGZyw==</latexit>

1 x (p+1)

(p+1) x 1

E.g., a row in the design X

Only problem is that 
we can’t take this 
expectation



Train – Test Paradigm
Set aside some data before we begin our EDA and model fitting



How can we assess our model?

Ø If we use the same data to fit and assess the model, then 
we overestimate how well our model does at prediction.

Ø Instead, use a test set: 

E(Y0 � Ŷ0)
2

<latexit sha1_base64="eO7lI1x9S6UnkjSSMa0IUKiWKYc=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5akCrosFcFlBfuiiWEynbRDJ5MwMxFKyMKNv+LGhSJu/Qh3/o3Tx0JbD1w4nHMv997jx4xKZVnfRm5ldW19I79Z2Nre2d0z9w9aMkoEJk0csUh0fCQJo5w0FVWMdGJBUOgz0vZHVxO//UCEpBG/U+OYuCEacBpQjJSWPLPo1H0/vc7KXc+Cp9AZIpV2M886ua9CzyxZFWsKuEzsOSmBORqe+eX0I5yEhCvMkJQ924qVmyKhKGYkKziJJDHCIzQgPU05Col00+kTGTzWSh8GkdDFFZyqvydSFEo5Dn3dGSI1lIveRPzP6yUquHRTyuNEEY5ni4KEQRXBSSKwTwXBio01QVhQfSvEQyQQVjq3gg7BXnx5mbSqFfusUr09L9Xq8zjyoAiOQBnY4ALUwA1ogCbA4BE8g1fwZjwZL8a78TFrzRnzmUPwB8bnD6Zelis=</latexit>

= E(Y0 � xt
0�̂)

2
<latexit sha1_base64="ueVDaFw2hpPI15bl6PJAy4IX2Do=">AAACDXicbVDJSgNBEO2JW4zbqEcvjVGIB8NMFPQihIjgMYJZJJMMPZ1O0qRnobtGDEN+wIu/4sWDIl69e/Nv7CwHTXxQ8Hiviqp6XiS4Asv6NlILi0vLK+nVzNr6xuaWub1TVWEsKavQUISy7hHFBA9YBTgIVo8kI74nWM3rX4782j2TiofBLQwi1vRJN+AdTgloyTUPLrBT8rzkapi7cy18jB9cqwXY6RFIHI8BGR61Cq6ZtfLWGHie2FOSRVOUXfPLaYc09lkAVBClGrYVQTMhEjgVbJhxYsUiQvukyxqaBsRnqpmMvxniQ620cSeUugLAY/X3REJ8pQa+pzt9Aj01643E/7xGDJ3zZsKDKAYW0MmiTiwwhHgUDW5zySiIgSaESq5vxbRHJKGgA8zoEOzZl+dJtZC3T/KFm9NssTSNI4320D7KIRudoSK6RmVUQRQ9omf0it6MJ+PFeDc+Jq0pYzqzi/7A+PwBPTGZyw==</latexit>

⇡ 1

m

mX

j=1

(Yj � xt
j �̂)

2

<latexit sha1_base64="+SJnUfCsX0ZyxPU6G9GQkLcVKhs="></latexit>

(xj , Yj) for j = 1, . . . ,m
<latexit sha1_base64="wEWJDvEvqFV8X1ZUQQmICDoPYOM=">AAACEHicbVC7SgNBFJ31GeMramkzGESFEHajoI0QtLGMYBIlWZbZyaxOMrOzzNyVhCX+gY2/YmOhiK2lnX/jJtnC16kO59zLPff4keAGbPvTmpqemZ2bzy3kF5eWV1YLa+sNo2JNWZ0qofSlTwwTPGR14CDYZaQZkb5gTb93OvKbt0wbrsILGETMleQ65AGnBFLJK+zs9r1uCV953b27NrA+aJngQGk8xN1jp4TboqPAlKRXKNplewz8lzgZKaIMNa/w0e4oGksWAhXEmJZjR+AmRAOngg3z7diwiNAeuWatlIZEMuMm44eGeDtVOuMYgQoBj9XvGwmRxgykn05KAjfmtzcS//NaMQRHbsLDKAYW0smhIBYYFB61gztcMwpikBJCNU+zYnpDNKGQdphPS3B+v/yXNCplZ79cOT8oVk+yOnJoE22hXeSgQ1RFZ6iG6oiie/SIntGL9WA9Wa/W22R0ysp2NtAPWO9faimbkQ==</latexit>

Fitted (AKA 
trained) on n 
observations

Assessed (AKA 
tested) on m 
independent 
observations



Training vs Test Error

Model “complexity”

Er
ro

r (
Lo

ss
)

Training Error

Test Error
Best Fit

Overfitting àß Underfitting

(e.g., number of features)

Error from 
original n 
observations

Error from 
new m 
observations



Train-Test Split – With one set of data
Ø Training Data: used to fit model

Ø Test Data: check generalization error

Ø How to split? 
Ø Randomly, Temporally, Geo…
Ø Depends on application (usually randomly)

Ø What size? (90%-10%)
Ø Larger training set à more complex models
Ø Larger test set à better estimate of 

generalization error 
Ø Typically between 75%-25% and 90%-10%

D
a

ta Tr
a

in
Te

st

Train - Test
Split

You only use the test dataset once after deciding on the model.



