
Simple Linear 
Regression 



Today’s Topics

Ø Review simple linear regression, including
Ø Least squares
Ø Correlation
Ø Prediction
Ø Inference 
Ø Hypothesis testing

Ø Connect regression to L2 loss minimization

Ø Case Studies



Great ShakeOut
Earthquake Drill
10/17 @ 10:17



Cancer Magister aka 
Dungeness Crab

All crab photos 
courtesy of Oregon Fish 
and Wildlife



Fishing Regulations
Male crabs only

No fishing in mating season

Limits on the numbers 
caught

Lift Restrictions on Fishing
Female Crabs?



General Problem

Ø Want to be sure that females 
have an opportunity to 
produce offspring for a few 
years before fished

Ø Can we use size to tell how 
old the crab is?

Ø Crabs has exoskeletons, 
which they shed every year -
This makes it hard to 
estimate the age of a crab



Answerable Question: 
Given a crab’s postmolt size, 
Estimate how much it grew?

With this tool, 
researchers  can 
estimate the age 
of a crab.



Data Collection Methods

Ø Crabs were caught in mating embrace, 

Ø Females measured before and after molting

Ø 452 crabs

Ø Variables
Ø Premolt size (mm)
Ø Postmolt size (mm)
Ø Increment (mm)



Univariate Distributions
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We see that postmolt size and increment are both unimodal 
and somewhat skewed. Growth increment is right skewed 
and postmolt size is left skewed.

But what is 
their joint 
relationship?



Guess what the correlation is like

r=0.975 r=0.75 r=0.45

A B C
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Relationship: postmolt & increment
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Correlation = -0.77

Rough linear 
association
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How can we use postmolt
carapace size to predict the 
growth increment?

e.g., what do we predict for  
growth increment of a crab with 
135 mm postmolt carapace?



Crabs with postmolt size 135
(to the nearest 2.5 mm)
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Crabs with postmolt size 135
(to the nearest 2.5 mm)
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How would we 
summarize the growth 
increment for this 
subgroup?

min
c

X

i:xi⇡135

(yi � c)2

<latexit sha1_base64="OLKn+0pooWiX6Wjh/m0wSdhqPr0=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGWmVRRXRTcuK9gHdOqQSdM2NMkMSUZahv6EG3/FjQtF3Aru/BvTdhZaPXDhcM693HtPEDGqtON8WZmFxaXllexqbm19Y3PL3t6pqzCWmNRwyELZDJAijApS01Qz0owkQTxgpBEMriZ+455IRUNxq0cRaXPUE7RLMdJG8u0jj1PhY+ipmPsJvYBDn0IPRZEMh9Atn45hYWSUY4gP70q+nXeKzhTwL3FTkgcpqr796XVCHHMiNGZIqZbrRLqdIKkpZmSc82JFIoQHqEdahgrEiWon06/G8MAoHdgNpSmh4VT9OZEgrtSIB6aTI91X895E/M9rxbp73k6oiGJNBJ4t6sYM6hBOIoIdKgnWbGQIwpKaWyHuI4mwNkHmTAju/Mt/Sb1UdMvF0s1JvnKZxpEFe2AfFIALzkAFXIMqqAEMHsATeAGv1qP1bL1Z77PWjJXO7IJfsD6+ARbHnNU=</latexit>

ĉ = 15.6
<latexit sha1_base64="vwEH3Lo+lzZm/rhrmLzgKHwXIxg=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4GmbiehGCXjxGMAskY+jpdJImPQvdNUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPj6XQ6DjfVm5peWV1Lb9e2Njc2t4p7u7VdZQoxmsskpFq+lRzKUJeQ4GSN2PFaeBL3vCHNxO/8ciVFlF4j6OYewHth6InGEUjPbQHFFM2JlfEPbPPO8WSYztTkEXiZqQEGaqd4le7G7Ek4CEySbVuuU6MXkoVCib5uNBONI8pG9I+bxka0oBrL51ePSZHRumSXqRMhUim6u+JlAZajwLfdAYUB3rem4j/ea0Ee5deKsI4QR6y2aJeIglGZBIB6QrFGcqRIZQpYW4lbEAVZWiCKpgQ3PmXF0m9bLsndvnutFS5zuLIwwEcwjG4cAEVuIUq1ICBgmd4hTfryXqx3q2PWWvOymb24Q+szx+cbJFF</latexit>



Increment Distribution for fixed Post size
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For each bin of crabs

(postmolt size, growth increment)

For a bin of crabs with same postmolt size, predict 
increment

min
c

X

i:xi2bin

[yi � c]2

<latexit sha1_base64="j9lTUGuFBy4q7KdtCiW3+pAeBv0=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQwTJTBcVV0Y3LCvYBnXHIpGkbmmSGJCOWYf7Bjb/ixoUibt24829M21lo64ELJ+fcS+49Ycyo0o7zbRUWFpeWV4qrpbX1jc0te3unqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vBr7rXsiFY3ErR7FxOeoL2iPYqSNFNhHHqciSHEGPZXwIKUX8CGg0KMChlRksDMyr2OI/btqYJedijMBnCduTsogRz2wv7xuhBNOhMYMKdVxnVj7KZKaYkaykpcoEiM8RH3SMVQgTpSfTm7K4IFRurAXSVNCw4n6eyJFXKkRD00nR3qgZr2x+J/XSXTv3E+piBNNBJ5+1EsY1BEcBwS7VBKs2cgQhCU1u0I8QBJhbWIsmRDc2ZPnSbNacU8q1ZvTcu0yj6MI9sA+OAQuOAM1cA3qoAEweATP4BW8WU/Wi/VufUxbC1Y+swv+wPr8ARZunP0=</latexit>

Let (xi, yi) represent the ith crab’s
<latexit sha1_base64="kHHNOjPky1zl17ZTau/+NvKMaf8="></latexit>

We find the constant that minimizes L2 empirical risk 
for the growth increment of crabs in a bin



Avg Increment for each postmolt bin
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Averages Roughly fall on a line
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And,  using all of 
the data gives 
us a a better fit
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Average Empirical Risk

For all of the data together: 

Minimize empirical risk for estimating crab increment by a 
linear function of postmolt size

min
a,b

nX

i=1

[yi � (a+ bxi)]
2

<latexit sha1_base64="y4QxHlFTlXsK5teYgN3oEYyNdHc=">AAACGHicbVBNSwMxEM36bf2qevQyWAoVte5WQS9C0YtHBfsB7XbJpqkNJtklyYpl6c/w4l/x4kERr735b0xrD9r6YODx3gwz88KYM21c98uZmZ2bX1hcWs6srK6tb2Q3t6o6ShShFRLxSNVDrClnklYMM5zWY0WxCDmthfeXQ7/2QJVmkbw1vZj6At9J1mEEGysF2aOmYDJI8QGEfWjqRAQpg3Pw+i0JjV7A4BAKGPYhfAzYnt8qBdmcW3RHgGnijUkOjXEdZAfNdkQSQaUhHGvd8NzY+ClWhhFO+5lmommMyT2+ow1LJRZU++nosT7krdKGTqRsSQMj9fdEioXWPWFPzwtsunrSG4r/eY3EdM78lMk4MVSSn0WdhIOJYJgStJmixPCeJZgoZm8F0sUKE2OzzNgQvMmXp0m1VPSOi6Wbk1z5YhzHEtpBu6iAPHSKyugKXaMKIugJvaA39O48O6/Oh/P50zrjjGe20R84g29Y7Z1r</latexit>
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mina,b

X

i

(yi � (a+ bxi))
2

Ø Derivative with respect to a

Ø Derivative with respect to b

Ø Set to 0 and solve for a and b

�2
X

i

(yi � a� bxi)