Split our data before we begin EDA 

Set aside 20% 
of the records

We will use 
these to assess 
the accuracy 
of our model



Train Model then Test Model

Ø Optimize on Train set

Ø Minimizer: 

Ø Evaluation on Test set

0.8n x 1 0.8n x p p x 1

0.2n x 1 0.2n x p p x 1

min
�

k~ytrain � Xtrain
~�k2

<latexit sha1_base64="FjUtiRGjXgl2D8cyqkhEpPrUIr0="></latexit>

k~ytest � Xtest
~̂�traink2

<latexit sha1_base64="gFxUB0T6qwG6tMZgJXx4RowEjGw="></latexit>

~̂�train
<latexit sha1_base64="dzJ9xZrJxH39lcBYdjdCLvfmFs4=">AAACAnicbVBNS8NAEN34bf2qehIvwSJ4KokKehS9eKxgVWhCmGyndnGzCbuTQgnBi3/FiwdFvPorvPlv3H4ctPXBwOO9GWbmxZkUhjzv25mZnZtfWFxarqysrq1vVDe3bkyaa45NnspU38VgUAqFTRIk8S7TCEks8TZ+uBj4tz3URqTqmvoZhgncK9ERHMhKUXUn6CEvgi5QEcRIUJZRQRqEKqNqzat7Q7jTxB+TGhujEVW/gnbK8wQVcQnGtHwvo7AATYJLLCtBbjAD/gD32LJUQYImLIYvlO6+VdpuJ9W2FLlD9fdEAYkx/SS2nQlQ10x6A/E/r5VT5zQshMpyQsVHizq5dCl1B3m4baGRk+xbAlwLe6vLu6CBk02tYkPwJ1+eJjeHdf+ofnh1XDs7H8exxHbZHjtgPjthZ+ySNViTcfbIntkre3OenBfn3fkYtc4445lt9gfO5w+h7pg5</latexit>



EDA



Those over 5 seem to have the same 
weight distribution



Not a big difference between 
stallions and females

Girth and length are correlated



Starting Point for 
Model



Physical Model
The donkey as a cylinder with 
appendages

Suggests Model:

Statistically, consider other 
variables and various 
transformations of weight

h(weight) = ↵+ �log(girth) + �log(length)



Loss Function



Two Scenarios

Ø Loss function should reflect the cost to the donkey’s 
health of prescribing the wrong dose

Ø Antibiotics: 
Ø Effect is less sensitive to the weight of the donkey
Ø Better to overdose: otherwise infection might not be treated
Ø An under-dose could lead to drug resistance

Ø Anesthetics:
Ø Effect is more sensitive to the weight of the donkey
Ø Better to under-dose: the effect can be observed and adjusted



Anesthetics Scenario

QUESTION: Does 
a negative value 
correspond to 
an overdose or 
an under-dose? 

actual� predicted

predicted
⇤ 100%

The x-axis is relative 
error as a percentage

A value of -10% 
corresponds to the 
situation where the 
actual weight is 10% 
smaller than the 
predicted weight

entire



Minimization

Ø Geometric perspective useful for L2 loss, but not here

Ø We can use calculus to derive the normal equations for 
this loss and easily solve for the optimizing parameters

Ø In lab, we saw techniques for minimizing general loss 
functions, we will cover this in more detail next week 



Feature Engineering
Keeping it ℝeal



Feature Engineering

Ø The process of transforming the inputs to a model to 
improve prediction accuracy.
Ø A key focus in many applications of data science
Ø An art …

Ø Feature Engineering enables you to:
Ø encode non-numeric features to be used as inputs to models
Ø capture domain knowledge (e.g., periodicity or relationships 

between features)
Ø transform complex relationships into simple linear relationships



Basic Transformations
Ø Uninformative features: (e.g., UID)

Ø Is this informative (probably not?)
Ø Transformation: remove uninformative features (why?)

Ø Quantitative Features (e.g., Length)
Ø Transformation: May apply non-linear transformations (e.g., log)
Ø Transformation: Normalize/standardize (more on this later …)

Ø Example: (x – mean)/stdev

Ø Categorical Features (e.g., sex)
Ø How do we convert sex into meaningful numbers?

Ø female =1 , gelding = 2, stallion = 3? 
Ø Implies order/magnitude means something … we don’t want that ...

Ø Transformation: One-hot-Encode



We have 3 numeric variables

Use 1, 2, or 3 variables in the model?

There are only 7 
combinations of 
variables, so we try 
all of them.

What would you do?
deal



Take Stock

• Dropped 3 records 

• Divided the data into 20%-80% split and set 20% aside

• Selected a loss function that erred on the side of under-
dosing

• Examined models for weight based on the numeric 
variables and selected girth and length to model weight

• EDA showed that the qualitative variables may be useful



Qualitative Variables



Recall

Recall our original optimization problem when we had no 
additional information and wanted to find the closest 
constant to y

We saw that for L2 loss the minimizer was the mean: 

�̂ = ȳ
<latexit sha1_base64="ZJX5xjoJtJnrV5M8N9hVJydrYN4=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2E3CnoRgl48RjAPyIbQO5lNhsw+mOkVwroHf8WLB0W8+hve/Btnkxw0saChqOqmu8uLpdBo29/W0vLK6tp6YaO4ubW9s1va22/qKFGMN1gkI9X2QHMpQt5AgZK3Y8Uh8CRveaOb3G89cKVFFN7jOObdAAah8AUDNFKvdOgOAVPX4wgZvaKuByodZ8VeqWxX7AnoInFmpExmqPdKX24/YknAQ2QStO44dozdFBQKJnlWdBPNY2AjGPCOoSEEXHfTyf0ZPTFKn/qRMhUinai/J1IItB4HnukMAId63svF/7xOgv5lNxVhnCAP2XSRn0iKEc3DoH2hOEM5NgSYEuZWyoaggKGJLA/BmX95kTSrFeesUr07L9euZ3EUyBE5JqfEIRekRm5JnTQII4/kmbySN+vJerHerY9p65I1mzkgf2B9/gBGjJWd</latexit>

1

n

nX

i=1

loss(yi,�)
<latexit sha1_base64="j+V1SdbaDbeATBsHSGOfC5CYNJo=">AAACFnicbVDLSsNAFJ3UV62vqks3g0WooCWpgm6EohuXFewDmhgm00k7dDIJMxOhDPkKN/6KGxeKuBV3/o3TNgutHrhwOOde7r0nSBiVyra/rMLC4tLySnG1tLa+sblV3t5pyzgVmLRwzGLRDZAkjHLSUlQx0k0EQVHASCcYXU38zj0Rksb8Vo0T4kVowGlIMVJG8svHbigQ1k6meebKNPI1vXCyOw41i6XMqnqc+fQIugFR6LDklyt2zZ4C/iVOTiogR9Mvf7r9GKcR4QozJGXPsRPlaSQUxYxkJTeVJEF4hAakZyhHEZGenr6VwQOj9GEYC1Ncwan6c0KjSMpxFJjOCKmhnPcm4n9eL1XhuacpT1JFOJ4tClMGVQwnGcE+FQQrNjYEYUHNrRAPkclJmSQnITjzL/8l7XrNOanVb04rjcs8jiLYA/ugChxwBhrgGjRBC2DwAJ7AC3i1Hq1n6816n7UWrHxmF/yC9fENLZmfVA==</latexit>



We have information about which 
group each observation belongs to

We are interested 
in finding the 
closest constant 
to each group.

Call them
�g,�s,�f

<latexit sha1_base64="bxWGY9iQ2MNHz7NzlIAwjSW7wCU=">AAACAnicbZDLSsNAFIZP6q3WW9SVuBksggspSRV0WXTjsoK9QBvCZDpph04mYWYilFDc+CpuXCji1qdw59s4bSNo6w8DH/85hzPnDxLOlHacL6uwtLyyulZcL21sbm3v2Lt7TRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw+tJvXVPpWKxuNOjhHoR7gsWMoK1sXz7oBtQjf3+KZqB+oHQt8tOxZkKLYKbQxly1X37s9uLSRpRoQnHSnVcJ9FehqVmhNNxqZsqmmAyxH3aMShwRJWXTU8Yo2Pj9FAYS/OERlP390SGI6VGUWA6I6wHar42Mf+rdVIdXnoZE0mqqSCzRWHKkY7RJA/UY5ISzUcGMJHM/BWRAZaYaJNayYTgzp+8CM1qxT2rVG/Py7WrPI4iHMIRnIALF1CDG6hDAwg8wBO8wKv1aD1bb9b7rLVg5TP78EfWxzf8GJaG</latexit>

X

i2gelding

loss(yi,�g)

<latexit sha1_base64="btLELfWsD9lH83IuBMx3pruNb5c=">AAACFXicbVBNS8NAEN34WetX1aOXxSJUKCWpgh6LXjxWsB/QhLDZTNOlm03Y3Qgl5E948a948aCIV8Gb/8ak7UFbHww83pthZp4Xc6a0aX4bK6tr6xubpa3y9s7u3n7l4LCrokRS6NCIR7LvEQWcCehopjn0Ywkk9Dj0vPFN4fceQCoWiXs9icEJSSDYkFGic8mt1G2VhG7KsM0EDoD7TAQZTnmkVFZLJ5nL6tj2QBM3OCu7larZMKfAy8Sakyqao+1Wvmw/okkIQlNOlBpYZqydlEjNKIesbCcKYkLHJIBBTgUJQTnp9KsMn+aKj4eRzEtoPFV/T6QkVGoSenlnSPRILXqF+J83SPTwykmZiBMNgs4WDROOdYSLiLDPJFDNJzkhVLL8VkxHRBKq8yCLEKzFl5dJt9mwzhvNu4tq63oeRwkdoxNUQxa6RC10i9qogyh6RM/oFb0ZT8aL8W58zFpXjPnMEfoD4/MH40qenA==</latexit>