�2
X

i

(yi � a� bxi)xi
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Minimization:  â = 30
<latexit sha1_base64="8LtKzAfRboFxcFfvFJdKxPsIF9s=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9C0YvHCrYWmlAm2227dLMJuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1QlRM8ElaxluBOskimEUCvYYjm9n/uMTU5rH8sFMEhZEOJR8wCkaK/n+CE2GU3JN6m6vXHGr7hxklXg5qUCOZq/85fdjmkZMGipQ667nJibIUBlOBZuW/FSzBOkYh6xrqcSI6SCb3zwlZ1bpk0GsbElD5urviQwjrSdRaDsjNCO97M3E/7xuagZXQcZlkhom6WLRIBXExGQWAOlzxagRE0uQKm5vJXSECqmxMZVsCN7yy6ukXat69Wrt/qLSuMnjKMIJnMI5eHAJDbiDJrSAQgLP8ApvTuq8OO/Ox6K14OQzx/AHzucPq12QyA==</latexit>

b̂ = �0.10
<latexit sha1_base64="28JBO5eDKyMYvDaEuDPnYgv8PKc=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSwFN4akCroRim5cVrAPaEOZTCft0MkkzNwINfRL3LhQxK2f4s6/cdpmoa0HLhzOuZc5c4JEcA2u+20V1tY3NreK26Wd3b39sn1w2NJxqihr0ljEqhMQzQSXrAkcBOskipEoEKwdjG9nfvuRKc1j+QCThPkRGUoeckrASH273BsRyIIpvsZnruO5fbviOu4ceJV4OamgHI2+/dUbxDSNmAQqiNZdz03Az4gCTgWblnqpZgmhYzJkXUMliZj2s3nwKa4aZYDDWJmRgOfq74uMRFpPIhOvGhEY6WVvJv7ndVMIr/yMyyQFJunioTAVGGI8awEPuGIUxMQQQhU3WTEdEUUomK5KpgRv+curpFVzvHOndn9Rqd/kdRTRMTpBp8hDl6iO7lADNRFFKXpGr+jNerJerHfrY7FasPKbI/QH1ucPb0CRoQ==</latexit>

Nice interpretation:
Predict growth increment to be
30 mm less 10% of the postmolt size

For a 135 mm 
postmolt crab, we 
predict its increment 
was 
30 – 0.1x135 = 16.5 mm

Our binned mean was 
15.6 mm

Which is better?

If the relationship is roughly linear, 
then using all of the data to fit 
the line gives a better prediction

Deborah



Fitted parameters:        

Regression line: b̂ = r
SDy

SDx

â = ȳ � b̂x̄

ŷ = â+ b̂x

For an x that is, say 2 standard units above/below 
average, the regression line estimates y to be 2r 
standard units above/below average. 

ŷ = ȳ + rSDy
(x� x̄)

SDx

Rearrange terms: 

Deborah
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Least Squares 
Regression
Some Important Concepts



Correlation



Correlation measures the strength of
linear association between x and y
Ø Correlation is a measure for two quantitative variables

Ø Need to plot the data to check if the relationship is linear 

r(x, y) =
1

n

nX

i=1

(xi � x̄)

SDx
⇥ (yi � ȳ)

SDy

Correlation is   unitless

SD(x)2 = V ar(x)
<latexit sha1_base64="bcEzgPx70nwjN9jlGmc8QUTP74U=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M1iEuilJFXQjFHXhsqK9QBvLZDpph04mYWZSLKFv4saFIm59E3e+jdM2C239YeDjP+dwzvx+zJnSjvNtLS2vrK6t5zbym1vbO7v23n5dRYkktEYiHsmmjxXlTNCaZprTZiwpDn1OG/7gelJvDKlULBIPehRTL8Q9wQJGsDZWx7bvb4pPJ49ldInqWBrs2AWn5EyFFsHNoACZqh37q92NSBJSoQnHSrVcJ9ZeiqVmhNNxvp0oGmMywD3aMihwSJWXTi8fo2PjdFEQSfOERlP390SKQ6VGoW86Q6z7ar42Mf+rtRIdXHgpE3GiqSCzRUHCkY7QJAbUZZISzUcGMJHM3IpIH0tMtAkrb0Jw57+8CPVyyT0tle/OCpWrLI4cHMIRFMGFc6jALVShBgSG8Ayv8Gal1ov1bn3MWpesbOYA/sj6/AGUVZGu</latexit>
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Example Correlations for data with 
positive linear association (SDs = 1)