X

i2stallion

loss(yi,�s)
<latexit sha1_base64="ujByfGXokAfIw/jIzXoQoej0r/M=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBahgpakCnosevFYwX5AU8Jmu22XbjZhdyKEkF/hxb/ixYMiXsWb/8Ztm4NWHww83pthZp4fCa7Btr+swtLyyupacb20sbm1vVPe3WvrMFaUtWgoQtX1iWaCS9YCDoJ1I8VI4AvW8SfXU79zz5TmobyDJGL9gIwkH3JKwEhe+dTVceClHLtcYg1ECCNnOBWh1lk1TTKPn2DXZ0A8fVzyyhW7Zs+A/xInJxWUo+mVP91BSOOASaCCaN1z7Aj6KVHAqWBZyY01iwidkBHrGSpJwHQ/nb2V4SOjDPAwVKYk4Jn6cyIlgdZJ4JvOgMBYL3pT8T+vF8Pwsp9yGcXAJJ0vGsYCQ4inGeEBV4yCSAwhVHFzK6ZjoggFk+Q0BGfx5b+kXa85Z7X67XmlcZXHUUQH6BBVkYMuUAPdoCZqIYoe0BN6Qa/Wo/VsvVnv89aClc/so1+wPr4BBMSfPg==</latexit>

X

i2female

loss(yi,�s)

<latexit sha1_base64="EMTxQ9AfJ7OEhKD74w1WjzGCgi4=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMQUcJuFPQY9OIxgnlANiyzk95kyMzsMjMrhCUf4cVf8eJBEa8evPk3Th4HjRY0FFXddHeFCWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFbtkGjgTELDMMOhnSggIuTQCofXE791D0qzWN6ZUQJdQfqSRYwSY6WgeOLrVAQZwz6TOAJBOIxxxmOtx+VsNA7YKfZDMCTQx4WgWHIr7hT4L/HmpITmqAfFT78X01SANJQTrTuem5huRpRh1O4p+KmGhNAh6UPHUkkE6G42fWqMj6zSw1GsbEmDp+rPiYwIrUcitJ2CmIFe9Cbif14nNdFlN2MySQ1IOlsUpRybGE8Swj2mgBo+soRQxeytmA6IItTYHCcheIsv/yXNasU7q1Rvz0u1q3kceXSADlEZeegC1dANqqMGougBPaEX9Oo8Os/Om/M+a80585l99AvOxzcUrJ4u</latexit>



Use the information about which group 
each observation belongs to

Minimize with 
respect to  

The minimum is the  
average for the 
group, 

�g
<latexit sha1_base64="tpf8cRoWYdUuwEvahjScYLXYKKw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0Ip/RNePCji1b/jzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94CThfkSHSoSCUbRSpxdwpP1hqV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6E+pRsEkn5V6qeEJZWM65F1LFY248afze2fkzCoDEsbalkIyV39PTGlkzCQKbGdEcWSWvUz8z+umGF77U6GSFLlii0VhKgnGJHueDITmDOXEEsq0sLcSNqKaMrQRZSF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwkPMMrvDmPzovz7nwsWgtOPnMMf+B8/gB2WY+W</latexit>

�̂g = ȳg
<latexit sha1_base64="i6MzIk/VQ4ynQttU3eCR4NSVlug=">AAACA3icbZC7SgNBFIZnvcZ4i9ppMxgEq7AbBW2EoI1lBHOB7BLOTibJkNkLM2eFsARsfBUbC0VsfQk738bZZAtN/GHg4z/ncOb8fiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptg+aSxHyBgqUvB0rDoEvecsf3WT11gNXWkThPY5j7gUwCEVfMEBjdUuH7hAwdX2OMOkO6BV1fVDp2HCxWyrbFXsqughODmWSq94tfbm9iCUBD5FJ0Lrj2DF6KSgUTPJJ0U00j4GNYMA7BkMIuPbS6Q0TemKcHu1HyrwQ6dT9PZFCoPU48E1nADjU87XM/K/WSbB/6aUijBPkIZst6ieSYkSzQGhPKM5Qjg0AU8L8lbIhKGBoYstCcOZPXoRmteKcVap35+XadR5HgRyRY3JKHHJBauSW1EmDMPJInskrebOerBfr3fqYtS5Z+cwB+SPr8wdYXZdR</latexit>

X

i2gelding

loss(yi,�g)

<latexit sha1_base64="btLELfWsD9lH83IuBMx3pruNb5c=">AAACFXicbVBNS8NAEN34WetX1aOXxSJUKCWpgh6LXjxWsB/QhLDZTNOlm03Y3Qgl5E948a948aCIV8Gb/8ak7UFbHww83pthZp4Xc6a0aX4bK6tr6xubpa3y9s7u3n7l4LCrokRS6NCIR7LvEQWcCehopjn0Ywkk9Dj0vPFN4fceQCoWiXs9icEJSSDYkFGic8mt1G2VhG7KsM0EDoD7TAQZTnmkVFZLJ5nL6tj2QBM3OCu7larZMKfAy8Sakyqao+1Wvmw/okkIQlNOlBpYZqydlEjNKIesbCcKYkLHJIBBTgUJQTnp9KsMn+aKj4eRzEtoPFV/T6QkVGoSenlnSPRILXqF+J83SPTwykmZiBMNgs4WDROOdYSLiLDPJFDNJzkhVLL8VkxHRBKq8yCLEKzFl5dJt9mwzhvNu4tq63oeRwkdoxNUQxa6RC10i9qogyh6RM/oFb0ZT8aL8W58zFpXjPnMEfoD4/MH40qenA==</latexit>

X

i2stallion

loss(yi,�s)
<latexit sha1_base64="ujByfGXokAfIw/jIzXoQoej0r/M=">AAACFnicbVBNS8NAEN3Ur1q/qh69LBahgpakCnosevFYwX5AU8Jmu22XbjZhdyKEkF/hxb/ixYMiXsWb/8Ztm4NWHww83pthZp4fCa7Btr+swtLyyupacb20sbm1vVPe3WvrMFaUtWgoQtX1iWaCS9YCDoJ1I8VI4AvW8SfXU79zz5TmobyDJGL9gIwkH3JKwEhe+dTVceClHLtcYg1ECCNnOBWh1lk1TTKPn2DXZ0A8fVzyyhW7Zs+A/xInJxWUo+mVP91BSOOASaCCaN1z7Aj6KVHAqWBZyY01iwidkBHrGSpJwHQ/nb2V4SOjDPAwVKYk4Jn6cyIlgdZJ4JvOgMBYL3pT8T+vF8Pwsp9yGcXAJJ0vGsYCQ4inGeEBV4yCSAwhVHFzK6ZjoggFk+Q0BGfx5b+kXa85Z7X67XmlcZXHUUQH6BBVkYMuUAPdoCZqIYoe0BN6Qa/Wo/VsvVnv89aClc/so1+wPr4BBMSfPg==</latexit>

X

i2female

loss(yi,�s)

<latexit sha1_base64="EMTxQ9AfJ7OEhKD74w1WjzGCgi4=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoMQUcJuFPQY9OIxgnlANiyzk95kyMzsMjMrhCUf4cVf8eJBEa8evPk3Th4HjRY0FFXddHeFCWfauO6Xk1taXlldy68XNja3tneKu3tNHaeKQoPGPFbtkGjgTELDMMOhnSggIuTQCofXE791D0qzWN6ZUQJdQfqSRYwSY6WgeOLrVAQZwz6TOAJBOIxxxmOtx+VsNA7YKfZDMCTQx4WgWHIr7hT4L/HmpITmqAfFT78X01SANJQTrTuem5huRpRh1O4p+KmGhNAh6UPHUkkE6G42fWqMj6zSw1GsbEmDp+rPiYwIrUcitJ2CmIFe9Cbif14nNdFlN2MySQ1IOlsUpRybGE8Swj2mgBo+soRQxeytmA6IItTYHCcheIsv/yXNasU7q1Rvz0u1q3kceXSADlEZeegC1dANqqMGougBPaEX9Oo8Os/Om/M+a80585l99AvOxzcUrJ4u</latexit>



Introduce 0-1 Variables

~xg
<latexit sha1_base64="Zx1McweRRlD3Ldjxov8/57CXRKE=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkYeBDZkdGpgws7uZmSWSDV/hxYPGePVzvPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCooaNEMayzSESqFVCNgodYN9wIbMUKqQwENoPR7cxvjlFpHoUPZhKjL+kg5H3OqLHSY2eMLH2adgfdYsktu3OQVeJlpAQZat3iV6cXsURiaJigWrc9NzZ+SpXhTOC00Ek0xpSN6ADbloZUovbT+cFTcmaVHulHylZoyFz9PZFSqfVEBrZTUjPUy95M/M9rJ6Z/7ac8jBODIVss6ieCmIjMvic9rpAZMbGEMsXtrYQNqaLM2IwKNgRv+eVV0qiUvYty5f6yVL3J4sjDCZzCOXhwBVW4gxrUgYGEZ3iFN0c5L86787FozTnZzDH8gfP5Ay+8kKg=</latexit>

Vector (n by 1) of 0s and 1s: 
1 for the observations that correspond to geldings

~xs, ~xf
<latexit sha1_base64="e5GcMoa7NB45KseoAJquDprktyY=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILqTMVEGXRTcuK9gHtEPJpJk2NJMZkkyxjBX8FTcuFHHrb7jzb0zbEbT1wIWTc+4l9x4/5kxpx/myFhaXlldWc2v59Y3NrW17Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/NfbrAyoVi8StHsbUC3FXsIARrI3UtvdbA0rSu1FbnaAH9PMI2nbBKToToHniZqQAGSpt+7PViUgSUqEJx0o1XSfWXoqlZoTTUb6VKBpj0sdd2jRU4JAqL53sP0JHRumgIJKmhEYT9fdEikOlhqFvOkOse2rWG4v/ec1EBxdeykScaCrI9KMg4UhHaBwG6jBJieZDQzCRzOyKSA9LTLSJLG9CcGdPnie1UtE9LZZuzgrlyyyOHBzAIRyDC+dQhmuoQBUI3MMTvMCr9Wg9W2/W+7R1wcpm9uAPrI9vDzCWIA==</latexit>