Should scale the data to have SD 1 before 
visually assessing the linear association

r=0.975 r=0.75 r=0.45

0.95
0.75
0.50
0.30
0.10
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SAME regression line and correlation
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Graphical 
methods are 
important for 
assessing 
linearity
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Correlation does not imply Causation 

Ø Since this is not an experiment where we controlled the 
size of the postmolt size of the crab and observed its 
growth, we can not make any causal conclusions  

Ø With observational studies we can observe and describe 
relationships. 

Ø We can make predictions, but we need to be careful 
about the interpretation of the models that we build.



Correlation does not imply Causation 

Ø Consider other variable(s) that is highly correlated with x. 

Ø Correlation is still informative, even if we can’t assign 
causality. 

Ø .



An example of perfect correlation

Ø score on quiz (out of 25 points)

Ø points_lost on quiz

Ø The scatter plot of (score, points_lost) 
shows all the points fall on a  line

Ø What’s the correlation between the 
score and points_lost?

score Points
lost

25 0
20 5
22 3
15 10
25 0
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yi = 25� xi
<latexit sha1_base64="26jTUsnVF3Wv0toWOD7Fr4DHVo4=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0YtQ9OKxgv2ANobNdtMu3WzC7kYNof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zM82POlLbtb2thcWl5ZbWwVlzf2NzaLu3sNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57TlD6/HfuuBSsUicafTmLoh7gsWMIK1ke5Tj6FLVD1Dx+jJY16pbFfsCdA8cXJShhx1r/TV7UUkCanQhGOlOo4dazfDUjPC6ajYTRSNMRniPu0YKnBIlZtNrh6hQ6P0UBBJU0Kjifp7IsOhUmnom84Q64Ga9cbif14n0cGFmzERJ5oKMl0UJBzpCI0jQD0mKdE8NQQTycytiAywxESboIomBGf25XnSrFack0r19rRcu8rjKMA+HMAROHAONbiBOjSAgIRneIU369F6sd6tj2nrgpXP7MEfWJ8/9aiQ3A==</latexit>

ȳ =
1

n

X

i

(25� xi) = 25� x̄
<latexit sha1_base64="eH1StNtrXM0B6d2nZpkvgIiDiOc=">AAACIXicbVDLSsNAFJ34rPVVdelmsAh1YUmqYjdC0Y3LCvYBTQiT6aQdOpmEmYm0hPyKG3/FjQtFuhN/xmmahbYeGDiccy537vEiRqUyzS9jZXVtfWOzsFXc3tnd2y8dHLZlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk443uZn7niQhJQ/6oJhFxAjTg1KcYKS25pbrtIZFMUngDbV8gDBMrTXgKbRkHLoWV2hU8h2OXnulAxrP8OIVuqWxWzQxwmVg5KYMcTbc0tfshjgPCFWZIyp5lRspJkFAUM5IW7ViSCOERGpCephwFRDpJdmEKT7XSh34o9OMKZurviQQFUk4CTycDpIZy0ZuJ/3m9WPl1J6E8ihXheL7IjxlUIZzVBftUEKzYRBOEBdV/hXiIdFFKl1rUJViLJy+Tdq1qXVRrD5flxm1eRwEcgxNQARa4Bg1wD5qgBTB4Bq/gHXwYL8ab8WlM59EVI585An9gfP8AhKKglQ==</latexit>