Vector of 0s and 1s to indicate stallion (or female)

~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit>

Weight measurements

xg,i = 1 if the ith observation is a gelding
<latexit sha1_base64="iUdDSKYQRlNz4gakQFst3cPB/hg="></latexit>

= 0 if the ith observation is not a gelding
<latexit sha1_base64="ip5f+hM1koGtYVoEVMwGLdxSEGY="></latexit>



Transforming a Qualitative Variable
Ø Transform categorical feature into binary features:

Sex
gelding

stallion

female

female

stallion

gelding stallion female

1 0 0

0 1 0

0 0 1

0 0 1

0 1 0



AKA One-hot encoding
gelding stallion female

1 0 0
0 1 0
0 0 1
0 0 1
0 1 0

Stallion

Gelding

Female



Re-express Loss with 0-1 Variables

nX

i=1

[yi � (xg,i�g + xs,i�s + xf,i�f )]
2

<latexit sha1_base64="Z9LFPcIGthkHmxnpkrYIXGEpF1k="></latexit>

= k~y � (~xg�g + ~xs�s + ~xf�f )k2
<latexit sha1_base64="QtZHJBg5j46H2CNY2XIbL5mcDxA="></latexit>

= k~y � X~�k2
<latexit sha1_base64="b+riifmyBDOaK2fGlyw/OnV13/Y=">AAACGHicbVC7SgNBFJ31GeMramkzGAQb424UtBFCbCwjmAdkY5id3CRDZh/M3A2EZT/Dxl+xsVDENp1/4+4mhSYeGDiccy537nECKTSa5rexsrq2vrGZ28pv7+zu7RcODhvaDxWHOvelr1oO0yCFB3UUKKEVKGCuI6HpjO5SvzkGpYXvPeIkgI7LBp7oC84wkbqFi1tqywYopPYYeDSJ6Tm1q44TteJMsB1AFlNbpZmncr5bKJolMwNdJtacFMkctW5havd8HrrgIZdM67ZlBtiJmELBJcR5O9QQMD5iA2gn1GMu6E6UHRbT00Tp0b6vkuchzdTfExFztZ64TpJ0GQ71opeK/3ntEPs3nUh4QYjg8dmifigp+jRtifaEAo5ykhDGlUj+SvmQKcYx6TItwVo8eZk0yiXrslR+uCpWqvM6cuSYnJAzYpFrUiH3pEbqhJNn8kreyYfxYrwZn8bXLLpizGeOyB8Y0x8/FZ9I</latexit>



Model with girth and sex dummies

~xg
<latexit sha1_base64="Zx1McweRRlD3Ldjxov8/57CXRKE=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkYeBDZkdGpgws7uZmSWSDV/hxYPGePVzvPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCooaNEMayzSESqFVCNgodYN9wIbMUKqQwENoPR7cxvjlFpHoUPZhKjL+kg5H3OqLHSY2eMLH2adgfdYsktu3OQVeJlpAQZat3iV6cXsURiaJigWrc9NzZ+SpXhTOC00Ek0xpSN6ADbloZUovbT+cFTcmaVHulHylZoyFz9PZFSqfVEBrZTUjPUy95M/M9rJ6Z/7ac8jBODIVss6ieCmIjMvic9rpAZMbGEMsXtrYQNqaLM2IwKNgRv+eVV0qiUvYty5f6yVL3J4sjDCZzCOXhwBVW4gxrUgYGEZ3iFN0c5L86787FozTnZzDH8gfP5Ay+8kKg=</latexit>

Vectors (n by 1) of 0s and 1s for geldings, stallions, and 
females respectively

~xr
<latexit sha1_base64="g4JAnTdrzaUp3S1cyxEnfwAULFo=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkYeBDZkdGpgwO7uZmSWSDV/hxYPGePVzvPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCooaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7cxvjlFpHskHM4nRD+lA8j5n1FjpsTNGlj5Nu6pbLLlldw6ySryMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwWOonGmLIRHWDbUklD1H46P3hKzqzSI/1I2ZKGzNXfEykNtZ6Ege0MqRnqZW8m/ue1E9O/9lMu48SgZItF/UQQE5HZ96THFTIjJpZQpri9lbAhVZQZm1HBhuAtv7xKGpWyd1Gu3F+WqjdZHHk4gVM4Bw+uoAp3UIM6MAjhGV7hzVHOi/PufCxac042cwx/4Hz+AEBokLM=</latexit>

Girth measurements

~y
<latexit sha1_base64="mhJ8zKDiprgo7GFf7113fkyqqK8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy203bpZhN2N4UQ+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBZcG9f9dgobm1vbO8Xd0t7+weFR+fikpaNEMWyySESqE1CNgktsGm4EdmKFNAwEtoPJ/dxvT1FpHsknk8boh3Qk+ZAzaqzU7k2RZemsX664VXcBsk68nFQgR6Nf/uoNIpaEKA0TVOuu58bGz6gynAmclXqJxpiyCR1h11JJQ9R+tjh3Ri6sMiDDSNmShizU3xMZDbVOw8B2htSM9ao3F//zuokZ3voZl3FiULLlomEiiInI/Hcy4AqZEakllClubyVsTBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQwm8Ayv8ObEzovz7nwsWwtOPnMKf+B8/gC0to/P</latexit>

Weight measurements

k~y � (~xr�r + ~xg�g + ~xs�s + ~xd�f )k2
<latexit sha1_base64="Lo7n5b6IMJKyIr3O9dYaN2WJgVQ="></latexit>

~xs, ~xf
<latexit sha1_base64="e5GcMoa7NB45KseoAJquDprktyY=">AAAB/3icbVDLSgMxFL3js9bXqODGTbAILqTMVEGXRTcuK9gHtEPJpJk2NJMZkkyxjBX8FTcuFHHrb7jzb0zbEbT1wIWTc+4l9x4/5kxpx/myFhaXlldWc2v59Y3NrW17Z7emokQSWiURj2TDx4pyJmhVM81pI5YUhz6ndb9/NfbrAyoVi8StHsbUC3FXsIARrI3UtvdbA0rSu1FbnaAH9PMI2nbBKToToHniZqQAGSpt+7PViUgSUqEJx0o1XSfWXoqlZoTTUb6VKBpj0sdd2jRU4JAqL53sP0JHRumgIJKmhEYT9fdEikOlhqFvOkOse2rWG4v/ec1EBxdeykScaCrI9KMg4UhHaBwG6jBJieZDQzCRzOyKSA9LTLSJLG9CcGdPnie1UtE9LZZuzgrlyyyOHBzAIRyDC+dQhmuoQBUI3MMTvMCr9Wg9W2/W+7R1wcpm9uAPrI9vDzCWIA==</latexit>



Model with girth and sex dummies

For a gelding, what does this 
linear model  reduce to?

The stallion 
and female 
dummies are 
both 0 xr,i�r + �g

<latexit sha1_base64="Ah/2bjHoPAP58eFMS33XWCW8sGY=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaLICglqYIui25cVrAXaEOYTKft0MkkzEzEErJx46u4caGIW9/BnW/jtM1Cqz8MfPznHM6cP4g5U9pxvqzCwuLS8kpxtbS2vrG5ZW/vNFWUSEIbJOKRbAdYUc4EbWimOW3HkuIw4LQVjK4m9dYdlYpF4laPY+qFeCBYnxGsjeXb++l95qfyhGWoG1CNfYmOcxog3y47FWcq9BfcHMqQq+7bn91eRJKQCk04VqrjOrH2Uiw1I5xmpW6iaIzJCA9ox6DAIVVeOr0iQ4fG6aF+JM0TGk3dnxMpDpUah4HpDLEeqvnaxPyv1kl0/8JLmYgTTQWZLeonHOkITSJBPSYp0XxsABPJzF8RGWKJiTbBlUwI7vzJf6FZrbinlerNWbl2mcdRhD04gCNw4RxqcA11aACBB3iCF3i1Hq1n6816n7UWrHxmF37J+vgGSsWXxw==</latexit>

The stallion model is xr,i�r + �s
<latexit sha1_base64="KZKl11Ufs0Pb+I23JSirpfeg8f4=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEJSSVEGXRTcuK9gLtCFMpqft0MkkzEzEErJx46u4caGIW9/BnW/jtM1Cqz8MfPznHM6cP4g5U9pxvqzCwuLS8kpxtbS2vrG5ZW/vNFWUSAoNGvFItgOigDMBDc00h3YsgYQBh1YwuprUW3cgFYvErR7H4IVkIFifUaKN5dv76X3mp/KEZbgbgCa+xMc5KezbZafiTIX/gptDGeWq+/ZntxfRJAShKSdKdVwn1l5KpGaUQ1bqJgpiQkdkAB2DgoSgvHR6RYYPjdPD/UiaJzSeuj8nUhIqNQ4D0xkSPVTztYn5X62T6P6FlzIRJxoEnS3qJxzrCE8iwT0mgWo+NkCoZOavmA6JJFSb4EomBHf+5L/QrFbc00r15qxcu8zjKKI9dICOkIvOUQ1dozpqIIoe0BN6Qa/Wo/VsvVnvs9aClc/sol+yPr4BXQGX0w==</latexit>

The female model is xr,i�r + �f
<latexit sha1_base64="tzLX+GJXj+8UV72RGyT3GVmw0EU=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gEQSlJFXRZdOOygr1AG8JketIOnUzCzEQsoQs3voobF4q49SHc+TZO2yy09YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7YKG5ube/s2nv7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMryf11j1IxWJxp0cJeBHpCxYySrSxfLuUPYz9TJ6yMe4GoIkv8UlOoW+XnYozFV4EN4cyylX37a9uL6ZpBEJTTpTquE6ivYxIzSiHcbGbKkgIHZI+dAwKEoHysukRY3xknB4OY2me0Hjq/p7ISKTUKApMZ0T0QM3XJuZ/tU6qw0svYyJJNQg6WxSmHOsYTxLBPSaBaj4yQKhk5q+YDogkVJvciiYEd/7kRWhWK+5ZpXp7Xq5d5XEUUAkdomPkogtUQzeojhqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1mfP+mbl5w=</latexit>