V ar(y) =
1

n

X

i

[25� xi � (25� x̄)]2 = V ar(x)
<latexit sha1_base64="BiHi5bEpKsayd2O1CDDVFkYqZ3E="></latexit>

r =
1

n

X

i

xi � x̄

SD(x)

yi � ȳ

SD(y)
<latexit sha1_base64="lbWeP+WVH918tzDDvRcFw2UpUuI="></latexit>

=
1

n

X

i

xi � x̄

SD(x)

x̄� xi

SD(x)
<latexit sha1_base64="9EL3EzTOJYeB9NfsO36L6/yLDLA="></latexit>

= �1
<latexit sha1_base64="oqXdKTs437mutajS0YOENIwy4aM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfQiFL14rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKX+Z0nqjSL5KOZxtQXeCRZyAg2mXSDLrxBueJW3TnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhNe+ymTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7VrVq1drD5eVxm0eRxFO4BTOwYMraMA9NKEFBMbwDK/w5gjnxXl3PhatBSefOYY/cD5/ALz4jWE=</latexit>

Find the 
correlation



In general, with a perfect linear association



Fitted Values and 
Residuals
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(x1, y1)

(x2, y2)

(x3, y3)

Data:

(xi, yi)
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Regression Line 
minimizes the L2 loss 
between yi and a+bxi

min
a,b

nX

i=1

[yi � (a+ bxi)]
2
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Fitted Values
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Predictions are 
points on the line

ŷ = â+ b̂x
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Given an x 
value, what is 
the prediction 
for y?
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Errors AKA Residuals
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The errors (AKA 
residuals) in our 
prediction
ei = yi � ŷi
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Note that these 
errors are vertical 
distances 
between the line 
and the points 
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Residual plots

Ø Plot the pairs 

Ø Plot the pairs 

Ø Look for patterns in the residual plots
Ø See no pattern – the relationship is well represented by a line
Ø Curve – transformation or additional variable may be needed
Ø Funneling – the accuracy of the regression line varies with the 

size of  x.  
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Residuals
Plot the pairs 
(postmolt size, residual)
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Variation – Explained 
and Unexplained



Total Variation. AKA Sum of Squares
nX

i=1

(yi � ȳ)2

<latexit sha1_base64="EurAchlJv4DWkHy3erObQ92R8pg=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1YUmqoBuh6MZlBfuAJg2T6aQdOpmEmYkQQrZu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/JhRqSzr21haXlldWy9tlDe3tnd2zb39towSgUkLRywSXR9JwignLUUVI91YEBT6jHT88c3E7zwQIWnE71UaEzdEQ04DipHSkmdCRyahl1F4Be28z2E19Sg8hY6PRJbmJ/26Z1asmjUFXCR2QSqgQNMzv5xBhJOQcIUZkrJnW7FyMyQUxYzkZSeRJEZ4jIakpylHIZFuNv0kh8daGcAgErq4glP190SGQinT0NedIVIjOe9NxP+8XqKCSzejPE4U4Xi2KEgYVBGcxAIHVBCsWKoJwoLqWyEeIYGw0uGVdQj2/MuLpF2v2We1+t15pXFdxFECh+AIVIENLkAD3IImaAEMHsEzeAVvxpPxYrwbH7PWJaOYOQB/YHz+AOObmIs=</latexit>

Deborah

Deborah

Deborah

Deborah



Variation – Explained & Unexplained

nX

i=1

(yi � ȳ)2
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=
nX

i=1

(yi � ŷi + ŷi � ȳ)2
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=
X

i

(yi � ŷi)
2 +

X

i

(ŷi � ȳ)2
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Unexplained 
Variation

Explained 
Variation

Total 
Variation
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Regression 
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Regression from the Scatter Plot Perspective
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Regression 
line
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Regression from the Scatter Plot Perspective
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yi

xi

Regression 
line

ei = yi � ŷi

Residual –
Unexplained variation

Regression from the Scatter Plot Perspective

(xi, yi)

(xi, ŷi)
Explained 
variation(xi, ȳ)ȳ

x̄

Point of 
averages



Regression & Inference



Question: Do 720   
5-kg cats produce 
more heat than 1 
3600 kg elephant?