~xr�r + ~xg�g + ~xs�s + ~xf�f
<latexit sha1_base64="bULRVu5PS6QFdXXQIQza2Mn8z8k=">AAACOXicbZDLSgMxFIYz9VbrrerSTbAIglBmqqDLohuXFewF2jJk0jPT0ExmSDLFMvS13PgW7gQ3LhRx6wuYtiPU1gMhP99/Dsn5vZgzpW37xcqtrK6tb+Q3C1vbO7t7xf2DhooSSaFOIx7JlkcUcCagrpnm0IolkNDj0PQGNxO/OQSpWCTu9SiGbkgCwXxGiTbILdY6Q6Dpw9iVuOOBJuY+w78syFgwx1TGFJ6DfgZ9XHCLJbtsTwsvCycTJZRVzS0+d3oRTUIQmnKiVNuxY91NidSMchgXOomCmNABCaBtpCAhqG463XyMTwzpYT+S5giNp3R+IiWhUqPQM50h0X216E3gf1470f5VN2UiTjQIOnvITzjWEZ7EiHtMAtV8ZAShkpm/YtonklBtwp6E4CyuvCwalbJzXq7cXZSq11kceXSEjtEpctAlqqJbVEN1RNEjekXv6MN6st6sT+tr1pqzsplD9Kes7x/K3Kw+</latexit>



Group 1

Group 2

Group 3

Adding Dummy 
variables  to a 
model yields 
parallel fitted lines



Sex and Girth

When our model has dummies and quantitative variables, 
we often include an intercept term.

Our design has collinearity problems
gelding stallion female

1 0 0
0 1 0
0 0 1
0 0 1
0 1 0

1 girth

1 100
1 110
1 121
1 92
1 100



Sex and Girth Design

gelding stallion 1 Girth

1 0 1 ..
0 1 1 ..
0 0 1 ..
0 0 1 ..
0 1 1 ..

In this case, the female donkey average is the intercept,  and 
the gelding and stallion coefficients represent the amount to be 
added or removed from the female average

gelding stallion female 1 Girth

1 0 0 1 ..
0 1 0 1 ..
0 0 1 1 ..
0 0 1 1 ..
0 1 0 1 ..

We often remove one of 
the  dummy variables. 

How can we express   in 
terms of the remaining 
variables?



Sex and BCS
If we include both Sex and BCS we run into the same 
problem, i.e., the sum of the sex dummies = sum of the BCS 
dummies so we have collinearity again

gelding stallion female

1 0 0

0 1 0

0 0 1

0 0 1

0 1 0

BCS_1.5 BCS_2.0 BCS_2.5 … BCS_4.0

1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 0

0 1 0 0



Sex and BCS

gelding stallion female

1 0 0
0 1 0
0 0 1
0 0 1
0 1 0

BCS_1.5 BCS_2.0 BCS_2.5 … BCS_4.0

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 1 0 0

What is the rank of 
this design matrix?

How do you suggest 
fixing it?



Choice of dummy encodings

Inference
• We are interested in the 

form of the model and 
the fitted values of the 
parameters

• These are not uniquely 
defined if the model is 
over parameterized

Prediction
• It doesn’t matter that the 

model is over 
parameterized

• We are not interested in 
the fitted coefficients 



Choice of dummy encodings

Ø Typically we include the 1 vector

Ø Select one of the categories for the qualitative variable to be 
the base/comparison group

Ø Drop the dummy variable corresponding to that category

Ø Interpret the other coefficients as the change from the base

Ø BCS – drop 3, the healthy category

Ø Sex – drop female because we are interested in collapsing 
the other two categories or possibly dropping all together 



Why not treat BCS as numeric?
BCS
15

2.0

2.5

2.5

2.0

BCS_1.5 BCS_2.0 BCS_2.5 … BCS_4.0
1 0 0 0

0 1 0 0

0 0 1 0

0 0 1 0

0 1 0 0

The relationship need not be 
linear in the numeric values.

This coding is more flexible



We collapse categories?

It appears that for donkeys 
over 5, the groups have 
similar averages.



Model Selection



Count the variables

Ø 3 numeric + 2 Sex dummies + 5 BCS dummies + 6 Age 
dummies = 16 variables

Ø With dummy variables we are careful when we add and 
drop variables as that implicitly collapses categories into 
the base category



Final Model
Keep all levels of BCS

Collapse Age levels 
over 5 into one

Drop Sex all together

Plus Girth and Length



Model Assessment



Test Data Returns!

Nearly all (95%) of 
the actual weights 
are within 10% of 
the predicted 
weights



Data Science Life Cycle

?
Context
Question
Refine Question to an 
one answerable with 
data 

Design
Data Collection
Data Cleaning

Modeling
Test-train split
Loss function choice
Feature engineering

Transformations, 
Dummy Variables

Model evaluation
Prediction error

Model selection
Best subset regression
Cross-Validation
Regularization