Or, the story of the spherical cat



Kleiber’s Equation

Ø Does a horse produce more heat per day per kilogram 
of body mass than a rat? 

Ø This is a question studied by Kleiber (1947), Clarke (2010) 

Ø Metabolic Rate:  kilocalories per day

Ø Mass in kg

Ø He measured 19 animals (mouse, dog, cat, goat, man, 
cow, elephant…)



Kleiber’s Data

Ø Population – a typical ”mammal” 

Ø Sampling Frame - - an experiment is not possible here

Ø How were the subjects obtained?  From a population, a 
random sample, or a sample of convenience?

Sample of convenience



Metabolic Rate is highly skewed 

Log Metabolic Rate is less skewed. 
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Mass is also highly skewed

Log Mass is less skewed. 
The skew is in the other direction



How do these two 
quantities vary together?



Response & Explanatory Variables

Ø Y is the response variable aka dependent variable

Ø X is the explanatory variable aka independent variable 
aka feature

Which is which in our example?

Y - Metabolic Rate

X – Mass

Because Kleiber’s question is to explain metabolic rate in 
terms of mass 



Examine the 
Joint Distribution

The histograms do not give us information 
about how the two variables vary together 



Kleiber’s Data
One point 
makes it difficult 
to see the 
relationship 
between these 
variables



Deviations of the observed metabolic 
rate from the regression line

The error about the 
regression line is the 
root mean square 
error loss. 
It is like an SD of the 
regression line.

Re
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Explanatory



A Log-Log Relationship Linear relationship 
between log(x) &  log(y)



A Log-Log Relationship

Intercept Slope

We typically use “log” to represent the natural log.
The base does not impact the shape of the relationship.

Same b as above

Linear relationship 
between log(x) &  log(y)
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A Log-Log Relationship - interpretation

50% increase in x

Log-log relationships are usually expressed 
in terms of %change in x and y

corresponds to a 
1.5^b % change in y



Method of least squares

Minimize the average squared loss (L2 loss) when predicting 
log(rate) from log(mass)

Here we minimize with respect to a and b.

1

n

X
(log(yi)� [a+ b log(xi)])

2
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Return to our Fitted line 

Line has 
slope 0.75



Question: Do 720 cats 
produce more heat than 1 

elephant?

5 kg

3600 kg

5⇥ 720 = 3600
<latexit sha1_base64="vAAeYQnsjLRVnnk1Jpv/vMM8U3w=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5K0ar0IRS8eK9gPaEPZbDft0s0m7G6EUOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz8/yYM6Ud59vKra1vbG7ltws7u3v7B/bhUUtFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vh25rcfqVQsEg86jakX4qFgASNYG6lvFy9QT7OQKlSrOOgaVS8dp2+XnLIzB1olbkZKkKHRt796g4gkIRWacKxU13Vi7U2w1IxwOi30EkVjTMZ4SLuGCmz2eZP58VN0apQBCiJpSmg0V39PTHCoVBr6pjPEeqSWvZn4n9dNdHDlTZiIE00FWSwKEo50hGZJoAGTlGieGoKJZOZWREZYYqJNXgUTgrv88ippVcputVy5Py/Vb7I48nAMJ3AGLtSgDnfQgCYQSOEZXuHNerJerHfrY9Gas7KZIvyB9fkDwv+SPw==</latexit>



What does the slope of the line tell us?

Or

If body mass of elephant is 720 times that of a cat,  then 
metabolic rate is 7200.75 = 140-fold greater than a cat’s

log(rate) = a+ 0.75log(mass)

rate∝mass0.75



Question: Do 720 cats 
produce more heat than 1 

elephant?

5 kg

3600 kg

YES!
140 cats have the same 
metabolic rate as 1 elephant



Question: Why not just use 
the values for cat and 

elephant, rather than fitting 
a line? 

5 kg

3600 kg

If this relationship holds for 
mammals in general then we gain 
in accuracy by using a line fitted 
to all of the data



Question: If we feed our cat 
enough to gain 3595 kg, will 
it produce the same heat as 

an elephant?

5 kg

3600 kg

NO!
That’s silly!
This is an observational study.     
We have observed a relationship 
between mass and metabolic rate. 
It is not a causal relationship.



Question: Can we estimate 
the metabolic rate for a 

135,00 kg blue whale using 
our regression line? 

5 kg

135000 kg

Best not – It would mean 
extrapolating well beyond the 
range of the original data and we 
don’t know if the same linear 
relationship still holds.



Inference & 
Bootstrapping

Why is the slope ¾?



Why is the slope ¾?

Ø An alternative theory is that the exponent should be  2/3 
because of the relationship between mass and surface 
area.

Ø The spherical cat:  



Explain 2/3



Explain 2/3



Why isn’t the slope  2/3?

Statistical Models are not the same as 
physical models.

Statistical models can be used to infer
Statistical models can be used to predict



Test the hypothesis: slope = 2/3

Null Hypothesis: true slope is 2/3 AND

the observed difference between fitted coefficient and the 
true coefficient of 2/3  is due to chance in the sampling of 
the mammals

How to get a sense of this chance?



BootstrappingPopulation

Bootstrap
Population

My Sample

Bootstrap Samples
Bootstrap 
Coefficients

Bootstrap Sampling 
Distribution of the 
Coefficient



Bootstrapping - Ideas

Imitate the data generation 
process by sampling from 
the bootstrap population; 
call it the bootstrap sample .

The sample of mammals 
should look like the 
population of mammals

Substitute our sample for 
the “population”; call it 
the bootstrap population

Fit a linear model to the 
bootstrap sample.

Repeat many times and examine the 
variability in the bootstrapped coefficient



Bootstrap the coefficient

Ø Bootstrap population: 19 (x,y) pairs of mass and metabolic 
rate

Ø Bootstrap sample gives us a bootstrap statistic - the slope of 
the regression line

Ø Take 10,000 bootstrap samples from the bootstrap population

Ø Examine the distribution of bootstrapped coefficients.

Ø If 2/3 is not within the (0.025, 0.975) percentiles of the 
bootstrapped distribution of the coefficient, then reject the 
hypothesis



Bootstrap Sampling Distribution

Why does it 
look like that?

Does this mean 
that we shouldn’t 
be doing the 
bootstrap?

Percentiles:
0.025 percentile is 0.673 
0.975  percentile is 0.799

Based on these percentiles we would 
reject the hypothesis that the slope is 
2/3.  But…

Deborah

Deborah

Deborah

Deborah

Deborah

Deborah

Deborah

Deborah

Deborah

Deborah

Deborah



Kleiber’s rule studied by Clarke (2010)

Slope 
remains 3/4



Statistical Models

Ø To be useful must be an accurate description of data

Ø Can assist in discovery of physical facts or social 
phenomena

Ø Physical models may suggest a particular relationship, 
which we can fit and test.

Ø Wish to generalize beyond the subjects studied (even 
when an entire population is studied)



Summary Points

Ø With observational studies we cannot make causal 
claims such as increasing mass by 1 kg leads to a 
predicted increase in  metabolic rate.

Ø It’s not a good idea to extrapolate beyond the range of 
values observed.



Summary Points

Ø Even a high correlation, need not mean the relationship 
is linear.

Ø Residual plots help us determine the adequacy of the fit.

Ø Depending on the situation, we may be satisfied with a 
less complex model that does not fit the data as well, if 
the size of the errors are tolerable.



Extensions to Simple Linear Regression

Ø Multiple regression 
Ø Linear algebra
Ø Geometric interpretation

Ø Qualitative variables
Ø explanatory (x) 
Ø response (y)

Ø Prediction & Inference
Ø Probability Model 
Ø Bias-Variance tradeoff



Extensions to Simple Linear Regression 

Ø Variable Selection
Ø Feature engineering
Ø Test-train split
Ø Cross-validation
Ø Regularization

Ø Loss  – L2, L1, and Huber
Ø Minimization – L2
Ø Gradient Descent


